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ABSTRACT
Statistical inference about parameters should depend on raw data only through sufficient statistics—the
well known sufficiency principle. In particular, inference should depend on minimal sufficient statistics if
these are simpler than the raw data. In this article, we construct one-sided confidence intervals for a pro-
portion which: (i) depend on the raw binary data, and (ii) are uniformly shorter than the smallest intervals
based on the binomial random variable—aminimal sufficient statistic. In practice, randomized confidence
intervals are seldomused. The proposed intervals violate the aforementioned principle if the search of opti-
mal intervals is restricted within the class of nonrandomized confidence intervals. Similar results occur for
other discrete distributions.

1. Introduction

Sufficiency is a fundamental concept in statistical inference,
especially when a parametric model is assumed. For any given
sufficient statistic, including anyminimal sufficient statistic, sta-
tistical inference should depend on the raw data only through
the sufficient statistic. This is the well known sufficiency princi-
ple (Casella and Berger 2002, p. 272), which is supported by at
least two results.

(I) The Rao-Blackwell Theorem: Conditioning any unbi-
ased estimator on a sufficient statistic will result in a uni-
form improvement in variance (Casella and Berger 2002,
p. 342).

(II) For any given level-α test with a critical function φ, there
exists another test φ′ that depends on a sufficient statis-
tic and has the same power function as the given test. In
fact, φ′ is equal to the conditional expectation of φ for
the sufficient statistic.

The second result is mathematically correct, but it has a
problem in practice. From a mathematical point of view, the
critical function φ can take any values between 0 and 1. If
φ only assumes two values: 0 and 1, then it is called crisp in
terms of Fuzzy Set Theory (Geyer and Meeden 2005), and a
crisp critical function is equivalent to the indicator function
of a rejection region. We call φ a nonrandomized test; that
is, for a given observation x, either reject or fail to reject the
null hypothesis if φ(x) = 1 or φ(x) = 0, respectively. Hence,
the decision by a crisp function φ is unique at each x. For a
critical function φ that can take values in [0, 1], if φ(x) = 0.351
say, then one has to use a uniform random variable U on the
interval [0, 1] that is independent of X to generate a value u. If
u is no larger than 0.351, then reject the null hypothesis, oth-
erwise, fail to reject the null hypothesis. Thus, if u is generated
for the second time, the decision may be different from the
previous one even for the same critical function φ and the same
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observation x. This uncertainty makes practitioners reluctant
to apply randomized tests. The trouble is, when the observation
X follows a discrete distribution, φ′ in result II) is typically a
randomized test even for a nonrandomized φ. That is, result II)
is not necessarily true if only nonrandomized tests are used. In
other words, randomization is a prerequisite for the sufficiency
principle.

Similarly, there are nonrandomized and randomized con-
fidence intervals. Let C(X ) = [L(X ),U (X )] be a confidence
interval for a parameter of interest θ , and let P(X, θ ) ∈ [0, 1] be
the associated membership function (Geyer andMeeden 2005).
For a given observation x and a fixed value θ , the closer P(x, θ )

is to 1, the more we think θ is in C(x); the closer P(x, θ ) is
to 0, the less we think θ is in C(x). If C(X ) is nonrandom-
ized, then P(X, θ ) assumes two values 0 and 1, and is equal
to the indicator function IC(X )(θ ). For a given observation x,
we think (but we may be wrong) that θ is contained in inter-
val [L(x),U (x)] if and only if P(x, θ ) is equal to 1. If C(X ) is
randomized, then P(X, θ ) may assume any values between 0
and 1. Suppose P(x, θ ) = 0.649. One has to use a uniform ran-
dom variable U on the interval [0, 1] that is independent of X
to generate a value u. If u is less than or equal to 0.649, then
we think that θ is contained in C(x); otherwise θ is contained
in the complement ofC(x). Obviously, if one generates u twice,
the results may be different. Therefore, similar to randomized
tests, a randomized interval C(X ) may not yield a unique deci-
sion on a given observation x, so it is not attractive to practi-
tioners either. In this article, we focus only on nonrandomized
confidence intervals. For simplicity, we just call them confidence
intervals if it causes no confusion.

