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Opti-Money is a decision-support system for allocating assets that was developed at Bank Hapoalim, Israel’s
largest bank. Based on customer- and market-specific inputs, we solve a modified Markowitz-type nonlinear
programming problem to produce optimal tailor-made investment portfolios in terms of asset classes. In its five
years of operation, this mature system has provided excellent quantifiable results for the bank and its customers.
In 2002, we held some 133,000 consultation sessions with 63,000 customers in which we used Opti-Money.
Apart from the considerable prestige the system gained through its track record and uniqueness in the Israeli
banking sector, it obtained net income 88 percent higher in customer accounts that used Opti-Money than in
those that did not. The annual earnings over and above benchmarks to customers who follow the investment
advice provided by the system total US$244 million. In 2002, the annual income for the bank directly attributed
to Opti-Money exceeded US$31 million.
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The Bank Hapoalim Group is Israel’s largest bank-
ing group and the leading force in virtually every

area of banking and financial activity. As a universal
bank, established in 1921, the bank provides a wide
range of banking and financial services and products
to retail, private banking, commercial, and large cor-
porate customers in Israel and abroad. In Israel, the
group provides these services through a network of
327 branches and nine regional business centers and
through the offices of domestic subsidiaries, includ-
ing four commercial banking subsidiaries, financial
companies for investment banking, mortgages, credit
cards, mutual and provident funds, trust services, and
portfolio management. Worldwide the group oper-
ates through 37 branches, offices, and subsidiaries in
major financial centers in North and South America
and Europe, focusing on trade financing, corporate
and syndicated financing, and private banking. The
group also owns interests in a number of nonfinancial
companies in insurance, tourism, and real estate. As
of December 31, 2002 the group had US$55.4 billion

in assets and US$2.8 billion in shareholders’ equity.
Domestically, the bank has a market share of over
30 percent; globally, Bank Hapoalim ranks as No. 127
in the world. The bank is rated A2 by Moody’s and
BBB+ by Fitch.

Background Information
In 1995, several factors converged that caused us
to conceive the Opti-Money system. First, Bank
Hapoalim, facing increased competition in the domes-
tic market, embarked on a major restructuring pro-
gram based upon a customer-segmentation strategy
and a realignment of its divisions according to cus-
tomer types. As part of this restructuring, it estab-
lished private banking units that were to develop
the most innovative methodology and technology for
investment advice, a service unavailable at competi-
tor banks. The customer relations managers (CRM),
highly trained bank officers and investment advisors,
give customers personal and individual solutions to
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their banking needs. In particular, CRMs help private
banking customers plan their investments. The CRMs
are part of the bank’s securities and financial assets
division, which is responsible for giving customers
investment advice, for doing research and trading
securities in Israel and abroad, and for developing
and producing new banking products and manag-
ing existing products. While the CRMs followed the
principles of diversification and selected portfolios to
reflect customers’ risk attitudes, they had no quantita-
tive models or tools available for providing systematic
advice.

Second, in the same year, the Investment Advice
and Investment Portfolio Management Law, which
regulates CRMs’ advisory activities, was enacted in
Israel. The law was intended to provide a legisla-
tive framework for regulating investment advisors
and portfolio managers. It explicitly defines advisory
activity, the licensing of persons permitted to give
advice, the obligations imposed on advisors, those
entitled to receive advice, and the requirements for
documenting consultation sessions. Paragraph 12 of
the law, which concerns adapting services to cus-
tomers’ needs, states that

A license holder will match, as far as possible, the
advice that he gives to his customers or the nature of
the transactions that he conducts on their behalf to the
needs and guidelines of each customer, after verifying
with the customer the investment objective, and his
financial position � � � �

Third, as part of its restructuring, the bank decided
to upgrade the financial products it offered to cus-
tomers and to improve its management of risk expo-
sure. To accomplish these tasks, the bank needed to
use analytic and computational methods. It estab-
lished an operations-research-oriented department for
analytic development. The new department was to
find and identify finance areas that could benefit
from quantitative methods, to develop mathemati-
cal models and computational tools, and to imple-
ment them for users. We built the Opti-Money system
with systems-oriented support from the operations
division.

Initial Considerations
—The system should be suitable for thousands

of customers with various investment profiles (for
example, different objectives, horizons, risk appetites,
and tax statuses). Therefore, its portfolio recommen-
dations must be tailor-made for every customer. The
system was intended primarily for customers of the
private banking units, who are high-net-worth cus-
tomers and who expect personal attention.

—Whereas the bank can ask customers about most
aspects of their profiles, it must assess their appetites
for risk indirectly. Consequently, it needed a question-
naire that would elicit an indication about customers’
attitudes towards risk.

