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Abstract. Partner selection is a fundamental problem in the formation and 

success of a virtual enterprise. The partner selection problem with precedence 

and due date constraint is the basis of the various extensions and is studied in 

this paper. A nonlinear integer program model for the partner selection problem 

is established. The problem is shown to be NP-complete by reduction to 

knapsack problem and therefore no polynomial time algorithm exists. To solve 

it efficiently, a particle swarm optimization algorithm (PSO) is adopted and 

several mechanisms that include initialization expansion mechanism, variance 

mechanism and local searching mechanism have been developed to improve the 

performance of the proposed PSO algorithm. A set of experiments have been 

conducted using real examples and numerical simulation and have shown that 

the PSO algorithm is an effective and efficient way to solve the partner 

selection problems with precedence and due date constraints.  

Keywords: virtual enterprise; partner selection problem; nonlinear integer 

program; particle swarm optimization, NP complete;  

1 Introduction  

A virtual enterprise is a temporary alliance of enterprises created to share the core 

resources or competencies among partners. A virtual enterprise has several 

advantages over a traditional enterprise, such as a flexible structure and a rapid 

response to the market, and thus has gained wide acceptance [Mowshowitz 1997], 

[OôLeary et al.1997]. A virtual enterprise operates as follows:  assume an enterprise 

wins a contract for a large project but is not able to complete the whole project with 

its own finite capacity.  In order to solve this problem, the virtual enterprise could 

divide the project into several sub-projects, select appropriate partners for each 

subproject, and set up a virtual organization to accomplish the entire project through 

the collective endeavors of partners. As it can be seen, the success of the virtual 

enterprise is largely determined by the selection of the partners. The problem, known 
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as the partner selection problem, is a fundamental problem to a virtual enterprise and 

has received much attention from the research community.  

The selection of partners for a virtual enterprise is studied in [Camarinha and 

Cardoso 1999] and [Janoweski et al. 1999].  These studies present a framework for 

partner selection and describe the functionalities and criteria in partner identification 

and selection as well as set the stage for partner selection in a virtual enterprise.  

Earlier studies on the solution of partner selection problem include a data 

envelopment analysis to filter partners for optimization [Talluri and Baker 1992] and 

a fuzzy analytical approach to assessment of uncertain weights of partner selection 

criteria [Yu et al. 2000] and [Wang et al 2001]. For an exact optimization approach, 

Wu et al. [1999] proposed a network integer program for the partner selection 

problem with an objective of minimizing the combined transportation and subproject 

costs. An efficient polynomial algorithm is proposed to solve the model based on 

theoretic analysis of the graphic model. Ip et al. [2004] studied the partner selection 

problem and proposed a 0-1 integer program. The model is similar to a project 

scheduling model with due dates and a customized branch and bound algorithm was 

used to find the optimal solutions. It was found that problems of medium size were 

solved optimally.  

The solution of the partner selection problem is not an easy task due to the inherent 

complexity of the problem such as the precedence requirement, due date constraints, 

the nature of discrete decisions, various cost structures and risk factors. The 

complexity of the problem has drawn many researchers to develop various heuristics 

such as tabu search algorithm [Ko et al. 2001], genetic algorithm [Ip et al. 2003] and 

exchange procedure [Wu and Sun 2005] to find near optimal solutions for the various 

variations of the partner selection problem. Yet the solution of the partner selection 

problem is still a challenge to a virtual enterprise and is an active area of academic 

research [Maloni, 1997, Gunasekaran 1998]. 

In this paper, we present a model and solution approach to a fundamental partner 

selection problem with precedence requirement and due date constraints. The problem 

captures the key components of the partner selection problem and does not over-

constrain the problem. The contribution of the paper is several folds. First, we present 

a theoretic analysis on the basic partner selection problem and prove it to be NP 

complete through reduction theory to the well-known knapsack problem. This 

justifies the various use of heuristics in solve the practical partner selection problem. 

Second, an efficient particle swarm algorithm was developed that includes novel 

mechanisms, which are an initialization expansion mechanism, variance mechanism 

and local search mechanism. The algorithm was able to achieve significantly better 

results and contributes to the research literature in developing novel and efficient 

algorithms for the partner selection problem in virtual enterprise.  

