
IEEE TRANSACTIONS ON INSTRUMENTATION AND MEASUREMENT, VOL. 57, NO. 3, MARCH 2008 651

Structure Design and Optimization of
2-D LFSR-Based Multisequence

Test Generator in Built-In Self-Test
Xinhui Zhang, Chien-In Henry Chen, and Arvindkumar Chakravarthy

Abstract—This paper addresses the optimization of very large
scale integration testing systems, specifically the structure design
and optimization of a built-in self-test (BIST) design based on
two-dimensional (2-D) linear feedback shift registers (LFSRs).
The 2-D LFSRs can generate both precomputed test patterns (for
detecting random-pattern-resistant faults) and random patterns
(for detecting random-pattern-detectable faults) and have the ad-
vantages of high fault coverage and at-speed testing. To guarantee
solutions, it is necessary and desirable to generate subsequences of
the precomputed test patterns through the 2-D LFSRs, where these
subsequences retain the order of the test patterns, particularly
for testing sequential circuits. For the design and optimization of
the 2-D LFSRs, the following two problems need to be solved:
1) the good partitioning of the precomputed test patterns into
disjoint subsequences in order to achieve a minimal hardware
and 2) the structure design and optimization of the 2-D LFSRs
to generate the test patterns in each partitioned subsequence. The
optimization of the 2-D LFSRs is modeled as an integer program
(a logic optimization model) that determines the coefficients of the
recursive Boolean equations that govern the generation of the test
patterns. For a sequence of the test patterns, this model finds the
minimal-hardware implementation of the 2-D LFSRs. This logic
optimization model can be applied to both test-per-scan (serial
BIST) and test-per-clock (parallel BIST). This paper presents how
this model is embedded in a heuristic framework to partition
the test patterns into subsequences from the configurable 2-D
LFSRs. The testing hardware is small as the configurable architec-
ture allows the tester to incrementally generate the precomputed
test patterns by modification to the feedback of the 2-D LFSRs.
Results of benchmark circuits show that significant hardware
reduction and higher fault coverage are achieved. The resulting
multisequence test generator is a regular structure and is easy
to implement. The logic optimization model is applicable to both
completely and partially specified test patterns and can be adopted
for other LFSR-based structure design and optimization.

Index Terms—Built-in self-test (BIST), deterministic test
patterns, linear feedback shift registers (LFSRs), random-
pattern-detectable faults, random-pattern-resistant faults, ran-
dom test patterns, recursive Boolean equations, test-per-clock,
test-per-scan.
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I. INTRODUCTION

THE increasing demands for high-density and high-
performance integrated circuits dictate the built-in self-

test (BIST) schemes to guarantee high fault coverage, which
is expected to be produced by a simple test-pattern genera-
tor in an acceptable number of vectors. The BIST involves
performing the test-vector generation and the output-response
analysis on a chip through the built-in hardware. The test-
generation techniques in the BIST include pseudorandom test-
ing [1], [2], pseudoexhaustive testing [3]–[5], weighted random
testing using linear feedback shift registers (LFSRs) [6]–[8],
reseeding of the LFSRs [9]–[11], cellular automata [12]–[15],
and counter-based approaches [24]–[28]. The problem with
these techniques is that they generally do not provide a high
enough fault coverage due to the presence of random-pattern-
resistant faults. The existing solution to this problem is either
to insert test points [16] or to modify the test-pattern generator
to be a scan-based operation in order to generate desirable test
patterns to detect the random-pattern-resistant faults [16]–[18].
The test-point insertion requires an extensive modification
of the circuit and degrades circuit performance. Modifying
the test-pattern generator with scan operation requires large
amounts of hardware that cannot perform at-speed testing.

LFSRs are commonly used as test-pattern generators because
the generated sequence of test patterns has good randomness
properties. However, a conventional LFSR cannot produce a
sequence of deterministic ordered vectors that are needed to de-
tect random-pattern-resistant faults [19]. One way to overcome
this problem and to improve the fault coverage is to add logic to
embed a set of precomputed test patterns to detect the random-
pattern-resistant faults within a short time. These patterns are
obtained by automatic test-pattern-generation tools and can be
stored in a ROM or generated through software. However, nei-
ther of these approaches can perform at-speed testing in BIST.

A test-generator scheme based on the configurable 2-D
LFSRs was proposed in [20]. This configurable 2-D LFSR test
generator generates the following: 1) a sequence of determin-
istic test patterns to detect random-pattern-resistant faults and
2) a sequence of random test patterns to detect random-pattern-
detectable faults. To guarantee solutions, it is desirable to
generate subsequences of the deterministic test patterns through
the 2-D LFSRs where these subsequences retain the order
of the test patterns. For the design and optimization of the
2-D LFSRs, the following two problems need to be solved:
1) the partitioning of the precomputed test patterns into disjoint
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TABLE I
SIXTEEN PATTERNS TO BE EMBEDDED

subsequences for a minimal hardware of the 2-D LFSRs and
2) the structure design and optimization of the 2-D LFSRs to
generate the test patterns of each partitioned subsequence.