—We decided that the system should not make
buy and sell recommendations for customers. We
wanted to preserve the advisory aspect of the CRMs’
work. We decided that the system should construct
portfolios at the level of general asset class, such as
stock and bond groups and banking-product groups.
Then, the CRMs would still be responsible for pro-
viding the detailed composition within the asset
classes, thereby retaining their investment prefer-
ences. The bank strongly believes in such a combina-
tion of formal and creative approaches to investment
practice.

—CRMs usually give customers investment advice
in face-to-face consultations in the bank’s branches or
by phone. At the end of a consultation session, the
CRM and the customer should know the precise com-
position of the portfolio and the buy and sell orders
needed to modify an existing portfolio. In response to
input from the CRM, the system should provide an
instant solution so that the CRM can base specific rec-
ommendations on the recommended asset allocation
to guide the customer.

—We thought that the optimization model would
probably be a nonlinear programming problem and
that it would be impractical for CRMs to cope with
difficulties in obtaining solutions. Any such difficul-
ties would undermine the customers’ trust in the
advisory process and could result in loss of business.
Consequently, we decided to enumerate all possible
combinations of customer inputs and process all the
optimization runs periodically in a batch (usually at
the beginning of each month) and store the results in a
central location. CRMs then retrieve the solutions rel-
evant to particular customers during consultation ses-
sions. The organizational restructuring required the
purchase of new computer hardware for the CRMs
in the branches, which could be less expensive with
one proposed framework for the optimization runs
than it would have been if the CRMs had run the
optimizations.

—Because the batch runs would consist of tens of
thousands of optimizations, we took special measures
with regard to problem formulation and coding to
ensure their successful completion in an unattended
(overnight) mode.

Conceptual Implementation
In early 1996, the bank assembled a development
team consisting of representatives of the securities
and financial assets division and the department of
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analytic development. The team members from the
securities and financial assets division described a
typical consultation session. They saw the agenda of
such a session as follows: The CRM first explains
Opti-Money to the customer and its part in develop-
ing an investment portfolio tailored to the customer’s
needs and preferences. Second, because CRMs must
be trained and government-licensed to use the Opti-
Money system and customers must sign consultation
agreements to obtain advice with the help of the sys-
tem, both must sign in. Next, the CRM inputs the
customer’s data, needs, and preferences into a user-
friendly Microsoft Windows-based interface.

The interface displays four screens of questions.
(1) The first, the investment preference screen, con-

cerns three parameters: The customer’s investment
objectives, horizon, and benchmark.

—The customer can choose among such objec-
tives as investment for a personal event, investment
for buying a house, investment for saving on behalf
of children, or investment with no specific objective.

—The customer can choose an investment hori-
zon, such as one year, two years, five years, or 10
years.

—For a benchmark, the customer chooses an
index to exceed. Four benchmarks are currently avail-
able in the system: The consumer price index (CPI)
(inflation), the riskless rate of interest (the Bank
of Israel’s “bellwether” interest rate), the US dollar
exchange rate, and the Euro exchange rate. For exam-
ple, real estate prices in Israel are quoted in US dollar
terms. The appropriate index for a young couple sav-
ing for their first house would therefore be the US
dollar benchmark. On the other hand, for a person
saving for retirement, the CPI benchmark would be
most suitable. The benchmark selected affects the out-
put of the Opti-Money system in two ways: The first
effect is in the selection of assets; for example, the
system recommends a higher ratio of CPI-indexed
assets if the customer chooses the CPI benchmark.
The second effect is that the assessment of asset risk
is based on the historical performance of the chosen
benchmark. Customers can choose multiple invest-
ment objectives and benchmarks, and the system’s
results will be weighted accordingly.

(2) The second screen displays the bank’s fore-
cast of two main macroeconomic indices affecting the
Israeli capital market, the CPI and the rate of change
in the US dollar exchange rate. The customer or the
CRM has the option of overriding the bank’s forecast
with his or her own forecast of these indices.

(3) The third screen concerns the customer’s pref-
erence with regard to liquidity and currency. Because
the universe of asset classes contains both liquid
investments (for example, bonds and stocks) and illiq-
uid ones (for example, certificates of deposit (CDs)),

the customer can set limits on the two types of invest-
ment in the optimal portfolio. The customer should
also specify the currency in which the investment is
to be made (Israeli versus foreign).

(4) The fourth screen concerns the customer’s
risk-taking classification. The system assigns each
customer to one of five levels: low-risk level, low-
medium-risk level, medium-risk level, risk-oriented
level, and high-risk level. The system assigns cus-
tomers to these levels based on their answers to the
questionnaire on this screen.

