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Mail Processing and Distribution Centers (P&DCs) run 24 hours a day, 7 days a week and are staffed by a skilled complement of
full-time, part-time, and temporary employees. A recurrent problem faced by facility managers involves the development of daily
schedules for the automation equipment used to process the mail. The ultimate goal is to minimize the labor costs associated with
running the facility while ensuring that all service standards are met. The focus of this paper is on the equipment scheduling aspect of
the problem. In particular, we seek a weekly schedule that satisfies all operational, technological, and legal constraints of the system
at a minimum cost. The problem is modeled as a large-scale mixed-integer linear program and solved sequentially using a three-stage
methodology. In each stage, a separate criterion is optimized and the corresponding objective function value is used as a constraint in
subsequent stages. To ease the computational burden, two major enhancements are developed. The first is a pre-processor designed
to reduce the number of integer variables; the second is a heuristic that uses the linear programming solution as a target and attempts
to find a feasible integer point as close to it as possible. The methodology is demonstrated with data obtained from the Dallas P&DC.
The computations indicate that for letter operations alone the annual savings will be on the order of $1.6 million per facility when the

system is implemented nationwide over the next 3 years.

1. Introduction

The United States Postal Service (USPS) operates a net-
work of approximately 275 major mail Processing and Dis-
tribution Centers (P&DCs) that serve as the interfaces be-
tween local post offices and the rest of the nation. The
amount of mail passing through these facilities is stagger-
ing. On a typical day, a medium-sized P&DC might receive
as many as 5000 000 letters, 500000 flats, and thousands
of parcels. To handle such a large volume, advanced equip-
ment in the form of optical character readers, automated
facer-cancellers, barcode sorters, and material handling sys-
tems have been especially designed to automate as much of
the mail stream as possible. Today, approximately 95% of
letters and flats are sequenced automatically in the order in
which they will be delivered by the carriers.

P&DC:s are like high volume factories and run 24 hours
a day, 7 days a week. They are staffed by a skilled work-
force comprising full-time, part-time, and casual employees
whose weekly tours are subject to labor laws, union con-
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tracts, and local policies. The problem of scheduling the au-
tomation equipment in a P&DC with as few workers as pos-
sibleis a challenge that the USPS has yet to meet. For a given
equipment schedule, however, the problem of determining
the optimal size of the workforce has been solved, and is cur-
rently being implemented nationwide (Jarrah ez al., 1994a;
Bard et al., 2003). The purpose of this paper is to describe a
modeling approach that has been developed to provide op-
timal equipment schedules for use with the staff scheduler.
Ideally, we would like to solve both problems at once
but this has not been possible due to the overwhelming
complexity of the operational environment. Nevertheless,
our experience has shown that for both equipment and la-
bor scheduling, a hierarchical approach works best. At the
first stage, one or more large-scale mixed-integer programs
is solved to obtain facility-wide schedules. In subsequent
stages, post-processors are used to transform these sched-
ules into daily and hourly staff and machine assignments.
The primary contribution of this paper centers on the
methodology developed to solve the mixed flow shop—job
shop problem that arises in high volume factories. For
such problems, there are at least two complications that
have been largely overlooked by the research community:
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(i) there is no single objective that can be used to guide
the analysis; and (ii)) machines must be operated by skilled
personnel. The latter is more critical to mail processing fa-
cilities. The ultimate objective is to minimize the cost of run-
ning a facility, which, for a given equipment configuration,
reduces to minimizing the cost of the workforce when the
capital costs are sunk. Nevertheless, without proper man-
agement of both staffing and equipment considerations,
suboptimal solutions may result.

This issue is taken up further in the next section. In
Section 3, we give an overview of mail processing at a
P&DC, followed in Section 4 by our sequential approach
to the equipment scheduling problem. The idea is to solve
a series of mixed-integer linear programs, each designed
with a different aspect of the operational environment in
mind. The solution framework is discussed in Section 5.
In Section 6, we present our computational experience
with the proposed methodology using data from the Dallas
P&DC. To highlight the results, in Section 7 we com-
pare the staffing costs imposed by our schedule with the
costs imposed by the schedule in use by the facility at the
time of the study. Finally, concluding remarks are given in
Section 8.

2. Background and scheduling issues

The equipment scheduling problem takes as input mail vol-
ume and arrival profiles, and determines the “optimal” use
of equipment over the day (Bard et al., 1993; Jarrah et al.,
1994b; Berman et al., 1997). The resultant schedule and as-
signment of operations to machines is the front-end of the
staff scheduling problem. Given an equipment schedule in
terms of demand for workers, the staff scheduling problem
is: (i) to find the minimum size workforce needed to run
the facility; and (i) to construct weekly tours for all regular
employees that comply with contractual rules and policies
(Malhotraetal., 1992; Beaumont, 1997; Brusco and Jacobs,
1998). The two components of the joint problem and their
relationships are shown in Fig. 1.

Determining even a rough relationship between an equip-
ment schedule and the corresponding workforce require-
ments is no easy task, if for no other reason than the
difference in the planning horizon for the two problems.
Equipment schedules are generated daily to match the in-
coming mail whereas staff schedules are generated weekly
due to union rules and the nature of the job. Rather than
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trying to solve the problems jointly, a more manageable
approach is to investigate the characteristics of different
equipment schedules, determine the staffing requirements
they impose, and then select a schedule that minimizes the
cost of the accompanying workforce.