The remainder of this paper is organized as follows. Section 2 presents a formal 

description of the problem, the mathematical model and analytics on the solutions 

complexity. Section 3 introduces the basic PSO algorithm and the adoption of the 

algorithm for the partner selection problem. Several mechanisms to the PSO 

algorithm are developed to improve its performance and are presented in Section 4. 

Computational results to demonstrate the effectiveness of these mechanisms from real 

examples are presented in Section 5. Finally, concluding marks are given in Section 6. 
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2 Model Development and Analytics 

2.1 Problem Description 

Let us assume an enterprise wins a large project, which can be divided into a set of 

subprojects that form a precedence activity network. An example of a project with 16 

subproject used in [Wu and Sun 2005] is shown in Figure.1. Because of finite 

capabiliti es and resources limitation, the enterprise decides to build up a virtual 

enterprise and select partners for each subproject.  
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Fig. 1. Project described by active network 

The enterprise selects primarily 2 to 8 candidate partners who are nominated for 

each subproject. In this study, we assume that only one partner is selected for a sub-

project and the objective of the enterprise is to minimize total cost of project while 

ensuring that the project is to be finished within the due date.  

2.2 Model Formulation for the Partner Selection Problem 

In general, assume a project is consisted of m sub-projects and a directed acrylic 

graph is set up to represent the precedence relationship among these sub-projects. 

Specifically, if sub-project j can only begin after completion of sub-projects i, an arc 

(i,j) Í E is added to the graph. Here E is the edge set representing the precedence 

relationships. Furthermore, let us assume that the final sub-project is sub-project m. 

To formulate the partner selection problem with precedence and due date constraints, 

the following notation is used and listed in Table1. 

Table 1. Notations used in our model formulation 

T Due date of project. 

I The i
th
 sub-project. 

in  The number of candidate partners for sub-project i, ni Ó1, 

i=1,2,ʁ,m. 

ix  The partner selected for sub-project i, { }ii nx ,,2,1 3Í . 

),,,( 21 mxxx 3

 

A candidate solution of partner selection. 
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sj Starting time of sub-project j. 

fj Completion time of sub-project j. 

iixt  Processing times of partner ix  executed on sub-project i. 

iixc  Spending cost that partner ix  executed sub-project i. 

 

Based on the precedence relations among sub-projects, sj and fj can be computed 

with expressions (1).  

{ }Ejiifs ii Í"= ),(:,max  and 
jjxij tsf += ;  (1) 

If  the economic value of a project that is finished ahead of schedule is neglected, 

then partner selection problem can be modeled as follows.   

ä
=

=
m

i

ixi
cxf

1

)(min  
(2) 

Tfffts m ¢},,,max{   .. 21 3  (3) 

},,{ 21 mxxxx 3= , { } m,1,2,i ,,,2,1 33 =Í ii nx  (4) 

Here, the numerical value of mfff ,,, 21 3  can be obtained with expressions (1) 

and the partner selection problem is to final the optimal assignment of partners to 

subprojects with precedence requirement and due date constraints.  

2.3 Problem Analytics 

The complexity property of the partner selection problem in virtual enterprise has 

not been theoretically analyzed. Therefore, in this section, we show that the partner 

selection problem with precedence and due data constraints is NP-complete by 

applying reduction theory to transform it to the well-known knapsack problem, thus 

providing a theoretical foundation for the development of heuristic algorithms in the 

literature as well as the particle swarm algorithm in this paper. 

Consider a special partner selection problem with a serial precedence relationship 

among sub-projects shown in Fig.2. Furthermore, assume there are only two 

candidate partners for each sub-project. In Fig.2, a numeral pair (c, t) denotes the cost 

and completion time of sub-project for a candidate partner. For each sub-project I, 

assume the completion time and cost for one partner is (0, ti) and (ci,0) for the other, 

here ci and ti are nonnegative integers, i=1,2,ʁ,m and only one candidate partner is 

ultimately selected for the sub-project. 
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Fig. 2. A linear activity  network 

Defining iw  as the binary variable representing the partner selection or not, i.e.,  

í
ì
ë
=

;line of  edgelower  on the liedpartner select   weif, 0

;line of  edgeupper  on the liedpartner select   weif, 1
iw

 

Then the partner selection problem is equivalent to the problem of determining 

whether there exist a solution iw  ( )1,0(Íiw , i=1,2,ʁ,m) such that the following two 

conditions hold. 