To illustrate the aforementioned problems in the design and
optimization of 2-D LFSRs, consider, for example, the 2-D
LFSRs of [20, ex. 1], which are named “example1.” The circuit
contains 16 test patterns to be embedded, which are shown in
Table I.

The first attempt is to generate all the test patterns at once;
however, this requires at least two flip-flop (FF) stages, as
shown in Fig. 1, and a hardware area of 871.2 µm2 in a 130-nm
CMOS process. To further reduce the hardware, it would be
necessary to partition the test patterns into subsequences. Dif-
ferent partitions result in different configurations and imple-
mentations of 2-D LFSRs.

For example, a particular partitioning of the 16 test patterns
into three subsequences will result in one stage of FF array
(FFA), as shown in Fig. 2, where CN1 generates the first
subsequence of the six patterns (1–6), CN2 generates the next
subsequence of the six patterns (7–12), and CN3 generates the
last subsequence of the four patterns (13–16). This optimized
structure has a hardware area of 617.76 µm2, which accounts
for almost a 30% reduction in hardware.

It is pointed out that the problem of partitioning the test
patterns into subsequences and determining the optimal imple-
mentation of 2-D LFSRs is nondeterministic polynomial-time
complete. As we will show, even to find a solution to generate
a sequence of the test patterns through LFSRs requires the
solution of a set of nonlinear Boolean equations. To achieve
optimization of the 2-D LFSRs with minimal hardware, both
problems have to be solved, and their solutions pose a great
challenge to the design of the LFSR-based BIST.

This paper presents a systematic approach to the structure
design of 2-D LFSRs through mathematical programming and
optimization. The kernel of the system is an integer program
model that finds a solution to determine the coefficients in the
recursive Boolean equations and by which the generation of
test patterns in a 2-D LFSR is governed. For a sequence of the
test patterns, this model provides minimal hardware of the 2-D
LFSRs. The model is then embedded in a heuristic to partition
the test patterns into disjoint subsequences for an optimal con-
figurable 2-D LFSR design. Results of benchmark circuits show
that a significant reduction of hardware is achieved. Compared
with the previous work, for the test-per-scan BIST, a hardware
reduction of as much as 83% can be achieved.

The remainder of the paper is organized as follows. Section II
presents LFSRs and 2-D LFSRs; it introduces the optimization

problem of designing these testing structures. A mathematical
model to optimize the 2-D LFSRs, as well as its mathematical
property, is presented in Section III. A heuristic framework
to partition the test patterns into a subsequence is given in
Section IV. The experimental results of benchmark circuits are
given in Section V. A 2-D LFSR design-automation framework
and the synthesis of the benchmark circuits are presented in
Section VI. The logic optimization model in Section III can
be extended to find the optimal values of don’t-care bits in the
partially specified test patterns. A logic optimization model for
the partially specified test patterns is presented in Section VII.
Our conclusion and future research are outlined in Section VIII.

II. STRUCTURE DESIGN AND OPTIMIZATION

OF 2-D LFSRS

A. Linear Feedback Shift Registers (LFSRs)

LFSRs are commonly used as test-pattern generators because
they can produce a large number of pseudorandom patterns
with good randomness properties with a small hardware. Fig. 3
shows the structure of conventional LFSRs, which is comprised
of EXCLUSIVE-OR (XOR) gate and M FFs.

The output V1 of LFSRs is governed by the following
Boolean equation:

V1 = C1V1D
1 ⊕ C2V1D

2 ⊕ · · · ⊕ CMV1D
M (1)

where V1D
i, i = 1, . . . , M is the ith delay of FF, and Ci,

i = 1, . . . ,M represents whether the V1D
i is connected to the

XOR gate or not. Coefficient Ci’s take the values of either one
(connected) or zero (not connected) and determine the structure
of the LFSR.

When triggered by clock signals, the output V1 is shifted
to the right, and the LFSR outputs periodic patterns with a
maximal length of 2M − 1, where M is the number of FFs. This
repeatability suggests that the patterns generated by the LFSRs
are pseudorandom in nature and that the random properties
depend on its initial state and the previous generating equation.
Note that the mathematical symbol ⊕, instead of +, is used
in the Boolean equations that will be used in our optimization
model. Conventional LFSRs cannot produce a sequence of
deterministic ordered patterns that are needed to detect random-
pattern-resistant faults. One way to overcome this problem is to
embed a set of precomputed test patterns in 2-D LFSRs.

B. Two-Dimensional Linear Feedback
Shift Registers (2-D LFSRs)

Fig. 4 shows the structure of 2-D LFSRs with N LFSRs.
Each LFSR has M stages of FFs, inverters, and XOR gates.
Let Vi, i = 1, . . . , N be the row vector 〈01 . . .〉 that needs to
be generated from the ith LFSR, and let ViD

k, k = 1, . . . ,M
represent the kth delay of vector Vi. Then, for a 2-D LFSR, the
generation of Vi through the feedback network is governed by
the following Boolean equation:

Vi =
(

N
⊕

j=1

M
⊕

k=1
CijkVjD

k

)
⊕ Bi ∀ i = 1 . . . N. (2)
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Fig. 1. Two-dimensional LFSRs of [20, ex. 1].

