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Abstract: The split delivery vehicle routing problem (SDVRP) relaxes the 
classical vehicle routing problem (VRP) by allowing multiple vehicles to 
supply the demand of individual customers thereby potentially reducing costs. 
This article provides an up-to-date review of the SDVRP literature and presents 
a new solution diversification scheme based on concentric rings centred at the 
depot that partitions the original problem. The resulting subproblems are then 
solved using a constructive approach. Different ring settings produce varied 
partitions and thus different solutions to the original problem are obtained and 
improved via a variable neighbourhood descent. Computational results on 
available test problems demonstrate the effectiveness of the proposed algorithm 
and present new best solutions to some of the tested problems. 
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1 Introduction 

The vehicle routing problem (VRP) was introduced almost 50 years ago and is still under 
active investigation by practitioners and researchers. In its classical version, the problem 
is to effectively design routes that a fleet of homogeneous vehicles will follow to supply 
the demand of geographically scattered customers without exceeding the vehicle capacity 
and considering that customers can be visited by exactly one vehicle. Traditionally, 
solution techniques for the VRP have been classified as exact approaches, classical 
heuristic algorithms (i.e. constructive, saving, improvement, sweep, petal and matching 
algorithms) and metaheuristic algorithms (i.e. tabu search, genetic algorithms, simulated 
annealing, etc.). See Bodin and Golden (1981), Laporte et al. (2000), Toth and Vigo 
(2002), Cordeau et al. (2002, 2005) and Laporte (2007) for a full complete survey and 
description of these techniques. The split delivery vehicle routing problem (SDVRP) is a 
variant of the VRP where individual customer demands can be supplied by multiple 
vehicles. In contrast to the VRP, there is a limited number of heuristic solution techniques 
to solve the SDVRP including local (Dror and Trudeau, 1989) and tabu search (Archetti, 
Hertz and Speranza, 2006). A scatter search method (Mota, Campos and Corberan, 
2007), a hybrid approach (Chen, Golden and Wasil, 2007), a memetic algorithm (Boudia, 
Prins and Reghioui, 2007) and a column generation approach (Jin, Liu and Eksioglu, 
2008) were recently developed to effectively solve benchmark problems. 

Most of the existing techniques to solve the SDVRP perform an aggressive search in 
certain regions of the solution space, but do not employ diversification strategies to make 
a better exploration of the space. Diversification methods are usually used within 
heuristic search methods to increase the effectiveness of the search procedure particularly 
on hard problems. The exploration of different regions of the solution space helps to 
overcome any local optimum and increase the chance of finding a global optimal 
solution. When the search appears to have stagnated, it is useful to examine ways to 
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move the search process into other areas of the search space that may not have been 
explored. If some predefined criteria are met, the algorithm moves to a ‘diversified’ 
solution whose attributes differ from those of the already evaluated solutions. Resuming 
the search from a diversified solution is intended to explore new regions of the search 
space. Although the exploration of different regions in the solution space can help to find 
better solutions, the cost in processing time may be high and hence it is sometimes 
unattractive to diversify the search. We examine this search process tradeoff. 

This article presents a new diversification scheme for routing problems applied to the 
SDVRP. This scheme is based on a geographical division of the problem by means of 
concentric rings centred at the depot that temporarily exclude a subset of customers. A 
partial solution to the original problem is created and the excluded customers are then 
incorporated into the solution by means of a constructive approach until a complete 
solution is obtained. Different ring settings produce varied partitions and thus different 
solutions to the original problem are obtained. The search is restarted from those 
solutions and improved via a variable neighbourhood descent (VND). The diversification 
scheme created is used with the constructive approach and iterative constructive approach 
(ICA) with route angle control (RAC) and the VND described in Aleman, Zhang and Hill 
(2007) to obtain SDVRP solutions. The remainder of this article is organised as follows. 
Section 2 provides an up-to-date literature review of the SDVRP and diversification 
methods applied to VRPs and SDVRPs. The proposed diversification method is described 
in Section 3 and the solution approach is given in Section 3.2. Computational results are 
presented in Section 4 with conclusions presented in Section 5. 

2 Background 

In this section, an up-to-date literature review of the SDVRP, a review of the constructive 
approach, ICA and VND approaches of Aleman, Zhang and Hill (2007), and 
representative diversification methods applied to VRPs and SDVRPs is presented. The 
review of diversification strategies is limited to how the solutions are generated and does 
not cover how they evolve during any subsequent search. The studies discussed address 
the classical VRP and the literature available for the generation of multiple solutions in 
the context of split deliveries. The number of studies on SDVRPs is limited and there are 
a limited number of solution methods for this combinatorial problem. These solution 
methods include some exact approaches for small-sized problems and local search, tabu 
search and hybrid methods for larger problems. As discussed below, a couple of 
publications present population-based solution methodologies including scatter search 
and memetic algorithms. Simulated annealing has been recently used to find solutions to 
the capacited VRP with heterogeneous fixed fleet and split services, but no computational 
results are reported on benchmark problem instances. 

2.1 Solving the split delivery vehicle routing problem 

The SDVRP is a relaxation of the classical VRP. SDVRP was first introduced by Dror 
and Trudeau (1989, 1990) as a variant of the classical VRP where the demand of a 
customer can be supplied by one or more vehicles. In the VRP vehicles with the same 
capacity depart from a central depot and follow designated routes to visit and fully supply 
the demands of geographically scattered customers. The combined demand of the 
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customers visited by each vehicle cannot exceed the vehicle’s capacity. After supplying 
the customer demands, all vehicles return to the central depot. The goal is to effectively 
design the vehicle routes to minimise the total travelled distance. 