Tttt mm ¢+++ www 32211  (5) 

Cccc mm ¢-++-+- )1()1()1( 2211 www 3  (6) 

 

Here, T is the due date of a project and C is the total investment of project. 

Formulation (6) may be rewritten as  

Ccccc
m

i

imm -²+++ ä
=1

2211 www 3  
(7) 

Formulation (5) and (7) defines the decision problem associated with 0ï1 Knapsack   

problem which is NP complete [Garey and Johnson 1979].  Since the partner selection 

problem with precedence and due data constraint can be reduced to a known NP 

complete problem, it is also NP-complete. This completes our proof.  

3. Particle Swarm Optimization  for the Partner Selection Problem  

Because the previous partner selection problem with due date constraint is NP-

complete, it is unlikely an algorithm exists that can solve the problem in polynomial 

time unless P = NP. Exact methods such as the project scheduling based branch and 

bound algorithm [Ip et al. 2004] was only able to find optimal solutions for middle 

sized problems with about 30 subprojects, but not large size problems with more than 

50 subprojects in an acceptable time due to the enumeration nature of B&B with no 

tight bound. The computation results of the heuristics algorithm such GA [Ip et al. 

2003] are not totally satisfactory. In this paper, a particle swam optimization 

algorithm with several computational enhancements is proposed for the solution of 

the partner selection problem.  
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3.1 The Standard PSO Algorithm  

PSO algorithm is a stochastic population-based search algorithm inspired by social 

behavior of bird flocks or schools of fish. Since its introduction in 1995, PSO has 

drawn much attention from the research community and has been applied to the 

solution of a plethora of engineering and scientific optimization problems [Kenedy 

and Eberhart 1995], [Eberhart and Shi 1998] [Petalas et al, 2007].   

Similar to other population based algorithms such as Genetic Algorithm (GA), 

PSO starts with a population of random solutions and attempts to search for optimal 

solutions by updating generations. However, unlike GA which is based on the 

survival of fitness, PSO directs its solutions, called particles, to fly through the 

solution space by following the current optimal particles. Two such optimal particles 

are typically used.  The first one, called pbest, is defined as the best solution particle i 

has achieved during the search process. The second one, called gbest, is defined as the 

best solution encountered by the population during the search process.  

At each step, a particle is directed to fly a distance or a velocity, defined as a 

weighted term with separate random numbers toward pbest and gbest locations. To be 

specific, let the position of the particle be a row vector.  At time period t, let the 

position vector of the particle i be ),,,,,,(
)()()(

2
)(

1
)( t

im
t

ij
t

i
t

i
t

i ppppp 22=  the velocity 

vector of particle i be ),,,,,(
)()()(

2
)(

1
)( t

im
t

ij
t

i
t

i
t

i vvvvv 22= , ],[
maxmax)(

jj
t

ij vvv -Í , where 

maxv is a constant vector limiting the range of the velocity.  Further, let the best 

position vector encountered by particle i in the search process be 

)Ĕ,,Ĕ,,Ĕ,Ĕ(Ĕ )()()(
2

)(
1

)( t
im

t
ij

t
i

t
i

t
i ppppp 22= , the best position vector encountered by the 

swarm during the search process be ),,,,,(
)()()(

2
)(

1
)( t

gm
t

gj
t

g
t

g
t

g ppppp 22= , the 

velocities of the particles, at iteration t+1, also defined as a row vector, are updated 

based on formulation (8) and (9) defined below.  
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The position vector is then updated as    

)1()()1( ++
+=

t
ij

t
ij

t
ij vpp  (10) 

Here w  is an inertial constant, 1c and 2c are two positive constants called cognitive 

and social parameters respectively, rand1() or rand2() are two random variables 

uniformly distributed between (0,1).  By varying these random numbers, particle i 
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attempts to moves towards these optimal particles and provides coverage of the 

solution space of potentially good solutions.  

3.2 The Standard PSO for the Partner Selection Problem 

The key steps of solving the partner selection problem with a PSO algorithm are 

designing position vector of particles, the fitness function and the updating method.  