If Cijk = 1, the signal VjD
k is connected to the XOR gate to

generate Vi. If Bi = 1, an inverter is added to the input of the
shift register.

The aforementioned equation can also be written in a dif-
ferent form. To do so, let P = {P1, P2, . . . , PS} be the set of
deterministic ordered test patterns to be generated by the 2-D
LFSR, each with N elements. Furthermore, let psi be the ith
element in pattern s, as in

P1, P2, P3, . . . , PS

V1 : p11, p21, p31, . . . , pS1

V2 : p12, p22, p32, . . . , pS2

...

VN : p1N , p2N , p3N , . . . , pSN .

Then, the Boolean (2) can be rewritten in terms of the
elements in the test patterns as follows:

psi =
(

N
⊕

J=1

M
⊕

K=1
Cijkps−k,j

)
⊕Bi

∀i = 1, . . . , N, s = 1, . . . , S, and k < s. (3)

Equations (2) and (3) are recursive in nature and are therefore
called the recursive Boolean equations. These equations gov-
ern the generation of the test patterns. The solution of these

equations (determining the coefficients of these equations) de-
termines the structure design of 2-D LFSRs.

C. Synthesis and Optimization of 2-D LFSRs

The synthesis procedure of 2-D LFSRs is comprised of two
steps: 1) generating a set of deterministic ordered test patterns
through the 2-D LFSRs to detect the random-pattern-resistant
faults and 2) optimizing the test structure of the 2-D LFSRs
with a minimal hardware. Given a set of precomputed test
patterns, the design of the 2-D LFSRs to generate these patterns
is determined by the coefficients in the recursive Boolean
equations.

An ideal case is that a set of values for the coefficients
Cijk and Bi in (3) exists, and all the test patterns can be
generated once without being partitioned into subsequences.
If such a solution exists, the test patterns are directly applied
to the circuit under test (CUT). However, such solutions are
not always possible if the set of patterns S or the vector size
N is large. In this situation, the test patterns are partitioned
into subsequences of patterns and generated by the 2-D LFSRs
using a reconfigurable architecture.

A configurable test generator based on the 2-D LFSRs was
proposed in [20]. This configurable test generator generates
the following: 1) a deterministic sequence of test patterns
for random-pattern-resistant faults and 2) random test patterns
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Fig. 2. New configurable 2-D LFSRs of example 1 using optimization.
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Fig. 3. Conventional LFSRs.

Fig. 4. Structure of 2-D LFSRs.

for random-pattern-detectable faults. The structure of the 2-D
LFSRs mainly consists of four function blocks—the FFA,
configuration network (CN), multiplexers (MUX), and control
unit (CU). They are shown in Fig. 5.

In Fig. 5, the FFA is an N × M FFA, where N is the number
of inputs of a CUT, and M is the number of stages of the
2-D LFSR. The number of stages (M) in the 2-D LFSRs should
be kept as small as possible. If the coefficients in (3) cannot
be solved with a small value M , then the original set of test
patterns is partitioned into subsequences. Each sequence of the
test patterns is sequentially generated by the 2-D LFSR. To
further reduce the hardware, each of these 2-D LFSRs has its
own CN but shares the M -stage FFA. A CN consists of XOR

gates and an inverter if necessary and accepts the feedback
connections from the FFA. The MUX, which is controlled by
CU, selects one of the CNs to feed the feedback signals to
the FFA. The CU also controls the setting of the initial states
of the FFA.

The optimal design of 2-D LFSR-based testing structure
requires solutions to the following two problems: 1) the parti-
tioning of the precomputed test patterns into subsequences and
2) the structure design and optimization of the 2-D LFSRs to
generate the test patterns of each subsequence. The problem
can be stated as follows.

Given a set of precomputed test patterns P = {P1, P2,
P3, . . . , PL}, each of which being N bit wide to be embedded,
the optimal design of 2-D LFSR is to find a minimum hardware
implementation to generate these patterns through each of the
subsequences S1, S2, . . . , Si, and P =

∑
Si. The configurable

2-D LFSR optimization problem is formulated to the following
three objectives.

1) The number of FF stage of 2-D LFSR (M = max{Mi,
∀i = 1, . . . , s}) is minimized.

2) For each subsequence Si with M stages, the additional
hardware (XOR and inverter gates) is minimized.

3) The total hardware of 1) and 2) is minimized.
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Fig. 5. Configurable 2-D LFSRs.

III. LOGIC OPTIMIZATION MODEL

The main objective of the structure design of 2-D LFSRs is to
find the optimal 2-D LFSRs to generate a precalculated subse-
quence of test patterns S with the least number of M stages of
FFA. This is equivalent to determining the coefficients Cijk and
Bi in the recursive Boolean (3), with an objective of minimizing
the CN which is comprised of inverters and XOR gates.