Mathematically, the SDVRP is defined on an undirected, fully connected graph 
( )G V E  where {0 1 }V n  is the set of 1n  nodes of the graph, and 
{( ) }E i j i j V i j  is the set of edges connecting the nodes. Node 0 represents a 

depot where a fleet {1 }M m  of identical vehicles with capacity Q are stationed, 
while the remaining node set {1 }N n  represents the customers. A non-negative 
cost, usually the inter-node distance, ijc , is associated with every edge ( )i j E . Each 
customer i N  has a demand of qi units and is located at a point ( )i jx y  in the 2D space 
with respect to the depot location, 0 0( )x y . The SDVRP potentially allows reducing the 
operational cost of the fleet, especially when the average customer demand exceeds 10% 
of the vehicle capacity (as stated by Dror and Trudeau (1989). In their worst-case 
analysis of the SDVRP, Archetti, Savelsbergh and Speranza (2006) show that the 
reduction in delivery costs that can be obtained by allowing split deliveries is at most 
50%, and this reduction bound is tight. Archetti, Savelsbergh and Speranza (2008) 
suggest that the benefits are mainly due to the reduction in the number of vehicles 
required to supply the customer demands. Their mathematical analysis proved that the 
maximum reduction in the number of vehicles is 50% and the largest reduction occurs 
when the mean customer demand is between 50 and 70% of the vehicle capacity and the 
demand variances are relatively small. 

Dror and Trudeau (1989) propose a local search which uses an initial VRP solution 
and then uses a k-split interchange and route addition operators to introduce split 
deliveries if reductions in the objective function value are possible with the split delivery. 
Dror and Trudeau (1990) present some properties and valid inequalities for the SDVRP. 
Frizzell and Giffin (1992) use grid network distances in the problem and present a 
constructive approach to cluster the customers and a blocking mechanism to assign the 
demand of clustered customers to available vehicles. In an apparent first attempt to 
incorporate uncertainty into the SDVRP, Bouzaiene-Ayari, Dror and Laporte (1993) 
adapt the Clarke and Wright algorithm to solve the problem with stochastic demands. 
Dror, Laporte and Trudeau (1994) describe a branch-and-bound approach using valid 
inequalities and exactly solve instances with up to 20 customers. In a second paper, 
Frizzell and Giffin (1995) introduce time windows into the problem and use these time 
windows as a criteria in the constructive approach to assign the customer demands. 
Mullaseril, Dror and Leung (1997) adapt the local search of Dror and Trudeau (1989) to 
model a feed distribution problem on a cattle ranch as a SDVRP with time windows. 
Sierksma and Tijssen (1998) formulate a set-covering problem and a column generation 
method to schedule helicopters in the North Sea for crew exchange purposes. 

Belenguer, Martinez and Mota (2000) study the SDVRP and estimate lower bounds 
using a cutting plane algorithm. They generate 14 random instances each having the same 
distribution of customers, but with different ranges of customer demands. Song, Lee and 
Kim (2002) model a distribution problem in Korea as a SDVRP to route vehicles and 
deliver newspapers from a central facility to different distribution centres at different 
times. Ho and Haugland (2004) present a tabu search to solve the SDVRP with time 
windows, adapt existing multiple-routes operators to the context of split deliveries and 
introduce the relocate split operator which changes the customer being split among two 



      

      

   A ring-based diversification scheme for routing problems 167    

      

      

      

routes. Nowak (2005) study the pickup and delivery routing problem with split loads and 
present a heuristic approach to solve a real problem. Liu (2005) present a two-stage 
algorithm and a branch-and-price (B&P) approach to solve some of the problems 
previously solved by Belenguer, Martinez and Mota (2000). Archetti, Hertz and Speranza 
(2006) describe a tabu search approach to solve the SDVRP and solve seven benchmark 
and 42 newly generated test problem instances using random customer demands. Their 
results have been used in recent studies for empirical comparison of algorithm 
performance. Lee et al. (2006) present a shortest path approach to exactly solve the 
SDVRP with up to seven customers. 

Belfiore and Yoshizaki (2006) study the implementation of a scatter search algorithm 
in an actual problem to supply 519 customers in 12 states in Brazil. The problem involves 
heterogeneous vehicles, time windows, accessibility constraints and split deliveries. Yu, 
Chen and Chu (2006) propose an approximate linear model with subtour elimination 
constraints, lagrangian relaxation and a heuristic method to solve the inventory routing 
problem with split deliveries. Jin, Liu and Bowden (2007) propose a cutting plane 
algorithm to optimally solve the SDVRP dividing the original problem into clustering and 
travelling salesman subproblems. The distances of the travelling salesman subproblems 
are repeatedly added as bounds to the clustering subproblems to find better solutions. 
Ambrosino and Sciomachen (2007) model an actual problem in Italy to plan the 
country-wide distribution of fresh/dry and frozen food. Mota, Campos and 
Corberan (2007) present a scatter search procedure that uses the minimum fleet size and 
produces good results on instances previously solved in the literature, particularly on 
problems with average customer demands less than half of the vehicle capacity. 
Wilck and Cavalier (2007) consider an objective function involving total distance 
travelled and vehicle loads. They use a constructive approach to find good solutions to 
small-sized problems. Chen, Golden and Wasil (2007) developed a hybrid approach 
combining a mixed-integer program and a record-to-record travel algorithm that produces 
high-quality solutions compared to the existing literature. Tavakkoli-Moghaddam et al. 
(2007) present a mixed-integer linear and a simulated annealing method for solving the 
SDVRP with heterogeneous vehicles. Boudia, Prins and Reghioui (2007) implemented a 
memetic algorithm with population management and produced high-quality solutions on 
the problems of Belenguer, Martinez and Mota (2000), Archetti, Hertz and Speranza 
(2006). Jin, Liu and Eksioglu (2008) present a column generation approach to estimate 
bounds for the SDVRP with large customer demands. The algorithm improves some of 
the bounds found by Belenguer, Martinez and Mota (2000). 