Let ),,,,,,( 21 imijiii ppppp 22= i = 1,é, n be a one dimensional array, denoting the 

solution or position vector of ith particles. Here pijÍ[1,nj], j =1,2,é, m, corresponds 

to the subcontractor assigned to jth project. Table 2 shows such an example solution 

in this representation where pij = 6 means that project j is assigned to partner 6.  

Table 2. An example for the i th particle 

Sub-projects 1 é j é
 m 

Position vector of the ith particle 3 5 6 1 2 

 

It is possible that a particle may not be feasible due to the existence of the due date 

constraint (3). To measure the infeasibility of a particle, a penalty function defined as 

follows is used. 

penalty(x) = ɓ[ fm - T ]
+
  

Here, },0max{][ TfTf mm -=- +
 represents the amount of over-due and ɓ Ó 0 

denotes the penalty coefficient.  

With these definitions, the fitness function can now be readily defined as  

fitness(x) = f(x) + penalty(x) 

where the first term is the original objective function and the second term the penalty 

function. The function penalizes infeasible particles whose completion date exceeds 

the due date and is commonly used in heuristics techniques to guide the search into 

feasible regions. 

The velocity of the ith particle vi and its pi can then be updated according to 

formulation (8) and (10) defined previously. To make sure that position vector pi 

takes only integer values, we further update the position vector as follows.  

î
í

î
ì

ë

<=

²=
=

+

+

+

1   , 1   

1  , 

)1(

)1(

)1(

j

t

ij

j

t

ijj
t

ij

np

npn
p  

(11) 

It should be noted that the simple one-dimension array representation is also used in 

the genetic algorithm toward the solution of partner selection problem [Ip et al 2003]. 

Though it is possible to design other representations such as a two-dimension array, 

as seen in the solution of a job shop scheduling problem in [Liao et al 2007]; such as 

two dimension array requires significant computation effort due to the update of two 
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m by n matrices, one for position and one for velocity at each step; this could lead to 

slow convergence and thus is not adopted in this paper.  

4 Computational Improvements to the PSO Algorithm 

Research has shown that as a search algorithm the above standard PSO algorithm is 

prone to local optimal solutions -- the algorithm though is capable of detecting the 

regions of attraction but once there, it is unable to perform a rigorous local search to 

compute the optimum [Petalas et al. 2007].  As any other population based algorithm, 

a PSO algorithm should maintain a diversity of solutions in the population, be able to 

detect regions of attraction and be capable of performing rigorous local search. 

Toward this end, several computational enhancements including initialization 

expansion, variance introduction and local search mechanisms are developed to 

improve the performance of the PSO algorithm. 

Initialization Expansion Mechanism: In a standard PSO algorithm, the initiation 

population or particles are randomly generated. The idea of randomization here is to 

retain the diversity of the solution, however, there is no guarantee that these particles 

are high quality solutions -- more than likely they are not, and thus has led to inferior 

solutions. Though seeding initial population with high-quality solutions from other 

heuristics can help PSO find better solutions rather more quickly than from a random 

start, there is also a potential disadvantage that the chance of premature convergence 

may increase. In view of this, a simple initialization expansion mechanism is designed 

and can be described as follows. Let the size of the population be n, we generate 

particles randomly with an enlarged pool that contains 10 to 20 times the size of the 

population, n. The best n different solutions are then chosen to start the PSO 

algorithm. Through the initialization expansion mechanism, we expect that the 

qualities of particles to be significantly improved and thus lead to fast convergence 

and better solutions, while still retaining the diversity of the initial solutions through 

randomization.  

Variance Introduction Mechanism: In any evolution algorithm, maintaining 

diversity of the swarm during the search process is an important requirement for 

covering the solution landscape. The PSO algorithm is no exception. In the standard 

PSO algorithm, the best position vector of ith particles, denoted as
)1(Ĕ +t

ip , is updated 

as the vector with respect to the fitness values of 
)1( +t

ip , the current position, and 

)(Ĕt
ip , the previous best position, as follows 

If  )Ĕ()(
)()1( t

i

t

i pfpf B
+

, then 
)1()1(

Ĕ
++

«
t

i

t

i pp  

This process, as we have observed, could lead to particles with strong consistency that 

gradually lose diversity of a swarm. To improve diversity, a variation mechanism is 

introduced that probabilistically updates the best vector as follows.  