Throughout this article, suppose T (X ) is a sufficient statistic
and σ (T ), the σ−algebra generated by T , is a proper subset of
σ (X ), the σ -algebra generated by X . Roughly speaking, T (X ) is
simpler than X .
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If the sufficiency principle is still valid for the search of opti-
mal confidence intervals, then the following claim would be
true:

For any 1 − α confidence intervalC(X ), there exists a 1 − α

confidence intervalC′(T ) so thatC′(T ) is a subset of
C(X ). (1.1)

An intervalC(X ) is said to be of level 1 − α if its coverage proba-
bility function is no less than 1 − α. We will construct a counter
example to (1.1) under a basic model: the binomial experiment.
In fact, we establish the opposite of (1.1):

For any 1 − α confidence intervalC′(T ), there exists a 1 − α

confidence intervalC(X ) so thatC(X ) is a proper subset of
C′(T ). (1.2)

Section 2 provides a complete construction of 1 − α one-sided
confidence intervals for a proportion p based on the raw binary
data. Section 3 contains discussion. All proofs are given in the
Appendix.

2. One-Sided Confidence Intervals for a Proportion

Let S denote the sample space of n independent and identical
Bernoulli trials Xi ∼ Bino(1, p). The goal is to estimate p with
a given confidence level by observing successes in these n trials.
Then

S = {x = (x1, . . . , xn) : xi = 0 or 1}, (2.1)

where xi = 1 means that a success is observed in the ith trial,
xi = 0 indicates an observed failure, and the probability mass
function is given by

pS(x1, . . . , xn; p) = p
∑n

i=1 xi (1 − p)n−
∑n

i=1 xi . (2.2)

It is well known that Sn = ∑n
i=1 Xi, the total number of successes

in the n trials, follows a binomial distribution Bino(n, p), is a
minimal sufficient statistic for p and is simpler than the raw data
X def= (X1, . . .Xn). In fact, Sn contains all information on p since
the conditional distribution of X for a given Sn is equal to

f (x1, . . . , xn|Sn = i) = 1(n
i

) ,

and is independent of p. Thus, an inference based on X can be
replaced by one based on Sn following the sufficiency principle.
Let S∗ = {sn : sn = 0, . . . , n} be the reduced sample space for Sn
with probability mass function

pR(sn; p) =
(
n
sn

)
psn (1 − p)n−sn . (2.3)

Each point {sn : sn = i} in S∗ is a set {x : sn(x) = i} in S. The
information about p is contained in {sn : sn = i} as a set of sn,
but the different points in {x : sn(x) = i} as a set of x provide the
same information about p.

First consider a lower 1 − α one-sided confidence interval for
p. Then, 1) the lower 1 − α one-sided Clopper-Pearson interval
[LCP(Sn), 1] is the smallest 1 − α one-sided interval for p based
on Sn (see, e.g., Wang 2006); 2) Sn contains the same amount of

information about p as X does. Therefore, [LCP(Sn), 1] would
be the best among all 1 − α one-sided intervals following (1.1)
if that principle is still true. However, we next construct a 1 − α

confidence interval, denoted by [LI(X ), 1], that depends on X
but is a proper subset of [LCP(Sn), 1].

The sample space S contains 2n points. An order on S is
needed to derive the smallest one-sided interval and can be spec-
ified by a rank function R that assigns rank values to points with
respect to confidence limits. Here, we say a point with a smaller
rank is larger or has a larger confidence limit.

Intuitively, a sample point x = (x1, . . . , xn)with a large value
of sn = ∑n

i=1 xi should be a large point. Let

Ai = {x ∈ S : sn = i} (2.4)

for i = 0, 1, . . . , n. All Ai’s form a partition of S.
The set An contains a single point (1, . . . , 1), which should

be the largest point, so define R(1, . . . , 1) = 1. Also for i > i′
and any x ∈ Ai and x′ ∈ Ai′ , we require

R(x) < R(x′), denoted by R(Ai) < R(A′
i).