Along these lines, we have identified several criteria for di-
recting the search for high quality equipment schedules. The
foremost of these is an approximation of the daily staffing
cost. Others include the need to process as much of the ar-
riving mail as possible on the day it arrives, to minimize
machine startups, and to compress the schedule as much
as possible. These criteria are further discussed in Section
4 where the full model is presented.

The first efforts to analyze mail processing facilities were
aimed at selecting an optimal mix of equipment rather than
generating optimal schedules. Early studies by Bard et al.
(1993) and Jarrah et al. (1994b) were undertaken to support
the acquisition of automation equipment. In the most com-
prehensive, Jarrah et al. (1994b) presented a Mixed-Integer
Linear Program (MILP) to solve the equipment selection
problem in a P&DC. An auxiliary linear program was used
as a post-processor to derive tentative flows through the
facility to ensure efficient machine utilization.

Berman et al. (1997) used mail processing centers as an
example of high volume factories and modelled it as a net-
work of workstations. They focused mainly on the costs
associated with different full-time to part-time labor ratios
and used linear programming for the analysis.

Jarrah et al. (1994a) developed an integrated methodol-
ogy for solving the P&DC staff scheduling problem. Their
model combined the daily shift scheduling problem with the
days-oft assignment problem in a novel way that allowed
for weekly tour construction. User options included vari-
able shift starting times, full-time to part-time labor ratios,
and lunch breaks. Bard et al. (2003) provided a number
of enhancements that paved the way for implementation.
The methodology presented in this paper, is similarly aimed
at elevating the sophistication of the previous work to the
point where implementation is possible.

3. Overview of a P&DC

Mail arriving at a P&DC can be categorized as follows:
letters, flats (e.g., large envelopes and magazines), bundles,
parcels, and packages. Only letters are considered in this pa-
per. Flats are governed by similar processing concepts and

Union rules &

facility configuration local policies
Mail arrival Equipment Staff Weekly staff
profiles & volume scheduler Worker scheduler assignments
demand

Fig. 1. The USPS scheduling problem.
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Fig. 2. Major mail flows in a P&DC.

are handled the same way, but with different equipment.
The other categories are either not suited for automation
or too small in volume to be of concern.

The automated processing of a letter follows three steps:
(1) canceling the stamp (if one exists); (ii) reading the ad-
dress and identifying the destination with a barcode; and
(iii) sorting the letter to its final destination. Four types of
equipment are currently deployed in P&DC:s for letter pro-
cessing: (i) an advanced face-canceller system (AFCS); (ii) a
multi-line optical character reader (MLOCR); (iii) a remote
barcode sorter (RBCS); and (iv) a delivery barcode sorter
(DBCS). The functionality of the RBCS is often provided
by a delivery barcode sorter fitted with an output subsys-
tem (DBCS-OSY) in these facilities. Figure 2 displays the
major operations and mail flows associated with letters at
the Dallas facility. Arrows represent mail flows and blocks
represent the processing operations (the identification num-
bers and the equipment used for these operations are also
included). An operation is considered major if it must be
run for at least 10 hours a day. A mail flow is considered
major if the output to the destination node consists of more

than 15% of the total output at the originating node. Similar
diagrams exist for flats, parcels, and bundles.

4. Problem formulation

4.1. Basic multi-level lot sizing model

Processing activities at a P&DC can be modeled as a multi-
level lot sizing problem with setup times for each day of the
week. Here, multi-level refers to the fact that the input of an
operation depends not only on external arrivals, but also on
flows from upstream operations. In general, machines are
not set up and run unless an equivalent of at least 30 minutes
of a particular mail type is available for processing. For this
reason, we divide the day into 48 30-minute periods.

In the model, it is assumed that: (i) incoming mail arrives
at the beginning of each period and is available for imme-
diate processing; (ii) mail processed in one time period will
not be available for downstream operations until the next
time period to account for transportation time between ma-
chines; (iii) a certain amount of time is required to set up



178

and clear a machine between operations; and (iv) only one
operation can be performed on a machine in a single period.
These assumptions are consistent with current practice.

With this background in mind, we now present the
basic multi-level lot sizing model for the equipment
scheduling problem. The following notation is used in the
developments.

Indices

i,0 = indices for input and output mail streams;

n,p = indices for nodes (a unique operation is associ-
ated with each node);

g = index for machine groups;

t = index for time periods; t € T ={1,...,48},t =
1 corresponds to 7:00 a.m.

Sets

G = set of machine groups, G = {AFCS, MLOCR,
DBCS, DBCS-0SS};

G(n) = set of machine groups capable of performing the
operation at node #;

1,0 = sets of input and output mail streams for the
facility;

N = set of nodes;

N(g) = setofnodeswhose operations can be performed
by machines in group g;

P(n) = set of nodes immediately preceding node n;

I(n) = set of input mail streams to node #;

O(n) = set of output mail streams from node #;

T(n) = setofperiodsduring which an operation at node
n can be performed;

T(i) = setofperiodsduring which mail arrivalsimay be
processed; generally, 7(i) € T'(n) where n is the
node that accepts the arrivals of input stream i.

Parameters

Uy = amount of mail left unprocessed at node n from
the previous day;

a;(t) = amount of external mail of type i € I arriving at
the facility during period ¢, ¢ € T(i);

mg(t) = number of machines available in group g during
period z;

On = processing rate for operation at node n (pieces/
period);

Jpn = fraction of mail processed at predecessor node
p that is sent to successor node 7;

7] = the amount of time required to start up a ma-

chine; currently set at 10 minutes;
D) = the amount of time required to clear a machine;
currently set at 10 minutes.