2.2 The constructive approach, iterative constructive approach and variable 
neighbourhood descent solution approaches 

2.2.1 Constructive approach 

The parallel constructive approach of Aleman, Zhang and Hill (2007) uses an ordered list 
L of customers based on the distances from the depot and then inserts them into the 
solution under construction to initiate new routes or modify existing ones. The farthest 
customer from the depot is assigned the first position in L whereas the closest customer to 
the depot is assigned the last position. Once L is designed, customers are sequentially 
inserted into the routes until all customer demands are satisfied. A customer demand can 
be split when that demand exceeds the capacity left on the selected vehicle. In this case, 
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any remaining demand is assigned to either an empty vehicle or the best vehicle 
available. The characteristic that differentiates the constructive approach from existing 
constructive approaches is that it uses a novel RAC mechanism to avoid the design of 
spatial spread routes. The intuition of RAC is to avoid overlapping routes among the 
vehicles. The RAC mechanism utilises the angle of a route, defined by the customers 
assigned to the route, to penalise insertions into far routes and favour closer routes. The 
polar angle of customer i relative to the depot, denoted ,i  is defined as: 

0

0
arctan i

i
i

y y
x x

 (1) 

where ( )i ix y  represents the location of customer i and customer 0 represents the depot. 

The angle of route R is then defined as max .R i j i j N R  The 

constructive approach can obtain solutions of good quality at a very low computational 
effort using the minimum number of vehicles ii N

m q Q , where x  denotes the 

smallest integer greater than or equal to x.

2.2.2 Iterative constructive approach 

A limitation of the constructive approach is that the customers closest to the depot 
inserted later in routes due to their position in L, tend to deteriorate the quality of the final 
solution as there are a limited number of route alternatives available at the moment of 
their insertion. In Aleman, Zhang and Hill (2007), ICA is an iterative approach that 
applies adaptive memory and dynamic modification of the list L. The resulting ICA 
executes the constructive approach iteratively, but modifies L each iteration. Customers 
that cause the widest spread of routes are assigned an earlier position in L to ensure their 
insertion into more adequate routes. This is done as follows. First, the customer i
producing the widest route is identified. Second, the closest route r  to i  in the current 
solution is selected. Third, the customer ai  spending the last resources of r  needed to 
fully supply customer i  is determined. Finally, customer i  is relocated in L so that it 
will be inserted into the solution right before .ai  This guarantees a full service and a less 
expensive delivery for .i

2.2.3 Variable neighbourhood descent 

The VND presented in Aleman, Zhang and Hill (2007) looks to improve the SDVRP 
solutions found with ICA. The VND uses three neighbourhoods. The first and second 
neighbourhoods are based on the standard customer shift and customer swap to move 
customers among routes. In the case of the customer shift, if the customer to be shifted is 
currently using split delivery, it is simply removed from the origin route and its quantity 
is increased in the destination route (the split is eliminated). In the case of the customer 
swap, if a customer to be swapped is currently using split delivery, it is also removed 
from the origin route and its quantity is increased in the destination route. The other 
customer is then moved from one route to the other. The third neighbourhood is a new 
operator that moves a customer among routes when the destination route does not have 
enough capacity to cover the demand of the moved customer. In order to make the move 
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feasible, the load of the destination route is released by reducing its delivery to any other 
customer in the route with enough demand (i.e. larger than the demand of the moved 
customer). The unserved demand is then served by the original route. At the end, the 
customer shift is feasible and a new split is introduced by sharing a customer. A detailed 
illustration of these operators is found in Aleman, Zhang and Hill (2007) along with an 
empirical evaluation of constructive approach, ICA and VND performance on all 
available problem sets. 

2.3 Solution diversification techniques 

Despite using a variety of local search and local improvement methods, search heuristics 
can still have problems finding really good solutions to hard problems. A diversification 
scheme aims to move the search process into new, hopefully unvisited, regions of the 
solution space. Once in those new regions, the search process resumes. 

One of the first studies for generating diversified solutions is by Rochat and Taillard 
(1995) who partition large problems into independent subproblems, each defined by 
sectors and regions centred at the depot, and then optimise each subproblem 
independently. Their diversified solutions are generated with a local search by 
considering various initial partitions of the problem. Tarantilis and Kiranoudis (2002) 
present a population-based heuristic called BoneRoute that extracts sequences of nodes, 
or bones, from the pool of solutions to compose partial solutions. They complete these 
partial solutions with a constructive approach. The diversified solutions forming the 
initial pool are generated with the savings algorithm of Paessens (1988). Berger and 
Barkaoui (2003) propose a hybrid genetic algorithm to evolve two populations using 
selection, recombination, mutation and migration operators. The generation of initial 
solutions is based on a random construction of feasible solutions. A solution is rapidly 
constructed through a sequential insertion heuristic which inserts customers into 
randomly chosen positions within routes. Customer insertion order is randomly modified 
to ensure unbiased solution generation. 

Reimann, Doerner and Hartl (2004) present the D-Ants algorithm that uses the 
SavingsAnts system of Doerner et al. (2002) as the mechanism to generate a pool of 
solutions. In the SavingsAnts approach, solutions are generated using attractiveness 
values balancing the savings values of the classical Clarke and Wright algorithm and the 
pheromone information from previous iterations. The D-Ants approach is effective 
solving small- and large-scale benchmark instances as well as real world-sized problems. 

In his evolutionary algorithm, Prins (2004) proposes a population of solutions 
initialised using three heuristic methods (Clarke andWright, 1964; Gillett and Miller, 
1974; Mole and Jameson, 1976) and utilising random permutations of customers to 
produce a complete population. Chromosomes represent solutions in the form of giant 
tours formed with the ordered sequence of routes. In genetic algorithms for solving 
routing problems, each bit in the chromosome usually represents a customer and multiple 
copies of the depot are used to separate the routes. Instead of using copies of the depot, 
Prins utilises an optimal splitting procedure to determine the best way to separate the 
routes in the chromosome. The routes and the fitness value of each solution are 
determined by solving a min-cost path problem on an auxiliary graph. 

Tarantilis (2005) employes the method of Glover (1998) to generate a collection of 
diversified solutions and initiate an adaptive memory solution procedure. This 
methodology systematically generates different permutations, or sequences, of customers 
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and then successively assigns customers to routes to produce a VRP solution using a 
generalised assignment process. These diversified solutions are then improved with a 
tabu search and combined using elite parts of the routes to produce new solutions that 
update the adaptive memory components. 