In general,

R(An) < R(An−1) < · · · < R(A0). (2.5)

Finally, each set Ai contains
(n
i

)
points. If we use Sn instead of

X to derive an interval, then these points are tied and have the
same confidence limit, and the best associated interval is equal
to [LCP(Sn), 1]. Here LCP(0) = 0, and LCP(sn) is the solution of

1 −
n∑

y=sn

pR(y ; p) = 1 − α

as a function of p for sn > 0. This result indeed follows
Lemma 2.1. However, now we differentiate the points in Ai as
follows. For each point x = (x1, . . . , xn), introduce (s1, . . . , sn),
where each s j(x) = ∑ j

u=1 xu is the number of observed suc-
cesses up to the jth trial for j = 1, . . . , n. Then S in (2.1) can
be rewritten as

S = {(s1, . . . , sn) : 0 ≤ s1 ≤ s2 ≤ · · · ≤ sn ≤ n} (2.6)

since each xi = si − si−1 for i = 1, . . . , n (let s0 = 0). We intro-
duce a rank function RI(X ) on S as follows:

For any two sample points x = (x1, . . . , xn) and x′ =
(x′

1, . . . , x′
n) in S,

(1) if sn(x) > sn(x′), then define RI(x) < RI(x′);
(2) if, for some i0 < n, (si0+1(x), . . . , sn(x))

= (si0+1(x′), . . . , sn(x′) but si0 (x)
> si0 (x′), then define RI(x) < RI(x′). (2.7)

Therefore, RI(x1, x2, . . . , xn) = 1 for (x1, . . . , xn) =
(1, 1, . . . , 1), and i0 is the largest number of trials so that
we observe more successes on point x than point x′ up to the
i0th trial. The rank function RI(X ) satisfies (2.5). More impor-
tantly, this function has no ties on S since RI(x) = RI(x′) if and
only if x = x′. Therefore, the range of RI is all integers from 1 to
2n.

On the other hand, the one-sided Clopper-Pearson interval
[LCP(Sn), 1] is obtained by a rank functionRCP(X ) that assumes
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a constant value n − i + 1 on each set Ai and has a range of 1
through n + 1. This function also satisfies (2.5) as RI(X ) does,
but it generates many ties because we apply the sufficiency prin-
ciple to combine points with the same values of sn. So RI(X ) is
much finer (assumes more values) than RCP(X ).

For any given rank function R(X ) defined on S, including
RI(X ) and RCP(X ), we can derive the smallest confidence inter-
val among those 1 − α lower one-sided intervals [L(X ), 1] for p
that satisfy:

a) L(x) = L(x′) if R(x) = R(x′);
b) L(x) ≤ L(x′) if R(x′) ≤ R(x),

following the lemma below.

Lemma 2.1. Assume α ∈ (0, 1). For a given rank function R(X )

on S and any x ∈ S, consider

fx(p) = 1 −
∑

{x′∈S:R(x′)≤R(x)}
pS(x′; p). (2.8)

Let

Gx = {p ∈ [0, 1] : fx(p′) ≥ 1 − α, ∀ p′ < p}. (2.9)

Define

LS(x) =
{
supGx , if Gx 	= ∅;
0, otherwise, (2.10)

then
(i) [LS(X ), 1] is a 1 − α confidence interval for p and LS(X )

satisfies a) and b);
(ii) for any 1 − α confidence interval [L(X ), 1] for p, where

L(X ) satisfies a) and b), L(X ) ≤ LS(X ).

Interval [LS(X ), 1] is the smallest interval under rank func-
tion R(X ) because, due to (ii), it is a subset of any intervals sat-
isfying a) and b). Therefore, [LS(X ), 1] is the best interval. This
lemma is a simple application of Theorem 4 inWang (2010). The
idea of deriving the best one-sided confidence interval under an
order (or a rank function) was first proposed by Buehler (1957).

Example 1. Table 1 contains the sample space, the rank func-
tions RCP(X ) and RI(X ) and their associated best intervals of
level 95%, [LCP(X ), 1] and [LI(X ), 1], when n = 4. To illustrate
the computation, pick, for example, x = (1, 1, 0, 1).Whenusing
RCP(X ),

{x′ ∈ S : RCP(x′) ≤ RCP(x)} = {(1, 1, 1, 1), (1, 1, 1, 0),
(1, 1, 0, 1), (1, 0, 1, 1), (0, 1, 1, 1)}.