Decision variables

v,(f) = inventory level of mail at node » at the end of

period t,t € T;
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Wye(?) = amount of mail processed at node n by machine
group g during period ¢, t € T(n);
Y,,(t) = number of machines devoted to the operation
that is performed at node n by machine group g
during period ¢, ¢t € T(n);
Z,llg(t) = number of startups in machine group g for op-
eration n at the beginning of period ¢, t € T(n);
Zﬁg(t) = number of clearance operations performed at
node n in machine group g at the end of period
t,t € T(n).
Constraints
wi+ Y @)= Y w()=wu,(1), VneN,
iel(n),1€T(i) 2€G(n)
(1a)
vt =D+ Y a)+ D fou D wpelt = 1)
iel(n),teT(i) PpEP(n) 2eG(p)
= > weD=u (), YreT\{l, neN, (Ib)
geG(n)
Tl (%)
wng(t) + %pnz;ig(t) + %Pnzyz,g([) = Pn Yng(t)a
Vg e G(n), t € T(n), ne N, (1c)
D Yi(t) <mg(1), Vi €T, g€, (1d)
neN(g)
Zyo(1) = Zyy(t = 1) = Y1) = Yot — 1),
YVt e T(n), ne N(g), g €G, (le)

Z)(1) >0, Z2 (1) >0, Vt € T(n), ne N(g).g € G,

(1f)
Un(?), wng(t) = 0, Vt € T(n), n€ N, g € G(n), (1)
Y,,(t) = 0 and integer,
Vg e G(n),t € T(n), ne N. (1h)

1. Inventory balance constraints of Equations (1a) and (1b).
Constraint (la) stipulates that for each operation 7 at
the beginning of the day in period 1, the mail remaining
from the previous day, plus the sum of external arrivals,
minus the sum of mail processed during this period, must
equal the ending inventory indicated on the right-hand
side. Constraint (1b) imposes the same requirements in
all other periods but with the inclusion of the mail trans-
ferred from predecessor nodes.

2. Production capacity limitation of Equation (1c). Con-
straint (1c) stipulates that in period ¢, the workload at
node n allocated to group g, plus the lost capacity during
startup and clearance, must be less than or equal to the
processing capacity of the machines in group g assigned
to operation #z at time 7.

3. Machine capacity limitation of Equation (1d). Constraint
(1d) ensures that the number of machines in group g
operating in time period 7 is less than or equal to the
number of machines available.
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4. Definition of startup and clearance activities in Equation
(1e). Constraint (le) defines the startup and clearance
activities, each of which takes a certain amount of time
denoted by t; and 1,, respectively. As mentioned, the
lost production capacity associated with these activities
is taken into account in constraint (1c).

5. Constraints on variables in Equations (1f), (1g) and (1h).
Constraints (1f), (1g) and (1h) define the non-negative
values of all variables and the integer requirement of
variable Y,.(7). Notice that the startup and clearance
variables are not defined as being integer. As we will see,
because we are trying to minimize a linear function of
the startup variables, for a given integer value of Y,,(t),
Z,llg(t) and Z,zlg(t) will be integer-valued in any feasible
solution.

6. Additional flow management considerations. To provide
more control over the pattern of work flow over the day,
it might be desirable to add a constraint originally pro-
posed by Berman et al. (1997). In specifying the con-
straint, let 6,(¢") be the fraction of work associated with
operation n € N’ C N that must be completed by time
t" € T(n). The following constraint ensures that the vol-
ume of mail processed before time ¢ (left-hand side) is
greater than or equal to 6,(¢’) of the mail processed over
the day:

Z Z Wig(1) = O,(1") Z Z We (1),

t<t' geG(n) teT(n) geG(n)
Vi'e T(n), ne N'. (li)
The inclusion of Equation (1i) allows the user to better
manage the workflow of each operation over the course of
the day. However, it requires a somewhat arbitrary specifi-
cation of the fractions 6,(¢") for each ¢’ € T(n) andn € N'.
Poor choices could seriously over-constrain the model and
lead to inferior, if not infeasible, results. In light of this,
our recommendation is to omit Equation (1i) in the first
run and, if the solutions are not satisfactory, add it in
subsequent runs to achieve a more desirable workflow
distribution.

4.2. Optimality criteria

Four criteria have been identified for evaluating an equip-
ment schedule: (i) the percentage of arriving mail processed
in a day; (ii) the number of 8-hour shifts required to run the
equipment; (iii) the number of machine setups in a day;
and (iv) the weighted sum of the number of working peri-
ods in a day. The second criterion represents an estimate
of staffing costs and is the most important. The first cri-
terion represents a commitment to service self-imposed by
the USPS, the third and fourth criteria offer further oppor-
tunities to improve the equipment schedules. These criteria
are explained below.
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4.1.1. Minimize the ending inventory: process as much mail
as possible

The fundamental requirement of an equipment schedule is
to process all the mail arriving at a facility in a timely man-
ner. Due to capacity limitations of the equipment, however,
this may not be possible so some of the mail may have to
be held over to the next day. To push as much mail as the
constraints permit, we solve the following problem for each
day of the week.

Minimize Z v,(48) subject to Equations (1a)—(1h)
neN
(objective 1).

The objective is to minimize the ending inventory. Con-
servation of flow at each node in the network guarantees
that there will be no accumulation of mail at any upstream
workstation unless the capacity of the system limits its
processing.