A. Determination of Coefficients in Recursive
Boolean Equations

Assume that a set of S test patterns is to be generated by 2-D
LFSRs with N bits and M FF stages (see Fig. 4). Let psl be the
sth element in pattern l, and let w1 and w2 be the hardware
areas of a two-input XOR gate and an inverter, respectively.
The problem of determining the coefficients in the recursive
Boolean equations is restated as follows:

Minimize
N∑

i=1

N∑
j=1

M∑
k=1

w1xijk +
N∑

i=1

w2yi (4)

subject to psi =
(

N
⊕

j=1

M
⊕

k=1
xijkps−k,j

)
⊕ yi

∀i = 1, . . . , N, s = 1, . . . , S, and k < s.

(5)

The objective is to minimize the respective hardware areas
of inverters and XOR gates. The variable xijk corresponds to
Cijk in (3), which represents if a feedback from bit j of FF
stage k is connected to the input of the XOR gate at bit i. The
variable yi corresponds to Bi in (3), which represents if an
inverter is present at the output of the XOR gate at bit i. These
coefficients specify the Boolean equations and also determine
the configuration of the 2-D LFSR. Constraint (5) states that
the recursive Boolean equations governing the generation of the
S test vectors must be satisfied.

B. Linear Integer Program Model

The model [in (4) and (5)] is not a mathematical model due to
the existence of the Boolean operation XOR (⊕). To transform
this model into a mathematical program, which is solvable, such
as an integer program, the following notations are used.

Indices
i, j Indices of bits 1, . . . , N .
k Index of FF stages 1, . . . ,M .
s Index of vectors in a subsequence (s = 1, . . . , S).

Parameters
psi Value (zero or one) of bit i in vector sequence s (i =

1, . . . , N , and s = 1, . . . , S).
w1, w2 Hardware areas of a two-input XOR gate and an

inverter, respectively.
Decision variables

xijk Binary variable that represents if a feedback from bit j
of FF stage k is connected to the input of the XOR gate at
bit i (i = 1, . . . , N , j = 1, . . . , N , and k = 1, . . . ,M .

yi Binary variable that represents if an inverter is present at
the output of the XOR gate at bit i (i = 1, . . . , N).

νsi Number of nonzero inputs to the XOR gates to generate
bit i of vector s (i = 1, . . . , N , and s = 1, . . . , S).

hsi Smallest integer that is greater than or equal to (1/2)νsi;
equivalently, hsi = �(1/2)νsi� (i = 1, . . . , N , and s =
1, . . . , S).

The mathematical model is then formulated as follows. The
objective [see (6)] is to minimize the hardware areas of inverters
and XOR gates.

Minimize w1

N∑
i=1

N∑
j=1

M∑
k=1

xijk + w2

N∑
i=1

yi (6)

subject to
N∑

j=1

M∑
k=1

xijkps−k,j + yi = νsi

∀i = 1, . . . , N, s = 1, . . . , S, and k < s

(7)

hsi ≥ 0.5νsi

∀i = 1, . . . , N, s = 1, . . . , S (8)

hsi ≤ 0.5νsi + 0.5
∀i = 1, . . . , N, s = 1, . . . , S (9)

2hsi − νsi = psi

∀i = 1, . . . , N, s = 1, . . . , S (10)

hsi ≥ 0 and integer

∀i = 1, . . . , N, s = 1, . . . , S (11)

xijk, yi ≥ 0 and binary

∀i = 1, . . . , N, s = 1, . . . , S. (12)

Representation of XOR Operations: Constraint (7) records
the number of inputs to the XOR gate from all feedback plus the
presence of an inverter to form bit i of vector s. This summation
value is denoted as νsi. The presence of an inverter is equivalent
to adding an input of one to the XOR gate. The output of XOR

of these inputs can be summarized as follows.
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1) If νsi is an odd number, then the output of the XOR

is one.
2) If νsi is an even number, then the output of the XOR

is zero.
To represent if νsi is an even number, a new variable hsi

is introduced and defined as hsi = �1/2νsi�, which is the
smallest integer that is greater than or equal to (1/2)νsi. This
is reinforced in constraints (8) and (9). For example, if νsi = 3,
then hsi ≥ 0.5νsi = 1.5, and hsi ≤ 0.5νsi + 0.5 = 2. Because
hsi has to be an integer, then hsi = 2. If νsi = 4, then hsi ≥
0.5νsi = 2, and hsi ≤ 0.5νsi + 0.5 = 2.5. Following the same
integrity requirement, hsi = 2.

The outcome of these XOR operations can thus be defined as
psi = 2hsiνsi. To illustrate, using the same examples, if νsi = 3
(an odd number), then psi = 2hsi − νsi = 2 × 2 − 3 = 1. If
νsi = 4 (an even number), then psi = 2hsi − νsi = 2 × 2 −
4 = 0. This is exactly the outcome of the XOR operations of
the νsi nonzero inputs previously defined in 1) and 2).