Only a few studies have used an initial set of solutions as a means to solve the 
SDVRP. Belfiore and Yoshizaki (2006) study the implementation of a scatter search for a 
routing problem with split deliveries, heterogeneous vehicles, time windows and 
accessibility constraints applied to a retail market in Brazil. Their first attempt is to solve 
the split deliveries with those particular side constraints. The initial solutions for the 
scatter search are generated using the constructive heuristic of Dullaert et al. (2002) for 
the problem with heterogeneous vehicles and time windows. Random elements are used 
to diversify the solutions. 

Mota, Campos and Corberan (2007) propose a scatter search that generates a 
population of feasible solutions based on a giant travelling salesman problem (TSP) tour 
visiting all customers. The construction of a solution commences by selecting a starting 
customer in the giant tour and sequentially cutting that tour into individual routes where 
the demand of the first and last customer of each route is split when that demand does not 
fit the first vehicle serving it. The selection of non-consecutive starting customers helps 
obtain different solutions. Mota, Campos and Corberan (2007) also adapt the algorithm of 
Clarke andWright for split deliveries to find another fraction of the population of 
solutions. This adaptation of the Clarke and Wright algorithm does not guarantee 
feasibility, but produces diversified solutions by statistically prohibiting half of the 
savings used in the construction of previous solutions. Boudia, Prins and Reghioui (2007) 
solve the SDVRP using a memetic algorithm with population management and create the 
initial population both heuristically and randomly; two solutions are constructed 
heuristically by the algorithms of Clarke and Wright (1964) and Gillett and Miller (1974) 
whereas the rest of the population is generated with a random permutation of the 
customers. This method to generate the initial population is similar to that of Prins 
(2004), the only difference is the number of solutions created heuristically. The memetic 
algorithm produces new best SDVRP solutions for benchmark problems of Christofides 
and Eilon (1969) and Christofides, Mingozzi and Toth (1979) involving 75 and 120 
customers with original demands and improves the state of the art algorithms (Archetti, 
Hertz and Speranza, 2006; Chen, Golden and Wasil, 2007) in some of the other tested 
problems. 

3 An aggressive diversification-based search algorithm 

3.1 A new diversification method 

Constructive approach quickly finds SDVRP solutions whose objective function value is 
usually within 10% of the best existing solutions. However, those solutions display a 
common pattern; customers closer to the depot considerably deteriorate the quality of the 
overall solution. To mitigate this problem, the ICA changes the sequence of customers in 
L to improve upon constructive approach solutions. The VND further improves the 
search process using a set of local search moves. Although each method is effective and 
can avoid getting trapped in a local optimum region, these procedures do not guarantee a 
thorough exploration of the solution space. Diversification schemes are explicitly 
designed to improve solution space exploration. 
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A diversification scheme is proposed and tested based on a geographical division of 
the customers using rings, or spatial bands, centred at the depot. The geographic space of 
the problem is marked with rings of varying circumferences used to group the customers. 
The original problem is partially solved with the customers located inside certain rings. 
These selected customers are assigned to routes using the constructive approach. 
Subsequently, the remaining customers, belonging to the other rings, are inserted into the 
partial solution to yield a complete solution to the original problem. 

A ring is defined by an inner and outer radius, inr  and outr , measured outward from 
the depot. The customers inside a ring are those whose distance from the depot is greater 
than inr  and less than or equal to out in 0 out, .jr r c r  Although any number of rings can be 

used, the proposed scheme uses three non-overlapping rings encompassing all customers. 
Figure 1 illustrates the geographical division used in the scheme applied to a problem 
involving 50 customers. In the figure, there are three rings of radius r, R and Rmax,
respectively. These define the rings A, B and C. For example, ring A is defined by rin = 0 
and rout = r, ring B is defined by rin = r and rout = R, and ring C is defined by rin = R and 
rout = Rmax.

The original problem includes the n customers in the set {1 }N n . Rings A, B,
and C partition N into three subsets NA, NB and NC such that: 

1 A B A C B CN N N N N N

2 A B CN N N N .

Figure 1 Geographical depiction of ring-based partition of 50 customers problem (see online 
version for colours) 
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A partial solution is then obtained using the constructive approach with the customers in 
NA and NC while the customers in NB are temporarily excluded. The complete solution is 
then obtained when the customers in NB are inserted into the partial solution also using 
the constructive approach. Varying values of r and R varies the size of B, and 
subsequently NB, the exclusion set in the method, yielding a variety of solutions. This 
approach yields a much more aggressive diversification strategy than obtained just using 
local improvement methods such as found with ICA. 

The range of diversified solutions based on varied sizes of B is next examined. 
Figure 2 shows the solutions to Problem 1 and Figure 3 shows solutions to Problem 6 
from Archetti, Hertz and Speranza (2006) obtained with the constructive approach and 
the diversification scheme using different settings for ring B. In each figure, solution 
values are shown as a percentage deviation from the objective function value obtained 
using the basic constructive approach. A negative deviation indicates that the 
diversification directly provides a better solution whereas a positive deviation indicates 
the diversified solution is not as good. The width and location of ring B varies as a 
function of Rmax. The inner radius r varies in the range [0.1Rmax, 0.9Rmax] in steps of 0.1 
Rmax whereas the outer radius R varies in the range [0.2Rmax, 1.0Rmax] also in steps of 
0.1Rmax. The ring settings r and R are shown in each figure in the form r–R on the 
horizontal axis. Note that different settings for the inner and outer radius can be used to 
generate a larger number of diversified solutions. This diversification scheme can be 
applied to any routing problem. Also, note that since this scheme generates diverse 
solutions, the initial solution quality is not a primary concern; local improvement is 
ultimately applied to the diverse solutions in the computational procedure. 