After the input phase, the system broadcasts the
customer’s profile to a server that holds the opti-
mal portfolios of every possible profile. The server
instantly returns the sought output. The Opti-Money
output screen first displays the optimal portfolio, in
tabular and graphical form, in terms of major asset
classes: equities (domestic and foreign), foreign cur-
rency fixed-income assets; domestic CPI-linked fixed-
income assets; and domestic unlinked fixed-income
assets. This display shows the big picture of the port-
folio. Next, the system breaks down the major asset
classes into asset classes whose fractions in the port-
folio are the variables in the optimization model.

If the customer is not satisfied with the portfolio
the model recommends, the CRM can go back to the
input screens, change some parameters, and obtain a
new portfolio composition. Once the customer is sat-
isfied with the portfolio composition, the CRM recom-
mends individual assets in each asset class to buy or
sell. The investment horizon of a recommended port-
folio is one year, that is, investors usually restructure
their portfolios once a year. The bank, however, urges
its customers to come in for checkup consultation ses-
sions every six months, during which they can adjust
their portfolios with the help of Opti-Money and the
CRMs.

The team members from the department of ana-
lytic development built the conceptual model, wrote
the software, obtained the necessary market data
and forecasts, incorporated them into the model,
and transmitted the optimal solutions to the CRMs’
screens. Our natural choice of modeling framework
was the classical Markowitz model of mean-variance
portfolio selection (Markowitz 1959). Yet, in addition
to linking return to risk in general terms, investors
want to track or beat benchmarks and maintain bal-
anced portfolios. We, therefore, modified the formula-
tion of the basic Markowitz model to suit our needs.
Another important aspect of our modeling approach
was that we had to construct thousands of portfo-
lios (some 36,000) in a batch mode. This amounted
to an automated industrial production of optimal
portfolios based on nonlinear programming without
human interaction. For the solution of the nonlin-
ear programs, we chose the GAMS software sys-
tem, with which we had previous experience, and
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the actual solver we used is MINOS, which can
also handle problems that include nonlinear functions
with discontinuous derivatives. We wrote an exten-
sive input-output interface in Delphi, which commu-
nicates between the GAMS/MINOS system and the
data retrieval and storage facilities.

Actual Implementation
After a development phase of about 22 months, we
installed Opti-Money in 47 private banking units in
early 1998. By February 2003, we had installed the
system at the desks of all CRMs. Over 485 CRMs at
228 branches are now working with the help of the
system. In the first month in which the system was
installed, CRMs used it in only 224 consultation ses-
sions. For the sake of comparison, CRMs used the sys-
tem in 1,330 consultation sessions in December 2000
and in 17,743 consultation sessions in December 2002
(Figure 1).

To facilitate integration of the system, we con-
ducted three training sessions for CRMs:

(1) In the initial training session, we explained how
to operate the system and how the model works.
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Figure 1: The quarterly usage of the Opti-Money system in consultation sessions shows a dramatic increase from
a few thousand in 1999–2000 to more than 40,000 at the end of 2002.

(2) In the second session, we explained how to inte-
grate the system into consultation sessions, how to
present it to customers, how to persuade customers
that they need to answer the questionnaires, and how
to explain when they may need the system.

(3) In the third session, we explained the system’s
underlying model, benchmarks, and simulations in
greater detail.

Overall, we conducted some 100 group training
sessions on the use of the system. In addition, we
also instructed the branch managers about its use
to acquaint them with the system’s added value, to
ensure that they would encourage use of the system,
and to inform them about the managerial tools inher-
ent in the system.

As part of integrating the system, we produced
various learning aids: (1) an extensive users’ guide;
(2) a brief guide to the system that included expla-
nations of the screens that facilitate use of the
system; (3) a PowerPoint presentation on integrating
the system into consultation sessions; (4) a brochure
for customers explaining model-based computerized
consultation systems; and (5) study material for
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supporting the system, which describes the improve-
ments made to the system over the years.

Apart from conducting training sessions and devel-
oping study aids, since 1998 when we first introduced
the system, we have been promoting use of the sys-
tem among the CRMs. We intend this advisory initia-
tive activity to encourage CRMs to give investment
advice in general and, in particular, to integrate Opti-
Money into the consultation process. At the beginning
of each year (the activity is now in its sixth year),
we publish an activity schedule and announce a com-
petition among branches. This schedule of events is
designed to encourage consultation activity in all its
forms and use of the system for decision support.
At the end of each measurement period as defined
in the schedule (this year, every trimester), we mea-
sure CRM performance and remunerate outstanding
CRMs and branches.

The variables of the model are the weights of
the various asset classes in the investment portfolio.
These asset classes are classes of stocks traded on the
Tel Aviv stock market grouped by historical return,
risk characteristics, and market capitalization; Israeli
government bond classes grouped by their yield char-
acteristics (for example, CPI or US dollar linked)
and maturity; foreign (Euro) bond classes grouped
by maturity; foreign stock indices (for example, the
Standard and Poor (S&P) 500) and a class of Israeli
stocks traded in the US; and classes of saving plans,
deposits, and structured products offered by the bank.
All together, some 60 asset classes are represented in
the model.