4.1.2. Minimize the number of full-time shifts:
an approximation to the daily staffing cost

As previously mentioned, the predominant cost in running
a P&DC is associated with the workforce. Maintenance is
minimal by comparison, and the equipment is viewed as
a sunk cost. The quality of an equipment schedule, then,
must be judged by the staffing cost it imposes. As such,
we introduce the second criterion: the number of full-time
shifts. This number represents an approximation of the daily
staffing cost and, as shown presently, provides a link be-
tween equipment scheduling and staff scheduling.

A shift is defined as a set of continuous time periods
within a day, and is characterized by a start time and a
length. At P&DCs, a full-time shift spans 8!/, hours in-
cluding a half-hour lunch break. As a simplification, we
only consider full-time shifts and treat them as continuous
working periods of 8 hours with predetermined start times,
but without lunch breaks. Because different skills are re-
quired to operate the equipment, it is necessary to associ-
ated shifts with machine groups. The following additional
notation is used to model this aspect of the problem.

Indices

k = index for worker categories;

f = index for shifts.

Sets

K = set of worker categories;

F = set of shifts;

G(k) = set of machine groups a worker in category k can

operate.
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Parameters
sy = starting period for shift f;
er = ending period for shift £
rg = number of workers of type k required to run a
machine in group g.
Variables
wyr = number of workers of type k assigned to shift /.
Partial model
Minimize Y " wy, (objective 2)
keK feF
subject to
Y oy = Y D rgYult)., VieT, keK. (2a)
fisp<t<er geG(k) neN(g)
wir > 0 and integer, VfeF, kekK. (2b)

The objective is to minimize the number of shifts. Con-
straint (2a) ensures that the number of workers on duty in
period ¢ (left-hand side) is sufficient to match the number re-
quested (right-hand side), whereas constraint (2b) restricts
wyy to be integer valued. The full problem includes the ad-
dition of constraints (1a)—(1h).

4.1.3. Minimize the number of startups and clearances

The third criterion used to further judge an equipment
schedule is the number of startups and clearance activities.
The objective is:

Minimize Y Y > (Z),(1) + Zn,(1)). (objective 3a)

neN geG(n) teT(n)

where Zr‘,g(t) and Zﬁg(t) are the number of startup and
clearance operations. Minimizing the sum of startups and
clearance activities reduces the number of times that the
machines are switched on and off as well as the number
of transitions from one operation to another. The result
should lead to a more leveled and continuous schedule.
Note that the number of startups equals the number of
clearances so it is not necessary to include both terms in

the above objective function.

4.1.4. Minimize the weighted sum of the number of working
periods per operation

The fourth criterion is the weighted sum: the number of ma-

chines periods used to process the mail. Before we present

this model, let us first looked at the unweighted sum: the

total number of working periods in the day:

Minimize Z Z Z Yg(2).
neN geG(n) teT(n)

Given the volume of mail associated with an operation, the
smaller the value of this objective function, the more likely
machines will be running close to their capacity.
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In practice, it is also preferable to shorten the working
interval of an operation (the duration of an operation from
start to end). A slight modification of the above objective
function can help achieve this goal. In particular, we add a
coefficient to Y,,(¢) that decreases with time. The new prob-
lem is to minimize the weighted sum of working periods:

Minimize Y Y > (1 —&1)Y,,(1), (objective 3b)

neN geG(n) teT(n)

where ¢ > 0 is a “small” number lying, say, between
(0, 0.02], and ¢ €[1, 48]. When ¢ is small, the coefficient
(1 — et) is relatively large (close to one) so processing in
earlier periods is penalized more than processing in later
periods. This has the effect of pushing an operation to as
late in the operation window as possible, as well as implic-
itly shortening the working intervals. The closer the value of
¢ 1s to 0.02, the stronger the effect. Testing has shown that
a value of ¢ = 0.01, mid-way in the range (0, 0.02] provides
good results.

Setting ¢ to a value above 0.02 (actually 1/48 = 0.0208)
would result in some coefficients being negative and should
be avoided because the objective is to minimize the number
of working periods. Setting ¢ to a value below zero, on the
other hand, would penalize late processing and push the
operations to as early in the day as possible and would not
serve to shorten the working intervals.

4.2. Solution framework

In essence, we have a multi-criteria optimization problem.
To develop an equipment schedule, we use a three-step ap-
proach related to sequential goal programming, along with
a post-processor to assign operations to machines (Zhang
and Bard, 2005a). The three steps correspond to solving
three optimization problems associated with the previously
defined objectives. The third problem involves a weighted
sum of objectives (3a) and (3b).

The following parameters are used in the description of
the approach:

0; = arelaxation parameter for unprocessed mail, 0 < 6;;
6, = arelaxation parameter for shifts, 0 < 6;
03 = a smoothing parameter, 0 < 63 < 1.

Sequential procedure

Step 1. (Model 1.) Solve the basic multi-level lot sizing
model to minimize the ending inventory:
Y1 = Minimize ) v,(48), 4)

neN

subject to Equations (1a)—(1h)
Step 2. (Model 2.) Relax the volume of mail not processed
in Step 1 for each operation n by the percentage 6.
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Solve the following problem to obtain the minimum
number of full-time shifts:

Y, = Minimize Z Zwkf (5a)
keK feF
subject to Equations (1a)-(1h) and
Un(48) = w1n + ellon, Vn € Na (Sb)
Z WK = Z Z T'kg Yng(t),
fisp<t<es geG(k)neN(g)
VieT, kek. (5¢)

In Equation (5b), ¥, is the ending inventory of
operation n associated with the solution ¥, found
in Step 1, and p,is the volume of mail that can be
processed at node » in one period (equivalent to the
throughput of operation n).