Figure 2 Diversified solutions for Problem 1 involving 50 customers with the original demands 
(see online version for colours) 
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Figure 3 Diversified solutions for Problem 6 involving 120 customers with the original demands 
(see online version for colours) 

Figures 4–7 illustrate four solutions taken from the generated set shown in Figure 2. 
Figure 4 illustrates the solution found with the basic constructive approach while Figure 5 
illustrates the solution in the diversified set which is the most different from the basic 
constructive approach solution shown in Figure 4. In this case, the number of edges 
appearing in one solution, but not in the other are counted to measure the difference 
between two solutions. Figure 6 illustrates the solution in the diversified set with the 
lowest objective function value z, and finally Figure 7 illustrates the solution in the 
diversified set with the highest objective function value z. These figures reinforce our 
confidence that the ring-based diversification process does in fact generate a variety of 
solutions. 

3.2 The iterative constructive approach + variable neighbourhood descent with 
diversification (iVNDiv) solution approach 

The proposed solution approach couples the algorithms presented in Aleman, Zhang and 
Hill (2007) with the new diversification methodology. The idea is to solve the problem 
using the ICA and VND of Aleman, Zhang and Hill (2007) and then restart the search 
from different points in the solution space when the diversification phase commences. 
The result is a multi-start algorithm for the SDVRP. 

The details of iVNDiv are given in Algorithms 1 and 2. The set of solutions is 
generated using Algorithm 1. This algorithm utilises various ring settings to partition the 
original problem in a variety of ways and produce different solutions. The algorithm 
constructs solutions with the constructive approach of Aleman, Zhang and Hill (2007). 
Once a complete solution is generated, it is added to the full set of solutions. Before 
adding solutions, their objective function values are verified to guarantee unique elements 
in the set of diverse solutions. 
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Figure 4 Illustration of the basic constructive approach solution for Problem 1 involving 50 
customers with the original demands (z = 578.83) (see online version for colours) 

Figure 5 Illustration of a solution taken from the set of solutions for Problem 1 that most differs 
from the basic constructive approach solution (z = 640.58 and ring settings 0.40–0.50) 
(see online version for colours) 
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Figure 6 Illustration of a solution taken from the set of solutions for Problem 1 with the lowest 
objective function value (z = 556.56 and ring settings 0.20–0.90) (see online version for 
colours) 

Figure 7 Illustration of a solution taken from the set of solutions for Problem 1 with the highest 
objective function value (z = 746.14 and ring settings 0.60–1.00) (see online version for 
colours) 
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With the full set of diversified solutions, the ICA and VND of Aleman, Zhang and Hill 
(2007) are used to improve the solutions in the diversified set. The number of solutions 
from the set used as starting points in the solution space varies. The more solutions used, 
the higher the computational cost. A maximum of five starting solutions are used in the 
proposed iVNDiv to balance the quality of the solution and their running times. These 
five solutions are the best solutions in the set of diversified solutions. The iVNDiv is 
presented in Algorithm 2. 

4 Computational results 

The iVNDiv was implemented in C# and experiments were carried out using a Pentium 
4, 2.8 GHz, 512MB of RAM. Our iVNDiv algorithm was tested on problem sets 
available in the literature including Belenguer, Martinez and Mota (2000), Archetti, Hertz 
and Speranza (2006), Chen, Golden and Wasil (2007) and Jin, Liu and Eksioglu (2008). 
These sets have been solved with existing approaches which are compared to iVNDiv in 
our empirical analysis. The tested instances are identified using the form p-aaa-nnn. The 
first field, p, is an alphabetical character to identify the publication where the problem is 
identified. The second field, aaa, is a string of variable length corresponding to the name 
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of the instance adopted in the publication, whereas the third field is a three-digit integer 
denoting the number of customers excluding the depot. The first field, p, takes the 
following values: a, b, c, j (Archetti, Hertz and Speranza, 2006; Belenguer, Martinez and 
Mota, 2000; Chen, Golden and Wasil, 2007; Jin, Liu and Bowden, 2007, respectively). 

The instances used by Archetti, Hertz and Speranza (2006) are the same Problems 
1–5, 11 and 12 given in Christofides and Eilon (1969) and Christofides, Mingozzi and 
Toth (1979) involving 50–199 customers in addition to the depot. In problems 1–5, 
customers are randomly distributed in the plane, while they are clustered in problems 11 
and 12. From those seven problems, Archetti, Hertz and Speranza (2006) generated 42 
more by randomly modifying the customer demands at different intervals. These random 
problems are unavailable. However, Mota, Campos and Corberan (2007) used the same 
algorithm of Archetti, Hertz and Speranza (2006) to generate their problems. We 
obtained those from Boudia, Prins and Reghioui (2007). In our analysis, the problems 
with random customer demands have the exact same demand values as in Mota et al. and 
Boudia et al. Belenguer, Martinez and Mota (2000) used a total of 25 problems: 11 
TSPLIB problems involving 21–100 customers and 14 randomly generated problems 
from the TSPLIB (eil51, eil76 and eil101). The same vehicle capacity Q = 160 is used in 
each problem and the customer demands are randomly generated within six intervals 
expressed as a funtion of Q, as in Dror and Trudeau (1989) and Archetti, Hertz and 
Speranza (2006). Chen, Golden and Wasil (2007) recently generated a new set of 21 
problems involving 8–288 customers. Each problem has a geometric symmetry with 
customers located in concentric circles around the depot. Jin, Liu and Bowden (2007) 
used a TSPLIB instance with 21 customers and generated four problems involving 18–22 
customers. 