Following (2.8),

fx(p) = 1 − pR(4; p) − pR(3; p) = 1 − p4 − 4p3(1 − p),

where the pmf pR is given in (2.3). Then LCP(1, 1, 0, 1) is equal
to 0.2486, the smallest solution of fx(p) = 0.95. On the other
hand, when using RI(X ),

{x′ ∈ S : RI(x′) ≤ RI(x)} = {(1, 1, 1, 1), (1, 1, 1, 0), (1, 1, 0, 1)}.
Following (2.8) again,

fx(p) = 1 − pS(1, 1, 1, 1; p) − pS(1, 1, 1, 0; p)
− pS(1, 1, 0, 1; p) = 1 − p4 − 2p3(1 − p),

where the pmf pS is given in (2.2). Then LI(1, 1, 0, 1) is equal
to 0.3092, the smallest solution of fx(p) = 0.95, and is larger
than LCP(1, 1, 0, 1) = 0.2486. To obtain intervals of level 0.95
the confidence limits are always computed by rounding down
rather than to the nearest digit. Also we see LI(x) ≥ LCP(x) for
all x’s in Table 1, and the strict inequality holds on many x’s.
Therefore, this is an example for a uniform improvement over
[LCP(X ), 1], the best interval based on a sufficient statistic Sn. In
fact, the example is a special case of the following result.

Theorem 2.1. Let [LCP(X ), 1] and [LI(X ), 1] be the intervals fol-
lowing Lemma 2.1 using the rank functions RCP(X ) and RI(X ),
respectively. Then

[LI(X ), 1] ⊂ [LCP(X ), 1].

Remark 2.1. Theorem 2.1 indicates that to make the sufficiency
principle valid we have to apply randomized confidence inter-
vals and tests based on a sufficient statistic T , which, how-
ever, does not happen in practice. Therefore, this principle is
not valid from the application’s point of view. The interval
[LI(X ), 1] based on the raw dataX is much better than the inter-
val [LCP(X ), 1] def= [LCP(Sn), 1] based on a minimal sufficient
statistic Sn as the former is uniformly contained in the latter. It
is also interesting to see that a sufficient statistic tries to com-
bine sample points to generate a coarse partition (i.e., the rank
function assumes fewer values) on the sample space but a shorter
confidence interval is produced by a finer partition (i.e., the rank
function assumes more values).

The order of RI(X ) on sets Ai given by (2.5) is reasonable as
it follows common sense, however, the order of RI(X ) within
each Ai is debatable. In Table 1, for example, why on set A3
do we define RI(1, 1, 1, 0) < RI(1, 1, 0, 1) < RI(1, 0, 1, 1) <

RI(0, 1, 1, 1)? This order says a point with earlier successes is
larger even though the total number of successes on these four
points are identical, that is, we weigh more on early successes.
Table 1 gives another order (a rank functionRA(X ) and an inter-
val [LA(X ), 1]), where we assume, for example, RA(1, 1, 1, 0) >

RA(1, 1, 0, 1) > RA(1, 0, 1, 1) > RA(0, 1, 1, 1) on set A3, that
is, we weigh more on later successes. The new interval is differ-
ent from but has the same total length over S as [LI(X ), 1], and
it is also uniformly contained in [LCP(X ), 1]. Next we provide a
class of intervals which are as good as [LI(X ), 1].

Each set Ai = {sn = i} contains ki = (n
i

)
points. Let τi(Ai) =

{x j}kij=1 be any permutation of Ai that defines a rank func-
tion R(X ) on Ai by requiring that R(x j) is strictly increas-
ing for j = 1, . . . , ki. Also we require that R(X ) satisfies (2.5).
Therefore, R(X ) assumes all integer values between 1 and 2n,
R(1, . . . , 1) = 1 and R(0, . . . , 0) = 2n. See two such examples
RI(X ) and RA(X ) in Table 1 when n = 4.