(Model 3.) Relax the number of shifts found in
Step 2 by the percentage 6,. Solve the following
problem to minimize a combination of the num-
ber of startups and the weighted sum of working
periods:

V3 = Minimize Z Z Z [(1 = 63)Z,,(1)

neN teT(n) geG(n)
+65(1 — 0.012) Y,ie(1)]-

subject to Equations (1a)—(1h), (5b)—(5c) and

DD oy < v+ 00y

kekK feF

Step 3.

(6a)

(6b)

Here, v, is the optimal number of shifts found in
Step 2. Parameter 65 can be set in the range of zero
and one. For values close to zero, the emphasis is
on smoothing the schedule, that is, minimizing the
number of times the machines switch operations or
are turned on and off. When 65 is close to one, the
emphasis is on compressing the schedule.

Notice in models 2 and 3, there is no integral require-
ment on the shift variables wys. More formerly, we have the
following result. The proof is given in Zhang (2003) and
is based on the “consecutive one’s property” of the corre-
sponding A matrix.

Proposition 1. The shift variables wiy will always be integral
in an optimal solution to models 2 and 3 for riq and r, integer.

Despite this result, our initial computational experience
indicated that these models can present a formidable chal-
lenge for even the best commercial solvers. This can be ex-
plained in part by the following observation.

Proposition 2. The mixed-integer program defined by model 1
is NP-hard in the strong sense.

Proof. The basic idea is to consider a simplified version
of the equipment scheduling problem whose objective is to
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minimize the volume of unprocessed mail subject to prece-
dence constraints and show that a known NP-hard prob-
lem, in this case F2|p;; = 1, prec| ), w; U;, can be polynomi-
ally transformed into it. Brucker and Knust (1999) showed
that the “easier” problem F2|p; =1, chains|)_, U;, is
NP-hard in the strong sense. This implies that our problem
also falls in this category. The details are given by Zhang
and Bard (2005b). |

Corollary 1. The optimization problems associated with
models 2 and 3 are NP-hard in the strong sense.

5. Computational improvements

The proposed methodology involves solving three large-
scale MILPs. To reduce the computational burden two
major enhancements were developed. The first is a pre-
processor designed to reduce the number of integer vari-
ables in the models; the second is a heuristic that uses the
linear programming relaxation as a target and attempts to
find integer solutions that are as close to it as possible.

5.1. Pre-processing

Notice that the only integer variables in the models are
Y,,(¢) whose number depends largely on the length of the
working window in which an operation can be performed.
By shortening the window of each operation, the total num-
ber of integer variables can be reduced. Whereas the end
time of an operation is usually set according to the dis-
patching schedule and cannot be changed, the start time
can be adjusted to reflect the fact that an operation will not
be started until a certain accumulation of, say, 30 minutes
of mail or until 6% of the total volume, has arrived.

To account for each of these cases, let V,(¢) be the maxi-
mum volume of mail that can arrive at node n before the be-
ginning of period . When volume is measured by minutes of
mail, the start time can be set to 1y = min{z : V,(z) > p,},
where p, is the volume of mail that can be processed at
node # in a 30-minute period. When volume is measured
by a percentage 6 of the total, the start time can be set
tot, = min{z : V,(t) > 0V,(48)}, where V,,(48) is the total
volume associated with operation n during the day and 6 is
the percentage. We will refer to these two criteria as rule 1
and rule 2, respectively.

The algorithm now presented is used to calculate V,(¢).
In the description, W, () is the amount of mail processed in
period 7, and A4,,(¢) is the amount of mail that arrives at node
n in period ¢. The other notation was defined previously.

Step 1. Set V,(1) = v,(0) = u,, (the mail left from the pre-
vious day), W,(0) =0,¢ = 1.
Step 2. While t < 48, do

For each operation 7, do the following:
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Table 1. Results for different pre-processing rules
Statistics of model 1 Model 1 Model 2
Number Number Number Time First IP Time to first
Rules Start time of rows of columns of integers Solution (seconds) solution IP (seconds)
0 No pre-processing 5346 6700 849 99998 9 253 350
1 t 5079 6274 694 101390 6 254 149
2 ) 5077 6274 693 99998 6 252 113
3 Max{t, t} 4900 5938 618 101390 3 251 90
4 Min{z, t,} 5251 6610 769 99998 5 254 239
(i) compute Au(t) = D" cri ety 4 + 2 pepin) From Table 1, we see that the number of integer variables
Son Wyt — 1) drops from 849 under no pre-processing to 618 under rule 3.
(il) compute W,(t) = min{v,(t — 1) + 4,(z), Computation times decreased proportionately. For model 1
de No) mg(t)pn}, if t € T(n); = 0, otherwise there was a 67% drop from 9 to 3 seconds, and for model 2,
(iii) compute V,(t) = Vo(t — 1) + A, (1) a 75% drop from 350 to 90 seconds in the time required to
(iv) compute v,(¢) = va(t — 1) + An(1) — W, (t) find the first integer solution. In most cases, the objective
) values remained about the same. For model 1, the amount of
End of operation n unprocessed mail increased slightly from 99 998 to 101 390
(=1+1 ) pieces when the 30-minute rule was used. Overall, rule 3
End of all periods gave the best results and was used in our implementation.
Step 3. Stop

The algorithm pushes as much mail through the system
as possible in each period, limited only by the capacity of the
machines. As a result, mail is sent to downstream operations
as early as possible. The algorithm has complexity O(|N| x
|T|), where |N| and |T'| are the cardinalities of sets N and
T, respectively.