Computational results for the Archetti et al. instances are presented in Tables 1–3. 
The solution values from the existing algorithms are reproduced from the corresponding 
references. The existing algorithms are the VND (ICA + VND) of Aleman, Zhang and 
Hill (2007), the scatter search (SS) of Mota, Campos and Corberan (2007), the memetic 
algorithm with population management (MA|PM) of Boudia, Prins and Reghioui (2007), 
the three tabu searches (Splitabu, Splitabu-DT and Fast-Splitabu) of Archetti, Hertz and 
Speranza (2006) and the hybrid algorithm (EMIP + VRTR) of Chen, Golden and Wasil 
(2007). In Table 1, columns with header m contain the number of vehicles in the final 
iVNDiv, ICA + VND, scatter search and MA|PM solutions, which is always the 
minimum possible, whereas columns with header m  contain the number of vehicles in 
the final solutions found with the tabu searches of Archetti, Hertz and Speranza (2006). 
Results in Table 1 show that the ICA + VND algorithm is clearly dominated by its 
counterpart with the proposed diversification scheme, i.e. iVNDiv. Compared to scatter 
search, our iVNDiv provides better solutions specially in problems with large customer 
demands in the ranges [0.10–0.90], [0.30–0.70] and [0.70–0.90], where the largest cost 
reduction can occur, as shown in Dror and Trudeau (1989) and Archetti, Savelsbergh and 
Speranza (2008). Although we find solutions of similar quality and perform better in one 
problem, the MA|PM clearly dominates our iVNDiv in this problem set. 
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Table 1 Computational results of iVNDiv on instances 

Notes: z denotes objective function value obtained; IMP denotes percentage objective 
function reduction over iVNDiv; m denotes number of vehicles in final iVNDiv, 
ICA + VND scatter search and MA|PM final solutions; m  denotes number of 
vehicles in final Splitabu, Splitabu-DT and Fast-Splitabu solutions; atested 
instances were generated by Mota, Campos and Corberan (2007); btested instances 
were generated by Archetti, Savelsbergh and Speranza (2006), iVNDiv run using 
similar problem generator; ctested instances were generated by Chen, Golden and 
Wasil (2007). 
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Table 2 Comparison of iVNDiv to best known solutions for instances 

Notes: z denotes objective function value obtained; m denotes number of vehicles in final 
solution. 
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Table 3 Running times of iVNDiv on instances 

Notes: aP4, 512MB, 2.8 GHz; bP4, 1.0GB, 2.4 GHz; cPC 3.0 GHz; dP4, 256MB, 2.4 GHz; 
eP4, 512MB, 1.7 GHz. 

The comparison with the tabu searches and EMIP + VRTR on the problems with random 
customer demands is not straightforward. First, there is a potential discrepancy regarding 
the actual customer demand values used by Archetti, Hertz and Speranza (2006). Second, 
the values reproduced from Chen, Golden and Wasil (2007) correspond to the median 
values from 30 solution instances for each random problem. Across the board, there is no 
apparent dominance of iVNDiv over the tabu searches, but the number of vehicles in the 
final iVNDiv solutions is generally lower than in the tabu solutions. In some cases, the 
tabu searches use up to 14 more vehicles than iVNDiv (see for example problem a-05–
199 with demands in [0.10–0.90]), which can lead to solutions with lower objective 
function values, but possibly higher operational costs in actual problems. Chen, Golden 
and Wasil (2007) do not provide the number of vehicles used in their final 
EMIP + VRTR solutions, but the fleet size is apparently a decision variable. Our iVNDiv 
is able to improve EMIP + VRTR in only one problem. 

Table 2 shows the best known SDVRP solutions available in the literature for the 
instances of Archetti et al. and a comparison with the iVNDiv solutions. Note that 
EMIP + VRTR values are median values from 30 instances. The best known solutions are 
presented with their solution values z, the number m of vehicles and the publication 
where they are reproduced from. Problem a-01–050 with original demands is optimally 
solved by Belenguer, Martinez and Mota (2000) and its solution value was calculated 
using integer inter-node distances. The tables also provide the percentage improvement of 
the iVNDiv solutions over the best ones. Out of the 49 problems, 26 best solutions have 
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been found with the EMIP + VRTR hybrid approach of Chen, Golden and Wasil (2007), 
10 with the MA|PM memetic algorithm, 10 with the tabu searches and 2 with the scatter 
search. This table is also important to recall the effect of the number of vehicles in the 
final solutions and that iVNDiv, scatter search and MA|PM utilise the smallest fleet 
possible. The iVNDiv improves the best known solution to problem a-02–075 in the 
range [0.01–0.10] and generally uses less vehicles than other approaches. 

The running times in seconds are provided in Table 3. The characteristics of the 
machines where the different approaches were run are listed at the bottom of the table. By 
comparing the results for iVNDiv and ICA + VND in the table, we notice the impact of 
the diversification scheme on the running time. However, the diversification procedure 
does not deteriorate the running time considerably as the average customer demands get 
larger, which is not the case for the tabu searches and EMIP + VRTR. With the tabu 
searches, one reason for the increase in the computational effort may be the 
neighbourhood structure used in the search. For each customer, Archetti, Hertz and 
Speranza (2006) evaluate removals from the visiting vehicles and/or insertions into other 
vehicles to find the best way to move to a neighbour solution. This operator may be 
particularly expensive when the number of vehicles is large, as in problems with larger 
customer demands. In the case of EMIP + VRTR, the number of endpoints increases with 
the number of routes as one or two endpoints and the closest neighbours to each endpoint 
are considered for each route. For larger average customer demands, the resulting mixed-
integer program can be considerable in size and more difficult to solve. Figure 8 shows 
the average running times of the existing algorithms on the instances of Archetti, Hertz 
and Speranza (2006) grouped by demand range. Note how the time increases with the 
customer demand for the tabu searches and EMIP + VRTR. Because both the 
constructive approach and VND of Aleman, Zhang and Hill (2007) evaluate the cheapest 
insertion position, a larger number of customers per route increases the complexity of 
iVNDiv. The large average running time of iVNDiv on problems in the range [0.01–0.10] 
is caused by a large number of stops per route. We found our running times relate to the 
ratio n/m (see Table 4), which is an estimation of the expected stops per route. This 
dependency is illustrated in Figure 9. 
Table 4 Expected stops per route for problems 

Demand range Stops per route (n/m) Running time (sec) 