We randomly select a particle j, (j may be i), and compare the fitness value of 

)1( +t
ip and 

)(Ĕ t
jp . The one with a better fitness value is then set as 

)1(Ĕ+tip  in variance 

mechanism.  Specifically  
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let j = rand (1,n ), if   )Ĕ()(
)()1( t

j

t

i pfpf B
+ , then )1()1(

Ĕ
++

«
t

i

t

i pp  

The variance mechanism, perhaps similar to the probabilistic acceptance as seen in 

a simulated annealing algorithm or the mutation operation of a genetic algorithm, is 

designed to serve as a diversification strategy to keep a wide coverage of the 

landscape and lead to better solutions.   

Local Search Mechanism: In the PSO algorithm, the best particle in the swarm, 

denoted as gp , directs all other particles to fly towards it and a poor pg could lead to 

the PSO algorithm to premature convergence. As mentioned earlier, it has been 

observed that PSO is capable of detecting the region of attraction, but was not able to 

perform a refined search. The local search mechanism is designed to perform this 

refined search in a PSO algorithm. Specifically, once gp is updated, a local 

improvement procedure is invoked. Let the global best position vector of the swarm 

after t iterations be ),,,,,(
)()()(

2
)(

1
)( t

gm
t

gj
t

g
t

g
t

g ppppp 22= , a swap procedure is 

called. In this procedure, we sequentially examine each subproject and swap its 

current subcontractors, denoted as 
)(t

gjp , with others. If an improvement is obtained, 

we accept the swap and the best global particle
)(t

gp  is updated. This process 

continues until all the subprojects are examined and a global best solution
)(t

gp is 

obtained. The pseudo code of this procedure is summarized below. 

Local Search Mechanism  

for each subproject j from 1 to m  

    for all subcontractors k from 1 to nj and 
)(t

gjpk¸   

       swap k with 
)(t

gjp by setting
)(t

gjp «k 

       if a better particle is obtained, then swap and update
)(t

gp . 

       otherwise, swap back by setting
)(t

gjp to its pervious value. 

   end-for 

end-for 

 

This swap procedure takes O(m×n) evaluations of fitness value and is similar to the 

swap procedure in neighborhood search and combinatorial optimization. The local 

search mechanism is only used in the later stage of search process when the particles 

find the regions of attractions.  
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4.3 The Detailed PSO Algorithm for the Partner Selection Problem 

The PSO algorithm for the partner selection problem with initialization expansion, 

variance introduction and local search mechanism is presented below.  

 

PSO Algorithm for the Partner Selection Problem  

 

1. Initialization 

1.1 set t = 1, generate particles randomly with initialization expansion, choose the 

best n of them, denotes them as 
)1(

ip , i=1,é,n to form the swarm. 

1.2 generate velocity for each particle i, denotes as 
)1(

iv  and 
)1(

iv Í[0.0,1.0]. 

1.3  set 
)1()1(Ĕ ii pp = ni ,,2,1 3=  for all particles; 

1.4  evaluate the fitness value of 
)1(Ĕip  ( ni ,,2,1 3= ); 

1.5  determine
)1(

gp  in the whole swarm; 

2. Repeat until a given number of iteration is achieved 

2.1 Update 
)(t

ijv based on formulation (8), mjni 33 ,2,1,,,2,1 == ; 

2.2 Update 
)(t

ijp based on formulation (10), mjni 33 ,2,1,,,2,1 == ; 

2.3 Restrict 
)(t

ijp based on formulation (11) to ensure ],1[ jij np Í , mj 3,2,1= ; 

2.4 Evaluate fitness value of
)(t

ip  and ),(Ĕ )1(
ijijp

t
j =¸
-

 through variance 

mechanism; 

2.5 Determine the best vector 
)(Ĕt

ip  ( ni ,,2,1 3= ) visited so far for all particles; 

2.6 Determine the best vector 
)(t

gp , visited so far by the whole swarm; 

2.7 If the present number of iteration reaches four-fifths of the given number of 

iteration, 
)(t

gp is improved by performing local search. 