To test the effectiveness of the pre-processing algorithm,
each model was solved with Xpress (Dash Optimization,
2002) for the various combinations of start times. Table 1
presents the statistics for model 1 for a typical Monday. The
number of variables and constraints only increases slightly
for models 2 and 3 due to the addition of ending inventory
constraints (5b), and the staff covering constraints (5c¢) and
(6b), so the statistics for those models are not reported. The
“number of integers” column refers to the number of integer
variables in the models. The objective values and solution
times are included for model 1, which runs very quickly. For
model 2, we report the objective values associated with the
first integer point found, and the solution times to reach
that point. For rule 3, we set the start time to max {#, 2}
and for rule 4, we set the start time to min {#, ;}. The
parameter 6 was set to 10% in all cases.

As an aside, the large discrepancy in run times between
the two models is due to a combination of their objective
functions and feasible regions. In model 1, we are trying to
process as much mail as possible, and because the amount
of resources (machines) available is usually more than ad-
equate, there are many feasible solutions that conform to
this objective. In model 2, if we think of the staff as a re-
source, the feasible region is much tighter so minimizing
the number of shifts turns out to be a much more difficult
problem.

5.2. LP-based heuristic for model 2

Even with pre-processing, model 2 can still be quite dif-
ficult to solve. The problem has to be solved seven times,
one for each day of the week and depending on the in-
stances, it could take anywhere from 1 or 2 minutes to 10
minutes to find an integer solution. However, for mixed in-
teger programs that are not combinatorial in nature, it is
often possible to construct high quality solutions from the
LP relaxation. This observation provided the motivation
for our LP-based heuristic.

To begin, we solve the LP relaxation associated with
model 2 to obtain target values for the decision variables.
This can be done in a few seconds. The results are used to
construct a replacement IP for model 2 with the objective of
minimizing the sum of the absolute deviations of the integer
component of the solution from the target values. Specifi-
cally, let Y,.7'(¢) be the value of Y,,(¢) in the LP relaxation

of model 2, d(1) be the deviation from YL-F(z), and de-

g
fine B to be a “small” weight associated with the original

objective, the number of full time shifts. We now solve

Minimize » 3" Y dy()+BY_ D wy. (Ta)
teT neN geG(n) keK feF
subject to Equations (1a)-(1h) and (5b)—(5c)
dug(t) = Yog(1) = Y1 (1),
Vg e G(n),t € T(n),ne N, (7b)
dug(t) = YT (1) = Yug(),
Vg e G(n),t € T(n),n e N, (7¢)
dne(t) >0, VgeGn),teT(n),neN, (7d)
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Table 2. Results of the approximation algorithm for Monday Table 3. Results from model 1
LP based heuristic Original problem Total Number of Number of
Measure arrivals [)Z.ECES processed pieces unprocessed
Time to Time to
First IP  first IP  First I[P first IP Mail volume 5047628 4947630 99998

Rules  Start time  solution (seconds) solution (seconds) Percentage (%) 100 98.2 1.8
0 No pre- 254 55 253 350

processing The input data, in the form of letter volume arrival pro-
1 t 251 16 254 149 files and end-of-run reports, were provided by the Dallas
2 t 252 20 252 113 P&DC and reflect a typical week of activity in the facility
3 Max{z, 1>} 252 13 251 90 (accounting period 7, week 3, fiscal year 2002). The end-of-
4 Min{z1, 12} 254 33 254 239 run reports are used to determine the branching ratios at

Constraints (7b) and (7c) together define d,g(f) =
| Yg(r) — Y7 (1)), the deviation of the IP solution from the
relaxed LP solution of the original problem. The objective
(7a) is to minimize a combination of the absolute deviation
(term 1) and the original objective function (term 2). Here,
term 1 acts as the primary objective function and term 2 as
a secondary objective. Let us call Equations (7a)—(7d) the
model 2 approximation problem.

Table 2 presents the computational results for both the
model 2 approximation problem and the original problem
under different pre-processing rules using the same data for
Monday. The “Time to first IP” column refers to the time to
get the first integer solution. This value is what is reported in
the “First IP solution” column. For the model 2 approxima-
tion problem, the IP value is not Equation (7a) but the value
of the model 2 objective function, Equation (5a). The anal-
ysis was conducted for the different pre-processing rules to
determine the degree of uniformity of the results. As the
data in the table show, solving the approximation problem
yields similar or better solutions in only about 14% of the
time required to solve the original problem. These results
were consistent across the week.

The use of target solutions has been studied by others
in different contexts (e.g., see Morton et al. (2003)). We
believe that one of the reasons why convergence is often so
rapid is because the search is indirectly limited to a small
neighborhood of the target solution. That is, we are looking
for a local rather than a global solution.

6. Computational results

A comprehensive set of experiments was conducted to eval-
uate the quality of the schedules produced by the three-stage
methodology, as well as to develop some insights into the
relationships between the equipment and staff schedules.
All models were implemented using Mosel, the modeling
language provided by Dash Optimization and solved with
Xpress, their general linear and integer programming soft-
ware (Dash Optimization, 2002). The computations were
performed on a 1.13 GHz Pentium III PC with 256 MB of
RAM.

each node in the network in Fig 2.