Furthermore, psi is the value at bit i in the next vector s,
and this is described in (10). Finally, (11) and (12) specify that
all variables must be integers. These constraints dictate that
the aforementioned model is an integer program. This integer
program model [see (6)–(12)] is the kernel of the 2-D LFSR
optimization and is referred as a logic optimization model in
this paper.

C. Model Analysis and Properties

1) Model Size and Complexity: The aforesaid logic opti-
mization model can be decomposed by bit operations; thus,
the model can be solved 1 b at a time. For a specific bit i, the
model contains 4S constraints and 1(yi) + 2S(νsi and hsi) +
NM(xijk) variables. Of these variables, yi and xijk are vari-
ables of either zero or one; νsi and hsi are variables of integer.
To comprehend the computational size of the problem, consider
the AMD microcontroller (am2910) as an example where a
precomputed sequence of 30 test patterns is to be embedded
in a 2-D LFSR, and each pattern has 20 b. Using the logic
optimization model for M = 2, each bit has 120 constraints
and 101 variables. This model has to be solved 20 times: one
for each bit.

The model, although seemingly small, can extremely be
difficult to solve. In fact, it will be shown in Section V that even
finding the feasible solution may require long computational
time when a branch and bound algorithm and the default setting
to solve the integer program [21] are used.
2) Selection of Initial Vectors: In the solution of this model,

M initial vectors are set as the initial states of the FFA. The
selection of seed vectors will further reduce the hardware
overhead. Specifically, if the first M test vectors to be generated
are selected as initial states, the hardware overhead is minimal
due to the following proposition.
Proposition 1: Using the first M deterministic sequence of

test patterns as the initial states of the FFA gives the minimum
number of feedback for any M stages of the FFA.

The total number of test patterns will be reduced from S to
S − M if the first M patterns are selected as the initial states of
the FFA. Mathematically, this is equivalent to changing the in-

dex from s = 1, . . . , S to s = M + 1, . . . , S in all constraints.
The reduced model provides a relaxation of the original model,
and its solution is the lower bound of the original model; thus,
it is optimal. However, it needs to be mentioned that setting
the initial states of the FFA to the first M patterns is likely to
require an additional control logic, incurring more cost, and is
therefore not always preferred.

IV. PARTITIONING TEST PATTERNS FOR

CONFIGURABLE 2-D LFSRS

For a configurable 2-D LFSR-based test scheme, an addi-
tional yet important problem that needs to be addressed is the
partitioning of the test patterns. To understand the complexity
of this problem, first, recall that the hardware cost is composed
of three parts: FFA shared by all CNs, XOR gates, and in-
verters of each CN. Let w3 be the hardware area of an FF;
hence, the total area W of the configurable 2-D LFSRs can be
represented as

W =
K∑

k=1


w1

N∑
i=1

N∑
j=1

Mk∑
m=1

xijm + w2

N∑
i=1

yi


+M×N×w3

(13)

where K is the number of subsequences, and Mk is the minimal
number of FF stages required to generate a subsequence k and
an M = max(Mk, where k = 1, . . . ,K)—the largest of the
Mk that will be shared by all subsequences. Equation (13) is
a nonlinear equation.

It is pointed out that the number of FF stages (M) determines
the complexity of the hardware and should be kept as small as
possible. However, if M is set too small, it will result in many
partitioned subsequences (i.e., increase CNs, XOR gates, and
inverters). As a result, the overall hardware increases. In view
of this, the following heuristic is developed.

The algorithm starts with one FF stage (M = 1) and itera-
tively find a partition of L vectors into K subsequences. The
partition starts with the test vector s (initially, s = 1), adds the
test vector one at a time to the subsequence, solves the logic
optimization model for the added test vector, and repeats this
process. The process stops until a feasible solution to the logic
optimization model does not exist, for example, the addition
of a new vector e to the subsequence fails. At this time, the
test patterns from the vector s to the vector e − 1 comprise
a subsequence. The algorithm then starts with the test vector
s = e for another partition of the subsequence and proceeds
until e = L and all the test vectors are partitioned into different
subsequences. Once the algorithm completes the partition for
M = 1, it then continues with M = 2 and s = 1 until the
increment of M will not lead to a solution with minimal
hardware.

Step 1) Set M = L, W = +∞; /∗L: the number of output
patterns, thus, the maximum number of stages∗/

Step 2) For M = 1, . . . ,M/∗Partition with M FF Stages∗/
Step 2.a) Set s = l, e = 2 and K = 1/∗s: start pattern, e: end

pattern, K: number of subsequences∗/
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Step 2.b) Do the following until e = L/∗every vector is
included∗/

Step 2.c) For every bit n = 1 to N/∗every bit is being
optimized∗/

Step 2.c.1) Solve model (6)–(12) with subsequence from s to
e for bit n

Step 2.c.2) If the solution exists, set flag = true
Step 2.c.3) Otherwise, set flag = false; break to 2.e);
Step 2.d) End For
Step 2.e) If flag = true, the logic optimization model is

feasible to all bits, update e = e + 1; /∗Add one more vector
in the subsequence∗/