Expected return forecasts on the asset classes
and benchmarks included in the model are impor-
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Figure 2: Over a period of four years (1999–2002), the low-risk and medium-risk CPI-based Opti-Money portfolios
outperformed the CPI benchmark by 15 and 34 percents, respectively.

tant inputs. A senior advisors’ forum coordinated
by the securities and financial assets division pro-
vides monthly forecasts. The forum consists of advi-
sors who serve affluent customers; equity analysts;
regional advisors (who supervise the CRMs at the
branches); advisors specializing in foreign currency
and investments abroad; advisors specializing in
banking products, such as deposits and savings plans;
a representative of the bank’s economics department;
and senior macro analysts specializing in the Israeli
capital market. The forum is convened monthly with
special sessions to assess the effects of major economic
or political events.

The bank estimates the direct cost of developing
the system at $220,000 for personnel and $20,000
for software and hardware. Because of the system’s
importance in the consultation process and the bank’s
responsibility for its results, the Opti-Money system is
subject to constant control, support, and maintenance
activity, currently performed by a staff of three people
from the securities and financial assets division and
the department of analytic development.

Track Record
Opti-Money is a mature decision-support system,
serving Bank Hapoalim for the last five years. But did
it live up to expectations? To answer this question, let
us look at the track record of the system, as can be
seen in the following figures.

We recorded the system’s performance over the
four-year period from January 1, 1999 to Decem-
ber 31, 2002 relative to the three benchmarks defined
in the model (Figures 2–4): the CPI, the US dollar
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Figure 3: Over a period of four years (1999–2002), the low-risk and medium-risk US dollar-based Opti-Money
portfolios outperformed the US dollar benchmark by 16 and 28 percents, respectively.

exchange rate, and the shekel represented by the Bank
of Israel’s bellwether interest rate (the euro exchange
rate benchmark is new and has no sufficient track
record). For each benchmark, we calculated the cumu-
lative return of two portfolios: a low-risk portfolio
and a medium-risk portfolio. The characteristics of
these portfolios are those that were the most pop-
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Figure 4: Over a period of four years (1999–2002), the low-risk shekel-based Opti-Money portfolio underper-
formed the shekel benchmark by 10.6 percent, whereas the medium-risk portfolio outperformed the same bench-
mark by 4.6 percent.

ular among the investors. That is, they are for pri-
vate investors, regular taxpayers with a horizon of
five years, no special restrictions on liquidity, and no
modifications in the bank’s macroeconomic forecasts.
On a risk-scale of 1 to 5 (with 1 being most conser-
vative), the low-risk portfolio has a risk-scale of 1
and the medium-risk portfolio a risk-scale of 3. Each
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portfolio is restructured at the beginning of each cal-
endar year by the then prevailing recommendations
of Opti-Money.

Five of the six portfolios had greater returns than
their benchmarks. The higher the risk level of the
recommended portfolio, the greater the return. One
portfolio of the six failed to achieve a return higher
than its benchmark. This was the low-risk portfo-
lio with the shekel benchmark that, by definition,
should invest much of the portfolio in unindexed
local-currency riskless assets. The shekel benchmark
used in Opti-Money is the Bank of Israel’s bell-
wether rate of interest, announced at the end of every
month. Unfortunately, no completely risk-free invest-
ment products consistently yield a return higher than
that rate.

We encountered some difficulties in the early
phases of the Opti-Money project. The CRMs did
not immediately embrace the computerized decision-
support system as part of the investment advisory
process. They feared that the system would replace
them and that the system would reduce, if not totally
nullify, their added value in the advisory process. We
alleviated their fears by making it clear to them in the
training sessions that the system is a decision-support
tool and not a substitute for their value expertise.
Some CRMs expressed apprehension regarding the
model’s ability to allocate assets appropriately largely
because most were not familiar with the use of models
in their line of work. We had to make a great effort to
gain their confidence in the model’s output.

Some of the older investment advisors were un-
happy with the prospect of using computers in their
work; some had never used personal computers. In
addition to training them to use the system, we gave
them intensive instruction in using a computer. But
we also learned from the complaints of the users of
the system. For example, some CRMs had macroeco-
nomic forecasts that differed from those of the fore-
casting forum. We modified the system so that the
CRMs or the customers can input their own forecasts
of the major macroeconomic parameters by adjust-
ing them up or down by 30 percent and obtain
an optimal solution different from the default solu-
tion of the system. This feature enabled the CRMs
and the customers to examine the effects of vari-
ous macroeconomic scenarios on the output of the
model and to gain confidence in the credibility of
the model.