[0.70–0.90] 1.25 528.02 
[0.30–0.70] 2.04 640.06 
[0.10–0.90] 2.08 727.40 
[0.10–0.50] 3.46 500.88 
[0.10–0.30] 5.09 471.52 
Original 11.73 1234.83 
[0.01–0.10] 19.15 3808.35 
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Figure 8 Average running times vs. demand range for instances (see online version for colours) 

Figure 9 Average running times of iVNDiv vs. demand range for instances (see online version 
for colours) 

Tables 5 and 6 show the computational results on the 25 problems given in Belenguer, 
Martinez and Mota (2000). The iVNDiv solution values are compared with the bounds 
found by Belenguer et al. with a cutting plane and a heuristic approach, the solution 
values found with MA|PM, the bounds obtained with the B&P approach of Liu (2005), 
the solution values found with EMIP + VRTR, and the bounds produced by the column 
generation approach of Jin, Liu and Eksioglu (2008). Unpublished values are omitted 
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from the tables. Bold type indicate iVNDiv providing a better feasible solution. Note that 
upper bounds and solution values obtained by Belenguer et al. and MA|PM are calculated 
by rounding inter-node distance values to the nearest integer. 
Table 5 Computational results of iVNDiv on some TSPLIB instances 

 iVNDiv  
Belenguer, Martinez and 

Mota (2000) MA|PM 

Problem za CPUb UBa LB % ALB Za CPUc IMP 

b-eil22–021 375 4.19 375 375 0.00 375 4.11 0.00 
b-eil23–022 570 3.42 569 569 0.18 569 5.47 0.18 
b-eil30–029 510 14.47 510 508 0.39 503 5.70 1.37 
b-eil33–032 851 14.03 835 833 2.12 835 5.19 1.88 
b-eil51–050 521 54.91 521 511.57 1.81 521 7.28 0.00 
b-eilA76–075 847 83.28 832 782.7 7.59 828 35.94 2.24 
b-eilB76–075 1,055 79.00 1,023 937.47 11.14 1,019 13.09 3.41 
b-eilC76–075 746 148.20 735 706.01 5.36 738 14.75 1.07 
b-eilD76–075 695 140.83 683 659.43 5.12 682 23.12 1.87 
b-eilA101–100 843 319.33 817 793.48 5.87 818 25.25 2.97 
b-eilB101–100 1,122 185.84 1,077 1,005.85 10.35 1,082 21.81 3.57 

 iVNDiv  B&P Jin, Liu and Eksioglu (2008) 

Problem Z CPUb UB LB % ALB UB LB CPUd % ALB 

b-eil22–021 375.28 4.19 376.00 373.60 0.45 – – – – 
b-eil23–022 569.75 3.42 608.00 564.30 0.96 – – – – 
b-eil30–029 512.72 14.47 515.30 507.20 1.08 – – – – 
b-eil33–032 853.10 14.03 873.40 830.20 2.68 – – – – 
b-eil51–050 524.61 54.91 558.50 507.60 3.24 – – – – 
b-eilA76–075 851.24 83.28 900.70 800.30 5.98 – – – – 
b-eilB76–075 1059.57 79.00 1163.10 965.70 8.86 1063.75 981.14 45084.00 7.40 
b-eilC76–075 753.29 148.20 809.30 711.20 5.59 – – – – 
b-eilD76–075 699.35 140.83 768.80 652.30 6.73 – – – – 
b-eilA101–100 852.74 319.33 910.20 797.50 6.48 – – – – 
b-eilB101–100 1139.27 185.84 1174.10 1013.90 11.00 – – – – 

Notes: z denotes objective function value obtained; CPU denotes running time in seconds; IMP 
denotes percentage objective function reduction over iVNDiv; % ALB denotes percent 
iVNDiv above lower bound; MA|PM uses one more vehicle than the minimum fleet size 
on instance b-eil30–029; aObjective function value obtained with euclidean distances 
truncated to the nearest integer; bP4, 512MB, 2.8 GHz; cPC 3.0 GHz; dP4, 2GB, 
2.8 GHz. 
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Table 7 shows the computational results on the new 21 problems generated by Chen et al. 
The table contains solution values z, running times in seconds and the percentage 
improvements of iVNDiv over the EMIP + VRTR hybrid approach. Bold text is used to 
indicate the new best solutions found so far for this new problem set. As far as we know, 
this is the first time this problem set is used after Aleman, Zhang and Hill (2007) and 
Chen, Golden and Wasil (2007). Out of the 21 problems, the iVNDiv improves the 
solution values in 15 cases and equals the EMIP + VRTR solution in the problem with 
eight customers. The iVNDiv is computationally faster than EMIP + VRTR in all the 
cases. ICA + VND performs similar to iVNDiv in terms of solution values, although 
iVNDiv performs better in seven cases. It is difficult to see how the running time of 
EMIP + VRTR is affected by the problem size as it uses the maximum amount of 
computing time to solve the endpoint mixed-integer program for problems with at least 
24 customers (Chen, Golden and Wasil, 2007). 
Table 6 Computational results of iVNDiv on the random problems 