6.1. Feasibility of the schedule

Table 3 presents the total arrivals, the number of pieces
processed, and the number of pieces remaining on a typical
Monday. The results were obtained by solving model 1 with
the objective of minimizing the ending inventory. Through
the day, more than 5000 000 letters arrived at the facility
and 98.2% of them were processed in the normal flow. The
remaining 99 998 were held over in inventory until the next
day.

The amount of unprocessed mail comprised 1.8% of the
total arrivals. Of those mail pieces, it was found that 1%
out of the 1.8% was mail that arrived too late to be com-
pleted, whereas the remaining 0.8% was back flow mail.
That is, mail that must be returned to a previous operation
and cannot be processed on the current day because the
operation had been closed.

Model 1 consists of 4900 constraints and 5938 variables,
618 of which are integer valued. It was solved to optimality
in 3 seconds. The stopping criterion was an absolute gap of
1000 mail pieces.

6.2. Exact staffing cost and the importance of model 2
in the three-step approach

The number of shifts indicated by the solution of model 2
only provides an approximation of the daily staffing cost. To
determine the exact value imposed by the equipment sched-
ule generated by our methodology, we used the weekly staff
scheduler (SOS), an implementation of the model presented
in Bard ez al. (2003), for the computations. The overall pro-
cedure was as follows.

Step 1. Solve models 1, 2 and 3 sequentially for each day
of the week, carrying over the ending inventory to
the next day.

Step 2. Solve the weekly staff scheduling problem (SOS)
using the solutions obtained from model 3 as input.

At Step 2, the settings for SOS were: full-time to part-time
employee ratio of at least 4:1, lunch breaks, 2-hour start
time windows for weekly schedules, and no requirement for
2 days off in a row.
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Table 4. Result from SOS without including the surrogate constraint

Almost pure More Less Less More Almost pure
smoothing smoothing smoothing compression compression compression
Performance measure 0; =0.01 0;=0.2 03 =04 6; =0.6 0; =038 0; = 0.99
Cost (§) 139978 133335 131226 134784 137086 139161
Full-time regulars 112 105 104 108 109 112
Part-time flexibles 28 26 26 27 27 28

We now establish the importance of model 2, which pro-
vides an indirect estimate of daily staffing cost by control-
ling the number of full-time shifts. As mentioned, constraint
(6b) is included for this purpose. By varying the relaxation
parameter 0,, different schedules can be obtained. When 6,
is set to a large value, say two, Equation (6b) will not be
active in model 3. When 6, is set to a small value, say 0.1,
its presence becomes decisive.

6.2.1. Exact cost of running facility when 0, is set
to a large value

Table 4 presents the staffing cost from SOS as well as the
number of full-time and part-time workers necessary to run
the automation equipment when the surrogate constraint
is omitted from the solution framework, i.e., when 6, is set
to a large value, say two. From the table we see that the
difference between the best and worst solutions is roughly
6.7%. Note that the slight cost difference between the two
solutions with the same number of workers is due to the fact
that a 1% optimality gap was used as the stopping criterion
in SOS, and that part-time shifts are of different lengths
and hence different costs.

In the analysis, various settings for the preference pa-
rameter 03 were tested in an effort to determine whether
a smoothed schedule or a compressed schedule was bet-
ter. From the table, we see that the best result is obtained
by striking a balance between smoothing and compression
when 63 is set to 0.4. For the output reported in Table 4, a
time limit of 600 seconds was placed on each run. On aver-
age, the optimality gap was 2% at termination, but feasible
solutions with a 4% gap were consistently obtained in about
18 seconds.

6.2.2. Exact cost of running facility when 0, is set
to a small value

Table 5 presents the staffing cost and the number of full-
time and part-time workers obtained from SOS when the

Table 5. Result from SOS including surrogate constraint, 8, = 0.1

surrogate constraint is set to be active, i.e., when 6, is set
to a small value, say 0.1. This allows a 10% increase in
the number of shifts above the minimum. Again, different
settings for preference parameter 6; were evaluated.

Comparing the results in Tables 4 and 5, the best solu-
tions found were $120935 and $131 226, respectively, an
impressive 9% difference. As we can see, the existence of
constraint (6b) provides a link between equipment schedul-
ing and staff scheduling, and is of critical importance to the
quality of the solution.

When constraints (5b), (5¢) and (6b) are included in
model 3, the integer program becomes much harder to solve.
The average gap was 6.17% for a time limit of 600 seconds.
In addition, it takes roughly 60 seconds to get the first feasi-
ble solution, much longer than before. When 6, is set close
to zero, the problem gets even more difficult to solve. To help
relieve the computational burden, we developed a “piece-
by-piece” linear programming heuristic which is fully
described in Zhang and Bard (2005b).

We also investigated the impact shift sets of different sizes
on staffing requirements. The analysis included a set of three
shifts (a shift every 8 hours), a set of nine shifts (a shift every
2 hours), and a set of 18 shifts (a shift every hour), all start-
ing between 7 a.m. and 11 p.m. The results suggested that
the number of shifts does not strongly affect the final costs
produced by SOS and so are not reported. In our imple-
mentation, we choose the nine-shift set, primarily because
the corresponding start times are very close to those used
in practice.