As a special service, we are working with large
institutional investors to run the system in special
sessions using forecasts based on their individual
assessments. The system makes recommendations
accurately suited to their assessments of the capital
market.

Account Type Monthly Profit

Retail accounts that do not use Opti-Money 142.5 shekels
Private banking accounts that do not use Opti-Money 224.2 shekels
Private banking accounts that use Opti-Money 422.0 shekels

Table 1: We compared average monthly profits for retail accounts in 2002
and found that the average monthly profit the bank derives from private
banking customers who use Opti-Money (422.0 shekels) is 88.2 percent
higher than that for private banking customers who do not use the system
(224.2 shekels) and 196.1 percent higher than that of all retail customers
who do not use the system (142.5 shekels).

Contribution to the Bank’s Profitability
We evaluated the contribution of consultations
employing the Opti-Money system for 2002. We
examined the contribution to the bank’s profit of
the retail accounts of customers who obtained advice
with the use of the system, as compared to cus-
tomers with similar attributes who did not receive
Opti-Money advice (Table 1).

Among customers, who do not use Opti-Money, the
average monthly profit per account of private banking
customers (224.2 shekels) is 57.3 percent higher than
the average monthly profit from all retail accounts
(142.5 shekels). The average monthly profit derived
from private banking customers who use Opti-Money
(422.0 shekels) is 88.2 percent higher than that of pri-
vate banking customers who do not use the system
(224.2 shekels) and 196.1 percent higher than that
of all retail customers who do not use the system
(142.5 shekels).

In 2002, 63,225 customers used the system on
133,393 occasions; thus, the average number of con-
sultation sessions with Opti-Money held in 2002 was
2.1 per customer. This number is consistent with our
recommendation that customers attend consultation
sessions every six months.

In examining the data we saw that 93 percent
of customers who participated in consultation ses-
sions using the system in 2002 belonged to the pri-
vate banking segment. Because nearly all uses of
the system were for customers in that segment, we
base our profitability calculations on the assumption
that CRMs used the system only for private banking
customers.

Customers who attend consultation sessions using
the Opti-Money system contribute an extra �422�0 −
224�2�= 197�8 shekels to the bank’s average monthly
profit. In addition, we know that 63,225 customers
participated in consultation sessions using the sys-
tem in 2002. The system’s contribution to the bank’s
profit is, therefore 197�8 ∗ 63�225= 12�505�905 shekels
a month. It follows that the system’s contribution
to the bank’s profit in a year is �12�505�905 ∗ 12� =
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150�070�860 shekels. Using an average 2002 exchange
rate of shekel/US$4.74, we obtain an annual contri-
bution to the bank’s profit of (150,070,860/4.74) =
US$31,660,519 for the Opti-Money system. We have
little information on how the CRMs select customers
to become users of Opti-Money. It may be, for exam-
ple, that they prefer to introduce customers with large
portfolios to the system.

Contribution to Customers
We examined the performance of six portfolios with
different risk levels (low and medium) and different
benchmarks generated by the Opti-Money system
on January 1, 1999. In these portfolios, we assumed
that the composition (the asset classes) matched
exactly the Opti-Money system’s recommendations.
The returns were computed for the asset classes with-
out going into the details of the individual assets.
We also assumed that the portfolios were restruc-
tured at the beginning of each calendar year by the
then prevailing recommendations of Opti-Money. We
examined the cumulative return on these portfolios
on December 31, 2002 after four years of investments
(Table 2).

We examined the earnings of the 63,225 customers
who received advice using the Opti-Money system in
2002. The average size of their asset portfolios was
556,505 shekels. The total assets were thus 63,225 ∗
556,505 = 35,185,028,625 shekels. The average annual

Portfolio Portfolio’s
Return From Portfolio’s Excess Return
Jan. 1, 1999 to Excess Return Over Benchmark,
Dec. 31, 2002 Over Benchmark Annualized

Portfolio Type (%) (%) (%)

Low-risk portfolio 25.23 15�03 3�56
with CPI benchmark

Medium-risk portfolio 44.42 34�22 7�63
with CPI benchmark

Low-risk portfolio 29.79 15�92 3�76
with US dollar
benchmark

Medium-risk portfolio 42.05 28�2 6�4
with US dollar
benchmark

Low-risk portfolio 31.11 −10�57 −2�75
with shekel
benchmark

Medium-risk portfolio 46.24 4�56 1�12
with shekel
benchmark

Equally weighted 14�56 3�29
average return

Table 2: We examined the cumulative performance of recommended port-
folios from January 1, 1999 through December 31, 2002. (The data are
consistent with those in Figures 2 to 4.)

excess return was 3.29 percent. It follows that the
annual earnings attributable to Opti-Money (in excess
of the various benchmarks) totaled 35,185,028,625 ∗
0.0329 = 1,157,587,442 shekels, or US$244,216,760. We
based these calculations on the assumption that those
customers who use Opti-Money accept the system’s
recommendations fully. We compared a typical opti-
mal portfolio recommended by Opti-Money and an
average actual portfolio recommended by the CRMs
in a consultation session with Opti-Money and found
they differed by plus or minus three to five percent
in terms of major asset classes, such as stocks or
bonds. In other words, the CRMs final recommenda-
tions were quite close to those of the system.