Step 2.f) Otherwise, set K = K + 1, s = e − 1, e = e/∗K:
number of subsequences; s: start pattern, e: end pattern∗/
Restart a new subsequence ∗/

Step 2.g) End Do
Step 2.h) Calculate W of (13), Set W = min{W,W}/∗ the

minimum hardware so far∗/
Step 2.i) Set M = �W/N × w3�/∗ update M , the maximum

number of subsequences∗/
Step 3) End For

Notice that, for a given configuration of a hardware (W ), as
shown in (13), the optimal configuration with the hardware cost
is W =

∑K
k=1(w1

∑N
i=1

∑N
j=1

∑Mk

m=1 xijm + w2

∑N
i=1 yi) +

M × N × w3 ≤ W . In other words, M × N × w3 ≤ W .
Thus, M ≤ �W/N × w3�, which is an upper bound of the
number of FF stages (M) in Step 2.h).

Consider the benchmark circuit (am2910), which has 30 test
patterns to be embedded, with each pattern being 20 b wide.
Here, the hardware areas of the two-input XOR, inverter, and 1-b
FF in a 130-nm CMOS process are used in calculating the hard-
ware cost, where w1 = 11.52 µm2, w2 = 4.32 µm2, and w3 =
38.88 µm2. The algorithm starts with one FF stage (M = 1).
In order to generate the minimum number of subsequences, the
algorithm starts from the first vector (s = 1) and attempts to
add one at a time (e = e + 1) as many test vectors into the
subsequence as possible. It stops until the solution of logic
optimization model becomes infeasible with the addition of a
new vector. As for the case of the am2910, the addition of the
21st test vector (e = 21) to the subsequence makes the solution
of the logic optimization model infeasible, which results in
maximal 20 test patterns (1–20) for the first subsequence. The
algorithm then uses the vector 21 as the seed and proceeds in a
similar way to partition as many following vectors to the second
subsequence as possible. This results in the second subsequence
of ten test patterns (21–30). The 2-D LFSRs generating these
two subsequences (1–21 and 21–30) of the test patterns contain
224 XOR feedbacks, 19 inverters, and 20 FFs. It consumes an
overall hardware (hardware area) of 3428.64 µm2. Now, since
W = 3428.64 and, in step 2.h), M ≤ 3 (an upper bound of the
number of FF stages in 2-D LFSR), the algorithm precedes
the partitioning of the test patterns for the 2-D LFSRs with
two stages of FFA. For M = 2, all the test patterns can be
partitioned into one subsequence. The 2-D LFSRs to generate
one subsequence (1–30) of the test patterns contains 158 XOR

feedbacks, nine inverters, and 40 FFs and consumes an overall
hardware area of 3402.02 µm2. The solution with M = 3 did

TABLE II
DIFFERENT PARTITIONS USING ONE STAGE AND

TWO SUBSEQUENCES FOR AM2910

not provide any better results and is, hence, not reported. The
solution with M = 2 provides the best result and is reported as
the final solution.

It has to be mentioned that the aforesaid procedure is based
on a greedy algorithm, and there is no guarantee that the
obtained solution is optimal. Consider the am2910 as an exam-
ple. Let us examine all partitions with one FF stage and two
subsequences (1–i and i–30) by varying i. From the heuris-
tic procedure, the first subsequence is 1–21; apparently, for
any i < 21, the subsequence vectors 1–i remain feasible. The
smallest value of i can be determined by the second sequence
(i–30) because when i gets smaller, the second sequence gets
larger. In view of this, the value of i is set to the smallest
value so that the second subsequence i–30 is feasible. For this
example, the smallest value of i turns out to be 13, and it results
in nine feasible partitions (1–21, 21–30),. . .,(1–13, 13–30).
These partitions and their optimized hardware are shown in the
Table II.

The best partition (1–17, 17–30) contains 174 XOR feedbacks
and 19 inverters with an area of 2852.64 µm2, whereas the
worst one (1–21, 21–30) contains 224 XOR feedbacks and 19 in-
verters with an area of 3428.64 µm2. The latter is almost 20%
larger in hardware area than the obtained best solution.

V. EXPERIMENTAL RESULTS ON BENCHMARK CIRCUITS

A comprehensive set of experiments was conducted using
the benchmark circuits to evaluate the performance of the logic
optimization model and the configuration structure of the 2-D
LFSR scheme. The logic optimization model was implemented
using Mosel and solved with Xpress provided by the DASH
Optimization [22]. Xpress is a state-of-the-art linear and integer
programming software that uses a branch-and-bound algorithm
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TABLE III
BENCHMARK CIRCUITS

to solve the integer program. The default settings were
chosen.

A. Benchmark Circuits and Precomputed Test Patterns

Table III shows the benchmark circuits and the characteristics
of the precomputed test patterns, including the number of bits
(N) and the number of patterns (S). The test cases are classified
into three groups. The first group consists of five synthesized
benchmark circuits and was used in [20]. The second group
consists of two combinational benchmark circuits, and the third
group consists of seven sequential benchmark circuits. The
second and third groups were selected from [23] of a core-based
system-on-a-chip CUT.