The final analysis involved the exploration of different
settings for 6, and 653. By decreasing the relaxation parame-
ter 6, from two to zero, better solutions resulted for all val-
ues of 03. Setting 6, = 2 makes the surrogate constraint (6b)
redundant, and produced the highest costs; setting 6, close
to zero provided the best results. As 6, approaches zero,
however, model 3 becomes exceedingly difficult to solve. In
view of this, it was decided to set 6, = 0.05 and 65 = 0.4 in

Almost pure More Less Less More Almost pure
smoothing smoothing smoothing compression compression compression
Performance measure 03 =0.01 0; =0.2 0; =04 03 =0.6 0; =08 0; = 0.99
Cost ($) 132067 130793 126 585 130000 120935 121729
Full-time regulars 104 104 100 104 96 96
Part-time flexibles 26 26 25 26 24 24
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the baseline model. These values strike a balance between
lower staffing cost and fewer startups, which is attractive
from an operational point of view.

6.3. Summary of computations

The computational results for models 1, 2 and 3 are sum-
marized in Table 6 for each day of the week. For model 1,
the objective represents the amount of unprocessed mail
(in thousands) remaining at the end of the day. The “%”
column records the percent difference between the total
processed mail and the total arrivals. Note that the large
percentage of unprocessed mail (41%) on Saturday is due
to the fact that delivery point sequencings is not performed
on that day since there is no delivery on Sunday. The
mail for these operations is carried over and processed on
Sunday. Here, the negative percentage (—65%) indicates
that the total volume processed is greater than the total
arrivals due to the carryover.

For model 2, we present the results obtained by solving
the approximation problem and stopping at the first inte-
ger solution. The “Root node obj” column indicates the
relaxed LP solution of the original model, and the “Gap
%" denotes the difference between the LP solution and the
corresponding objective value of the approximation prob-
lem. For model 3, a time limit of 600 seconds was imposed
on the computations because little improvement was ever
realized after this amount of time. The “Root node obj” col-
umn indicates the LP solution, and the “Gap %7 denotes
the difference between the LP solution and the best IP solu-
tion found. The best bound refers to the lower bound at the
end of the computations. The number of working periods,
startups, and shifts are also presented. The average reduc-
tion in startups per day between models 2 and 3 is 25.7%
and the average reduction in working periods is 2.2%.

In general, the schedules provided by model 3 exhibit
continuous operations with few setups and start-stop pat-
terns. They also guarantee the prompt processing of mail,
and as discussed presently, impose much lower labor costs
than the schedules currently being used.

7. Quality of schedule

To validate the methodology, we ran our equipment sched-
uler using volume arrival data provided by the Dallas
P&DC for a typical week, and asked an in-plant support
specialist to evaluate the results for the automation opera-
tions. To better match the actual processed volume in this
week, it was necessary to increase the input volume to our
scheduler by 10%. We ran SOS and compared the quality
and cost of our solution with the solution obtained from
SOS using an equipment schedule (obtained with SiteMeta)
in use by the facility at the time of the study.

A key observation concerns the staffing cost associated
with the equipment schedule generated by our three-stage
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methodology and how it compares with the SiteMeta sched-
ule. Table 7 gives the staffing cost as well as the number
of Full-Time Regulars (FTRs) and Part-Time Flexibles
(PTFs) needed in either case. As can be seen, our schedule
calls for 112 FTRs and 28 PTFs compared to the SiteMeta
schedule which calls for 162 FTRs and 40 PTFs.

The higher cost associated with the SiteMeta schedule,
a striking 44%, is in part due to the adjustments that the
supervisors made to account for uniformity of start times,
personal preferences for work assignments, and overesti-
mates in the number of periods required for an operation.
Whereas some of these considerations should be taken into
account as the model is refined, it is self-defeating to adhere
to business-as-usual policies when there is no compelling
reason to do so. Adding restrictions simply increases the
staffing cost. To improve the usefulness of the results, how-
ever, it will be necessary to address several points, such as
weekly arrival fluctuations, inaccuracies in the branching
probabilities, and the need to further reduce computation
times.

8. Discussion and conclusions

The general scheduling problem in high volume facilities,
such as mail processing and distribution centers, is too com-
plex to handle in a single model. A hierarchical approach
is often the most effective way to deal with the interplay
among equipment, workers, and operational restrictions.
In this paper, we examined the equipment scheduling as-
pect of the problem with the implicit goal of minimizing
the labor costs associated with the permanent workforce.
However, labor costs are only one of several criteria that are
used to judge the quality and acceptability of a schedule. In
our case, service standards as measured by the percentage
of arriving mail processed per day, and the number of ma-
chine startups, were the two additional criteria used in the
analysis.

To address each of these concerns, the equipment
scheduling problem was formulated as a large-scale MILP
and solved sequentially using a three-stage methodology.
An efficient pre-processing heuristic was developed to re-
duce the number of variables, and an approximation scheme
resembling a LP rounding heuristic was developed to speed
a major portion of the computations. Together, they re-
duced solution times by more than 90% without any visible
sacrifice in solution quality.

In fact, the results indicate that implementing the three-
stage methodology will lead to substantial savings nation-
wide and a greater understanding of facility operations. Op-
timizing the equipment schedule is the most direct way of
achieving cost reductions while providing managers with
a valuable tool for increasing the efficiency of P&DC op-
erations. If only 50% of the benefits are realized, roughly
$1600 000 annual savings per facility can be achieved for
the letter section alone.
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Table 7. Comparison of staffing costs

Performance Three-stage SiteMeta

measure methodology schedule
Cost $144 544 $208 221
FTRs 112 162
PTFs 28 40

The proposed methodology is being implemented in a
decision-support system that is currently running at several
P&DCs. One interesting extension would be the develop-
ment of a short-term scheduling model that addresses the
weekly fluctuations in mail arrivals and employee absen-
teeism. Such a model would provide a valuable tool for the
efficient day-to-day management of the facility.
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