Additional Contributions
Bank Hapoalim’s subsidiaries benefit from the sys-
tem as well. Apart from serving CRMs and customers
at all banking subsidiaries, the system made a major
contribution to the profitability of another subsidiary.
The fund managers at Continental Mutual Fund Man-
agement were impressed by the system, by its analyt-
ical ability, and by the quality of the recommended
portfolios, which are based on the integration of
customers’ requirements and a mathematical model.
Once aware of the potential of the system, they issued
a mutual fund, called Optimum Solidi (Conservative
Optimum), whose holdings are based on the Opti-
Money recommendations for a popular type of port-
folio (the portfolio of a conservative customer with
a low-risk level, an unindexed shekel benchmark,
and an investment horizon of two years who wished
to invest only in liquid assets). Continental issued
the fund on September 10, 2001 after investment
advisors and customers had acknowledged the Opti-
Money system as a leading decision-support system.
Investors bought a large number of units in the fund
as soon as it was launched. The issue of such a quan-
titative fund was regarded as a major event in the
mutual fund market in Israel, and Continental was
surprised by the large volume of units sold and by
the impact on the company as a whole (Table 3). The
fund’s management fees from its inception to the end
of 2002 totaled 17,423,000 shekels, which amounted
to more than 60 percent of the total management fees
collected by Continental for that period.

Finally, the success and popularity of the Opti-
Money system has led to an organizational revolution
in the investment advisory process at Bank Hapoalim.
To assist the CRMs in recommending particular secu-
rities, we have developed additional consultation-
support systems.
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From Sept. 10, 2001
to Dec. 31, 2001 2002 Total

The fund’s management 1,601,000 15,822,000 17,423,000
fees (shekels)

Continental’s management 3,210,000 24,674,000 27,884,000
fees (shekels)

Contribution of Optimum 49.88 64.1 62.5
Solidi to Continental’s
profitability (%)

Table 3: By launching Optimum Solidi, Continental greatly increased its
profitability.

Appendix: The Mathematical Model
Given n financial assets whose future returns are
uncertain, we construct a portfolio of these assets to
achieve some performance measure desirable to the
investor. The construction of the portfolio is equiv-
alent to determining the fractions x1�x2� � � � � xn of
assets i= 1� � � � �n, such that

n∑
i=1

xi = 1� xi ≥ 0�

We have two types of data on the asset returns:
(1) A history of t = 1�2� � � � � T past periodical

returns, rt� i, on all the assets (e.g., monthly or quar-
terly returns over a period of several years). Typically,
we use monthly returns with T = 36.

(2) Expected future returns, �i, on all the assets
(e.g., for the next year).

In general, the expected future return of asset i is
not the same as the expected value of the historical
returns on asset i. The periodical historical return,
Portf Rett , on a portfolio composed of these assets is
the weighted (by the asset fractions) arithmetic aver-
age of the individual asset returns for that period,

Portf Rett =
n∑

i=1

rt� ixi� t = 1�2� � � � � T �

and similarly for Exp Ret, the expected future return
on the portfolio

ExpRet =
n∑

i=1

�ixi�

The model uses the historical returns data inter-
nally to compute risk measures. The expected return
forecasts on the assets are exogenous to the optimiza-
tion model. The classic approach to determining the
fractions is the Markowitz-type investment model.
The Markowitz model considers portfolio variance, a
measure of a portfolio’s volatility (i.e., up- and down-
variability around its own average historical return
value), as risk. It maximizes the expected return on

the portfolio subject to a given risk level or minimizes
risk subject to a given expected return level.

The foundation on which the Opti-Money model
rests is a Markowitz-type investment model, which
we modified considerably both from a conceptual and
a practical viewpoint. We list these modifications.

The Concept of Risk
Most investors prefer measuring the performance of
their portfolios with respect to some given target port-
folio or benchmark and consider risk as the vari-
ability of their portfolio around the returns of the
benchmark. Moreover, underperforming a benchmark
is less desirable than outperforming it and, therefore,
risk defined as downside risk (i.e., underperforming)
with respect to a benchmark may be more suitable to
some investors.