B. Nonconfigurable Test-Per-Scan 2-D LFSR

The logic optimization model can also be used to solve a test-
per-scan 2-D LFSR design without any modification. The parti-
tion algorithm discussed in Section IV will start with M = 1
and solve the optimization model [see (6)–(12)] with all the
included patterns. If the model is feasible, then a feasible serial
2-D LFSR is obtained. Otherwise, the procedure continues with
M = M + 1 until a feasible solution is obtained. This scheme
is called a nonconfigurable 2-D LFSR.

Table IV reports the experimental results of the noncon-
figurable 2-D LFSR design for each benchmark circuit. The
second and third columns in the table list the number of FF
stages and FFs in the FFA. The fourth and fifth columns list the
numbers of XOR feedbacks and inverters. The hardware area,
which is computed according to (13), is reported in the sixth
column. The seventh column reports the total computation time.
Finally, for comparison, the eighth column lists the number of
FF stages in [20].

As these results show, a significant reduction of hardware is
achieved when compared with the results reported in [20]. As
for the sample am2910, previously, results require a 13-stage
FFA; however, using the proposed optimization method, a two-

TABLE IV
COMPUTATION RESULTS FOR NONCONFIGURABLE 2-D LFSR

stage FFA is sufficient. This result is constantly across most
of the test cases—“am2910,” “div16,” and “pcont2”—in the
first group. For the benchmark circuits in the second and third
groups, the optimal structure design required a small number of
FF stages, suggesting that small hardware is needed.

Although these results are promising, there exist several
benchmark circuits where no feasible solutions are obtained in
a reasonable amount of computation time. While part of this
problem is due to the lack of advanced algorithms to solve
these optimization problems faster, it is also possible that no
feasible design exists for these circuits using a small number of
FF stages.

C. Configurable Test-Per-Clock 2-D LFSRs

Table V shows the experimental results of the configurable
test-per-clock 2-D LFSRs for benchmark circuits. In a config-
urable 2-D LFSR, the test patterns are divided into a number
(the second column) of subsequences (the exact partition is
shown in the last column). Each subsequence corresponds
to a 2-D LFSR structure and shares the same FFA. For all
configurable 2-D LFSRs, only one FF stage is needed and is
thus not reported in Table V.

From Table V, it is seen that, in all cases, setting M = 1, one
FF stage is adequate for generating a test structure. For many
cases (shown in bold), the hardware cost of the configurable
2-D LFSRs is much less than that of the nonconfigurable 2-D
LFSRs; the hardware has been reduced by 31.82% for s9234,
29.66% for s38417, 26.17% for s38484, 61.56% for piir8, and
49.17% for example 1. For other circuits, both the configurable
and nonconfigurable 2-D LFSRs achieve about same results
with one sequence and one FF stage. It should be mentioned
that the resulting 2-D LFSR-based test generator were able to
achieve high fault coverage. These results were similar to that
reported in [20] and are thus not included in Tables IV and V.
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TABLE V
COMPUTATION RESULTS FOR CONFIGURABLE 2-D LFSR

Fig. 6. Two-dimensional LFSR design-automation framework.

VI. TWO-DIMENSIONAL LFSR DESIGN AUTOMATION

A 2-D LFSR design-automation framework is shown in
Fig. 6. Given a sequence of predeterministic test patterns, users
have the choice of selecting either a configurable or a non-
configurable 2-D LFSR as the test generator. The test patterns
and the selected LFSR type are then analyzed by the linear

integer program of the logic optimization model for hardware
minimization. An FFA module in Verilog is generated based
on the optimization result, and the number of stages of FFs,
say k stages, is also determined. These k stages of FFs are
initialized with zeros and ones according to the first k test
patterns. For the configurable 2-D LFSRs, the CNs, MUX,
and CU, which are in Verilog and needed for the generation
of the required test patterns, are generated. Along with these
modules in Verilog, a Verilog test bench is also generated for
2-D LFSR design verification. Following it, logic synthesis is
performed, and a hardware report of gate counts and area is then
presented. Table VI presents the synthesis of 2-D LFSRs for
13 benchmark circuits. Among the 13 benchmark circuits,
div16 and mul16 have the least number of gate counts and
have a higher BIST hardware. Six benchmark circuits (c6288,
pcont2, piir8, s35932, s38417, and s38484) have a BIST hard-
ware less than 3%. It is shown that, overall, the average BIST
hardware is about 7.54%, which is considered low compared
with most practical BIST designs.