3. Output gp  as optimal solution of partner selection problem.  
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5. Examples and Analysis 

Several experiments have been conducted to evaluate the performance of the 

proposed algorithm, gain insights on the effectiveness of the mechanisms, perform 

comparison with other algorithms in the literature, and investigate its scalability.  

5.1 The Proposed PSO and Mechanisms 

The first experiment is designed to evaluate the performance of the proposed PSO 

algorithm compared with the standard PSO algorithm and the effectiveness of the 

proposed mechanisms. The example problem used in this experiment is drawn from 

[Wang et al.2001] and is from a real life study of a construction project of a coal-fire 

power station. The project consists of 16 subprojects (m = 16), labeled A~Q, and has 

to be finished in 36 months. The size of the solution space for the partner selection 

problem in virtual enterprise is 2.80×10
9
.  

In the algorithm, the number of particles of the swarm n is set at 20 and the number 

of iterations is set at 80. Other parameters are set at w =0.729, c1=1.49445 and 

c2=1.49445 as suggested in [Shi and Eberhart 1999]. The optimal solution using the 

proposed PSO algorithm is A1, B2, C1, D2, E1, F5, G2, H6, I3, J3, K3, L1, M6, N3, 

P3 and Q2. (here B2 denotes that the 2
nd

 partner is selected for the sub-project B) with 

a cost of RMB463.50 millions in 36 months.  

To evaluate the performance of the various mechanisms, we ran the PSO algorithm 

first in 4 different conditions, each with 500 replications with different randomization 

seeds.  The results of the PSO algorithm under these 4 conditions are shown in Fig.3. 

To start, Fig 3(a) illustrates the results of the standard PSO algorithm without any of 

the mechanisms, denoted with Condition 1; Fig 3(b) illustrates the results with 

initialization expansion but without the variance and local search mechanisms, 

denoted as Condition 2; Fig 3(c) illustrates the results with initialization expansion 

and variance mechanism but without the local search mechanism, denoted as 

Condition 3; Fig 3(d) illustrates the results with all three mechanisms, denoted as 

Condition 4.  In the figure, the horizontal axis represents the number of runs and the 

vertical axis represents the objective value of the final results. The mean, median and 

standard deviation of these 500 runs are shown in the figures.   

For ease of comparison, these results are also presented in Table 3. Here columns 

ñminò, ñmaxò, ñmeanò, ñmedianò, ñstdò and ñtimeò, represents the min, max, mean, 

median, standard deviation, and computation time (in seconds) of these 500 runs.  

As we can see, the proposed PSO algorithm shows superior performance. The 

standard PSO algorithm, condition 1, has a mean of solution of 492.90 and a large 

standard deviation of 28.01 which indicates large fluctuations in the final solution 

quality, as can be vividly seen in Fig 3a. The PSO algorithm, condition 4, on the other 

hand, has a smaller mean value of 468.70 and a much smaller standard deviation of 

only 2.83, see Fig 3d.  The algorithm was able to achieve consistent and good 

solutions across almost all runs.  
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(a)  (b) 

 
(b) (d) 

Fig. 3. PSO results under four conditions 

Table 3. Optimization results by PSO under four conditions 

Condition MIN  MAX  MEAN  MED STD Time(s) 

Condition 1 465.20 637.90 492.90 480.90 30.84 0.0458 

Condition 2 464.00 491.20 471.00 471.00 4.40 0.0506 

Condition 3 463.70 477.90 469.00 468.20 3.01 0.0527 

Condition 4 463.50 475.90 467.9 0 466.90 2.68 0.0578 

 

From table 3, it seems that all the mechanism have contributed to the success of the 

algorithm. Comparing conditions 2, 3 and 4 with 1, it can be easily seen that the 

initialization expansion mechanism has a significant impact on the quality and 

consistence of the solutions obtained. This is especially true when we compare 

condition 2) and 1). The standard deviation dropped from 30.84 to 4.40, almost 7 

times less, the mean dropped from 637.90 to 491.20 -- this clearly demonstrates the 

effectiveness of this mechanism. The computation time increase from 0.0458 second 

to 0.0506 second.  

The variance mechanism takes almost no time. Comparing conditionals 3 and 4 

with condition 2, the computation time only increased by 0.0021 second, from 0.0506 

to 0.0527; however, the maximum has dropped noticeably from 491.20 to 477.90 and 