In Opti-Money, we defined risk in more gen-
eral terms than the classical portfolio variance of
Markowitz. The following risk measures are available
in Opti-Money:

(1) Symmetric return variability (up and down)
of the portfolio around the return on a known
benchmark, defined by

Symmetric Risk =
T∑
t=1

�t

[
�Portf Rett −BchRett�

−Av�Portf Rett −BchRett�
]2
�

where Portf Rett = return on the chosen portfolio
in period t, Bch Rett = return on the benchmark in
period t, Av�·�= average value of �·� over periods t =
1�2� � � � � T , and �t = exponentially decaying weight
assigned to period t (see below).

(2) Asymmetric downside risk (down-variability)
with respect to a known benchmark, defined by

Asymmetric Risk =
T∑
t=1

�t
�Portf Rett −BchRett�−

−Av�Portf Rett −BchRett�−�
2�

where �Portf Rett − BchRett�− = min
0� �Portf Rett −
BchRett��, and Av�Portf Rett − BchRett�− = average
value of �Portf Rett − BchRett�− over periods t = 1�
2� � � � � T .

(3) Asymmetric return variability around more
than one benchmark. One can define a weighted aver-
age of several benchmarks.

(4) The classical Markowitz risk of portfolio vari-
ance, defined by

V =
n∑

i=1

n∑
j=1

�ijxixj�

where � = 
�ij � is the covariance matrix between the
returns of assets i and j .
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In Opti-Money, we do not explicitly compute
covariance-type matrices. For example, suppose we
choose the portfolio variance V (risk measure 4) as
the appropriate risk measure, i.e.,

V =
n∑

i=1

n∑
j=1

�ijxixj�

where

�ij =
1

T − 1

T∑
t=1

Rt� iRt� j

= 1
T − 1

T∑
t=1

(
rt� i −

1
T

T∑
t=1

rt� i

)(
rt� j −

1
T

T∑
t=1

rt� j

)

i� j = 1�2� � � � �n�

are the elements of the covariance matrix between the
historical returns on assets i and j . Thus,

V = 1
T − 1

n∑
i=1

n∑
j=1

( T∑
t=1

Rt� iRt� j

)
xixj�

and this expression does not include the explicit
covariance elements �ij .

Using Exponentially Decaying Weights
Opti-Money estimates the risk measures of portfolios
by observing asset returns in a fixed number T of his-
torical periods (we usually set T = 36 months). In the
traditional method, the weight of each period is 1/T .
In our model, we have the option to use an exponen-
tial decay factor � such that the latest observations
carry the greatest weight in the risk estimate. The
advantage of this method over the equally weighted
model is that a shock (say, exceptionally high or low
return) has an immediate effect on risk and the effect
decays with time. In the equally weighted model, the
effect of the shock would not change with time until
its complete disappearance from the model. The expo-
nentially decaying weight is given by

�t = �t−1
/ T∑

j=1

�j−1� t = 1�2� � � � � T �

For �= 1, we obtain �t = 1/T . An appropriate value
of � can be 0.95. Assume that t = 1 was one month
ago, t = 2 was two months ago, etc. For T = 36, we get
�1 = 0�0594��2 = 0�0564� � � � ��18 = 0�0248� � � � ��36 =
0�0099, compared to a fixed weight of 1/36 = 0�0278.
For a thorough discussion of decay factors, see Kim
and Mina (2001).

The Composition of the Optimal Portfolios
If the risk measure used in the model is relative to
a benchmark and that benchmark is either explicitly
represented in the asset-class universe of the model
or can be well approximated by a few asset classes,
then the Markowitz-type optimal portfolios are often
unbalanced and exhibit corner solutions with zero
fractions in many assets and unreasonably large frac-
tions in others. Such solutions are unacceptable to
portfolio managers. One remedy could be fixing or
limiting the number of assets with nonzero fractions
in the optimal portfolio, but this would convert the
mathematical program into a mixed-integer nonlin-
ear program (Bertsimas et al. 1999). Another approach
to balance the portfolio could be artificially setting
upper or lower limits or both to the asset fractions.
The end result of this approach is that many assets
would always sit at the predetermined limit. Both of
these approaches were objectionable to us. Instead,
we chose a more natural approach: We defined a
value-weighted market portfolio of all asset classes
participating in the Opti-Money model and modified
our risk measures to consist of a sum of two weighted
terms. The first term consists of one of the four risk
measures defined above, and the second term is a
Euclidean distance function in n-space between the
portfolio chosen by the model and the market portfo-
lio. Let mj , j = 1�2� � � � �n, be the weights of the asset
classes in the given market portfolio. Then, our mod-
ified risk measure is defined by (say, for symmetric
return variability)