VII. LOGIC OPTIMIZATION MODEL FOR PARTIALLY

SPECIFIED TEST PATTERNS

In a sequence of test patterns, there are certain bits that may
have no direct impact on the fault detection and can be set
to either zero or one. These bits are hence called the don’t-
care bits. While the don’t-care bits would not affect the fault
detection, the value assignment to the don’t-care bits will have
a direct impact on the final form of the LFSR structure design.
The traditional approach of arbitrarily specifying the values to
the don’t-care bits will overconstrain the synthesis of the LFSR
structure design and produce a design of more hardware. For
example, in Table VII, the bit 5 of the vector 15 is a don’t-care
bit, which is noted as X. If the bit is set to zero, the hardware of
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TABLE VI
SYNTHESIS OF 2-D LFSRS

TABLE VII
SIXTEEN PATTERNS TO BE EMBEDDED

2-D LFSRs contains two FF stages. However, if the bit value is
set to one, then at least three FF stages are needed to generate
the 16 test patterns. The two synthesized 2-D LFSRs are shown
in Fig. 7.

The logic optimization model in Section III can be extended
to find the optimal values of the don’t-care bits in the partially
specified test patterns. To do so, let zsi be a binary variable
representing the value (zero or one) of an unspecified bit i
in the partially specified test sequence s (i = 1, . . . , N , and
s = 1, . . . , S). The logic optimization model for the partially
specified test patterns is stated as follows:

Minimize w1

N∑
i=1

N∑
j=1

M∑
k=1

xijk + w2

N∑
i=1

yi

subject to (8)–(12), and

N∑
j=1

M∑
k=1

xijkzs−k,j + yi = νsi

∀i = 1, . . . , N, s = 1, . . . , S, and k < s. (14)

Here, the constraint (14), replacing the constraint (7) in
the previous model, takes the partially specified test patterns
as inputs, and calculates the total number of inputs to the
XOR gate, from all feedback to form bit i of vector s. Con-

straints (8)–(12) of the previous logic optimization model are
same used for this model.

The aforementioned model is a quadratic integer program. To
translate it into a linear integer program, let us define qijks =
xijkzs−k,j , and the value is either zero or one. The constraint
(14) can be rewritten as

N∑
j=1

M∑
k=1

qijks + yi = vsi ∀i = 1, . . . , N, s = 1, . . . , S.

(15)

The fact that qijks equals xijkzs−k,j can be modeled through
the following constraints:

qijks ≤ xijk

∀i=1, . . . , N, j =1, . . . , N, k=1, . . . ,M, s=1, . . . , S

(16)

qijks ≤ zs−k,j

∀i=1, . . . , N, j =1, . . . , N, k=1, . . . ,M, s=1, . . . , S

(17)

qijks ≥ zs−k,j + xijk − 1

∀i=1, . . . , N, j =1, . . . , N, k=1, . . . ,M, s=1, . . . , S

(18)

qijks ≥ 0 and binary

∀i=1, . . . , N, j =1, . . . , N, k=1, . . . ,M, s=1, . . . , S.

(19)

Herein, constraints (16) and (17) state that qijks equals zero
if either xijk or zs−k,j equals zero. Constraint (18) states that
qijks equals one if and only if both xijk and zs−k,j equal one.
These constraints exactly define the product of xijk and zs−k,j
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Fig. 7. Two-dimensional LFSRs by setting the don’t-care bit to (a) zero and (b) one.

or qijks = xijkzs−k,j . As such, the linear logic optimization for
partially specified test patterns can be written as

Minimize w1

N∑
i=1

N∑
j=1

M∑
k=1

xijk + w2

N∑
i=1

yi

subject to (8)–(12), (15), and (16)–(19).

VIII. CONCLUSION

BIST is a collection of possibilities, the choice of which
depends on the particular application. Factors to consider in-
clude fault coverage and system performance. However, for any
BIST structure, the optimal structure design to achieve minimal
hardware is desirable. For the LFSR-based test structure, the
solution of the test structure depends on the determination
of the coefficients in the recursive Boolean equations that
govern the generation of test patterns. In this paper, a logic
optimization model is proposed to optimize 2-D LFSRs in order
to generate a set of precomputed test patterns. A mathematical
model was developed to determine the coefficients of a 2-D
LFSR. Together with a heuristic algorithm to partition the
precomputed test patterns into subsequences, a viable approach
to the optimal configurable 2-D LFSR design is presented. The
resulting 2-D LFSR-based multisequence test generator is able
to generate a given test-vector set at significantly lower hard-
ware compared with a previous work while retaining high fault
coverage. It has been shown that the average BIST hardware of

13 benchmark circuits is about 7.54%, which is considered low
compared with other BIST designs.

As there has been no systematic approach to solving these
Boolean equations, there are thus no existing algorithms to
solve the LFSR-based design problem. The nonlinear Boolean
equations (2) and (3), whose solution through linear integer
program and logic optimization models [(6)–(12)] determines
the structure design of 2-D LFSRs, have already demonstrated
promising results and were able to handle both completely and
partially specified test patterns. Similar methodology and mod-
els can be developed to other LFSR-based structure designs.
Efficient yet general mathematical programming algorithms
through decomposition techniques, bounding procedures, and
advanced heuristics to further improve the 2-D LFSR-based
design are currently under investigation.
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