 iVNDiv 
Belenguer, Martinez and 

Mota (2000) MA|PM 

Problem Za CPUb UBa LB % ALB za CPUc IMP 

b-S51D1–050 466 40.53 458 454 2.58 458 8.77 1.72 
b-S51D2–050 725 28.34 726 676.63 6.67 707 7.44 2.48 
b-S51D3–050 994 14.70 972 905.22 8.93 945 7.84 4.93 
b-S51D4–050 1,672 16.53 1,677 1520.67 9.05 1,578 11.98 5.62 
b-S51D5–050 1,385 13.94 1,440 1272.86 8.10 1,351 16.72 2.45 
b-S51D6–050 2,211 16.83 2,327 2113.03 4.43 2,182 9.92 1.31 
b-S76D1–075 600 476.27 594 584.87 2.52 592 15.23 1.33 
b-S76D2–075 1,138 46.94 1,147 1020.32 10.34 1,089 30.5 4.31 
b-S76D3–075 1,485 53.34 1,474 1346.29 9.34 1,427 12.89 3.91 
b-S76D4–075 2,160 51.84 2,257 2011.64 6.87 2,117 8.76 1.99 
b-S101D1–100 740 2125.58 716 700.56 5.33 717 49.75 3.11 
b-S101D2–100 1,426 217.91 1,393 †1270.97 10.87 1,372 31.72 3.79 
b-S101D3–100 1,974 146.61 1,975 †1739.66 11.87 1,891 33.98 4.20 
b-S101D5–100 2,970 104.05 2,915 †2630.43 11.43 2,854 18.66 3.91 
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Table 6 Computational results of iVNDiv on the random problems (continued) 
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Notes: †earlier termination of the algorithm due to memory overflow (Belenguer, Martinez and 
Mota, 2000); z denotes objective function value obtained; CPU denotes running time 
in seconds; IMP denotes percentage objective function reduction over iVNDiv; % 
ALB denotes percent iVNDiv above lower bound; aobjective function value obtained 
with euclidean distances truncated to the nearest integer; bP4, 512MB, 2.8 GHz; cPC 
3.0 GHz; dP4, 512MB, 1.7 GHz; eP4, 2GB, 2.8 GHz. 
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Table 7 Computational results of iVNDiv on instances 

  EMIP + VRTR ICA + VND iVNDiv  

Problem z CPUa z CPUb z CPUb m 

c-SD01–008 228.28 0.7 228.28 0.06 228.28 0.19 6 
c-SD02–016 714.40 54.4 708.28 0.22 708.28 1.48 12 
c-SD03–016 430.61 67.3 430.58 0.17 430.58 0.58 12 
c-SD04–024 631.06 400 635.84 0.55 635.84 2.31 18 
c-SD05–032 1408.12 402.7 1390.57 0.69 1390.57 5.55 24 
c-SD06–032 831.21 408.3 831.24 0.94 831.24 2.95 24 
c-SD07–040 3714.40 403.2 3640.00 1.03 3640.00 8.13 30 
c-SD08–048 5200.00 404.1 5068.28 1.75 5068.28 11.91 36 
c-SD09–048 2059.84 404.3 2071.03 2.91 2071.03 19.73 36 
c-SD10–064 2749.11 400 2747.83 3.58 2742.84 33.27 48 
c-SD11–080 13612.12 400.1 13280.00 3.97 13280.00 35.16 60 
c-SD12–080 7399.06 408.3 7279.97 4.00 7265.70 43.13 60 
c-SD13–096 10367.06 404.5 10110.58 5.80 10110.58 50.97 72 
c-SD14–120 11023.00 5021.7 10893.50 15.49 10829.25 141.77 90 
c-SD15–144 15271.77 5042.3 15168.28 18.33 15168.28 191.66 108 
c-SD16–144 3449.05 5014.7 3635.27 39.71 3580.07 2120.14 108 
c-SD17–160 26665.76 5023.6 26559.93 17.42 26556.13 179.61 120 
c-SD18–160 14546.58 5028.6 14440.59 40.38 14372.80 366.14 120 
c-SD19–192 20559.21 5034.2 20191.19 27.64 20188.62 330.06 144 
c-SD20–240 40408.22 5,053 39813.49 63.18 39803.13 633.33 180 
c-SD21–288 11491.67 5,051 11799.60 738.49 11682.09 9387.55 216 

Notes: z denotes objective function value obtained; CPU denotes running time in 
seconds.; m denotes the number of vehicles in the final iVNDiv and ICA + VND 
solutions; aP4, 512MB, 1.7 GHz; bP4, 512MB, 2.8 GHz. 

Finally, Table 8 shows the solution values and running times in seconds of iVNDiv with 
respect to the optimal solutions found with the exact approach of Jin, Liu and Bowden 
(2007). iVNDiv generates high-quality solutions that are 1.19% above optimality on 
average for the tested problems. We note how difficult it is to exactly solve small-sized 
problems (up to 21 customers) while iVNDiv finds the optimal solution in three of the 
tested problems and is quite close to optimality in another problem at a low 
computational effort. 
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Table 8 Computational results of iVNDiv versus optimality on instances 

 TSVI iVNDiv  % Above 

Problem z* CPUa(hour) z CPUb Optimality 

j-Eil22–021 375.28 17 375.28 4.19 0.00 
j-J1–018 127.39 13 127.49 1.73 0.08 
j-J2–021 388.44 84 388.44 4.59 0.00 
j-J3–022 367.93 17 389.54 3.73 5.87 
j-J4–022 372.2 13 372.2 5.64 0.00 

Notes: z* denotes optimal objective function value; z denotes objective function value 
obtained; CPU denotes running time: a—; bP4, 512MB, 2.8 GHz. 

5 Conclusions 

Diversification of a local search process can be computationally expensive, but of benefit 
on harder optimisation problems. This research presents a new diversification method for 
routing problems based on a novel use of spatially varied concentric rings around the 
routing depot. A set of diversified solutions are used to restart the VND search process of 
Aleman, Zhang and Hill (2007). A comprehensive empirical test of this new 
diversification method was conducted and the reported results show the utility of this new 
diversification scheme. The proposed diversification strategy can be used to solve any 
variant of the VRP as long as the constructive approach considers the corresponding side 
constraints. Although our diversification scheme is based on a geographical division of 
the problem by means of concentric rings centred at the depot, this geographical division 
can be modified. For example, instead of excluding all the customers in a complete ring, 
it may be divided into sectors to exclude only the customers in those regions of the ring. 

There are a couple future avenues of research. For instance, we employ an aggressive 
diversification scheme focusing on the best solutions. Future studies might consider 
examining the worse solutions as a means of potentially maximising the distance between 
a current solution and a new search area. Another avenue would be to use the ring-based 
diversification method as a vocabulary building mechanism to construct either high-
quality solutions, or to diversify, solutions whose components are selected based on low 
frequency of use. These avenues are currently under investigation. 
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