T∑
t=1

�t
�PortfRett−BchRett�−Av�PortfRett−BchRett��
2

+�
n∑

j=1

�xj−mj�
2�

where � is a small positive constant.
Thus, our objective function of risk minimization

consists of both a variability-type risk minimization
and a market-portfolio tracking term. By making an
appropriate choice of the weight � (usually very
small), we obtained nicely balanced optimal portfo-
lios without significant compromise in pure efficient-
frontier optimality. By efficient frontier, we mean the
usual definition, that is, the set of risk-expected-return
combinations such that for any given value of risk,
there is no higher feasible expected return, or for
any given value of expected return, there is no lower
feasible risk. The portfolios computed by the above-
mentioned two-term minimizations constitute a bal-
anced efficient frontier. The portfolios recommended
to the customers by the Opti-Money model are drawn
from these frontiers. We describe the construction of
such a frontier next.
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In summary, the Opti-Money model consists of
various benchmark-related or classical Markowitz-
type risk measures and a market portfolio, which we
slightly track. In addition, we may constrain portfolio
turnover, that is, given an existing portfolio of assets,
the optimal portfolio obtained by the solution of Opti-
Money can have no more than a certain percentage
of new assets in it. For various classes of customers,
constraints on the inclusion of certain assets should
be imposed. For example, as we mentioned above, a
customer may restrict the fraction of illiquid assets in
the portfolio.

Constructing an Efficient Frontier
During a routine monthly run of the Opti-Money
system, thousands of balanced efficient frontiers are
automatically constructed. Here is a description of
constructing a balanced efficient frontier:

Given the n asset classes that can be included
in the portfolio with their historical and expected
future returns, the definition of the appropriate risk
measure, the composition of the market portfolio,
turnover, or customer-specific constraints,

(1) Find an optimal portfolio that will have mini-
mum risk plus tracking error, irrespective of expected
returns.

(2) Find an optimum portfolio that will have max-
imum expected return, irrespective of portfolio risk.

These two portfolios represent the two extreme
points of the balanced efficient frontier in the risk-
return plane. The portfolio obtained in Step 1 will
have the lowest expected return and lowest risk;
whereas the portfolio obtained in Step 2 will have the
highest expected return and highest risk.

(3) Compute the expected returns of K intermedi-
ate points between the expected returns of the two
portfolios obtained above. For example, space the K
points at equal distances from each other.

(4) Solve K optimization problems of minimizing
portfolio risk plus tracking error subject to expected
portfolio returns obtained in Step 3. These K port-
folios, along with the portfolios obtained in Steps 1
and 2, constitute a discrete approximation of a
balanced efficient frontier. These portfolios, after a
postoptimal adjustment, described next, are the port-
folios that are recommended to the customers.

Because there are several customer-specific param-
eters, such as investment horizon, benchmark, liquid-
ity level, tax status, and forecast modification, and for
each parameter there are two to five discrete values,
we have to construct a balanced efficient frontier for
each possible combination of these parameter values.
This is why we construct thousands of balanced effi-
cient frontiers.

Postoptimal Adjustment
Before submitting the optimal solution for actual exe-
cution of portfolio construction, we have to round
the asset fractions to predetermined discrete val-
ues. Of course, this requirement could be incorpo-
rated in the overall nonlinear programming model,
which would then become a mixed-integer pro-
gram, but we decided to use continuous program-
ming only. The method we use for optimal rounding
is a simple computational procedure (Avriel 2003).
A. C. Williams recently brought to our attention
Balinski and Young’s (1977) development of a similar
rounding procedure in connection with proportional
political representation.

The Opti-Money model is a constrained nonlinear
program with continuous derivatives. For downside
risk or for some choices of more than one bench-
mark, however, the model becomes a nonlinear pro-
gram with discontinuous derivatives. For example, in
case of downside risk, such expressions as min�x�0�
appear in the objective function or the constraints.
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An abridged version of the closing remarks at the
Edelman competition presentation by Mr. Abraham
Harel, Chief Financial Officer of Bank Hapoalim: “The
primary benefit, from the point of view of the cus-
tomer, is the simple fact that the system creates a per-
sonal, tailor-made solution for each and every cus-
tomer according to his or her objectives, forecasts, and
attitude towards risk. The solution that is offered by
Opti-Money means that the recommended portfolio is
on the risk-return efficient frontier, or very close to it.
In other words, the system is able to provide the best,
or very close to best, solution in terms of risk-adjusted
profitability.

“Turning now to the assessment of the contribution
of Opti-Money to the bank’s profitability, we exam-
ined the contribution to the bank’s income of the
private banking accounts of customers who obtained
advice with the use of the system, as compared to
customers who did not receive advice. Undoubtedly,
the system contributes to the bank’s income.
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“There are additional, very considerable, indirect
contributions as well, such as the establishment of
mutual funds based on the Opti-Money system, and
the development of additional decision-support sys-
tems for the CRMs.

“In conclusion, Opti-Money is an example of a win-
win combination, where an analytical solution to an
optimization problem enables us to create an advisory
process for the benefit of the customers and the bank
itself.”