Theorem 2.2. Let R(X ) be a rank function that satisfies (2.5) and
assumes all integer values between 1 and 2n. For any x j inAi with
R(x j) < 2n, consider an equation

fx j
(p) def= 1 −

n∑
u=i+1

pR(u; p) − j
ki
pR(i; p) = 1 − α. (2.11)

Then
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Table . Three % confidence intervals, [LCP(X ), 1], [LI(X ), 1] and [LA(X ), 1] , on the sample space Swhen n = 4.

x = (x1, x2, x3, x4) s = (s1, s2, s3, s4) RCP LCP RI LI RA LA

(,,,), A4 (,,,)  .  .  .
(,,,), A3 (,,,)  .  .  .
(,,,), A3 (,,,)  .  .  .
(,,,), A3 (,,,)  .  .  .
(,,,), A3 (,,,)  .  .  .
(,,,), A2 (,,,)  .  .  .
(,,,), A2 (,,,)  .  .  .
(,,,), A2 (,,,)  .  .  .
(,,,), A2 (,,,)  .  .  .
(,,,), A2 (,,,)  .  .  .
(,,,), A2 (,,,)  .  .  .
(,,,), A1 (,,,)  .  .  .
(,,,), A1 (,,,)  .  .  .
(,,,), A1 (,,,)  .  .  .
(,,,), A1 (,,,)  .  .  .
(,,,), A0 (,,,)      

(i) fx j
(p) is a strictly decreasing function and assumes val-

ues between 0 and 1.
Let LR(x j) be the unique solution of (2.11), and let
LR(0, . . . , 0) = 0. Then

(ii) interval [LR(X ), 1] is the smallest 1 − α one-sided inter-
val for p under the rank function R(X ), and

(iii) LCP(X ) ≤ LR(X ).

Remark 2.2. Lemma 2.1 indeed claims that the smallest solution
of fx(p) = 1 − α is the lower confidence limit; however, Theo-
rem 2.2 goes one step further and says that the lower confidence
limit is equal to the only solution of a strictly decreasing function
fx j

(p). This simplifies interval computation.

Remark 2.3. Example 1 is a special case of Theorem 2.2. One
can show that there are in total �n

i=1ki! rank functions on S that
satisfy (2.5) and have no ties. Each rank function yields a lower
one-sided confidence interval following Theorem 2.2. Let B be
the collection of all these intervals. Then B is a complete class of
admissible 1 − α lower one-sided intervals with a nondecreas-
ing confidence limit L(X ) in the Ai’s, that is,

L(x0) ≤ L(x1) ≤ · · · ≤ L(xn−1) ≤ L(xn), ∀ xi ∈ Ai, i = 0, . . . , n.
(2.12)

Here an interval is called admissible if any of its proper subin-
tervals is of level strictly less than 1 − α; the interval class B is
complete if for any 1 − α one-sided interval [L(X ), 1] for p there
exists an interval [L′(X ), 1] in B so that the latter is a subset of
the former (i.e., L′(X ) ≥ L(X )). All intervals in B can be easily
obtained by permuting the interval [LI(X ), 1]. One such exam-
ple is [LA(X ), 1] in Table 1. Thus, any of these intervals can rep-
resent the entire class B, and all intervals in B have the same
total length and the same coverage probability function. For an
intervalC(X ) = [L(X ),U (X )], its total length and its coverage
probability are given by

Tlength(C) =
∑
x∈S

(U (x) − L(x)) and CoverC(p) = P(p ∈ C(X )),

(2.13)
respectively. From the mathematical point of view, these inter-
vals are equally good. However, they do make different infer-
ences! Therefore, it is totally up to the practitioner to decide
which rank function is used in applications.

For any given rank function R(x) defined on S, we can also
derive the best (smallest) confidence interval among those upper
1 − α one-sided intervals [0,U (X )] for p that, similar to condi-
tions a) and b) before Lemma 2.1, satisfy:

(a′)U (x) = U (x′) if R(x) = R(x′);
(b′)U (x) ≤ U (x′) if R(x′) ≤ R(x).

We state a theorem below but skip the proof as it is similar to
Theorem 2.2.

Theorem 2.3. Let R(X ) be a rank function that satisfies (2.5) and
assumes all integer values between 1 and 2n. For any x j inAi with
R(x j) > 1, consider an equation

fx j
(p) def= 1 −

i−1∑
u=0

pR(u; p) − ki − j + 1
ki

pR(i; p) = 1 − α.

(2.14)
Then

(i) fx j
(p) is a strictly increasing function and assumes val-

ues between 0 and 1.
Let UR(x j) be the unique solution of (2.14), and let
UR(1, . . . , 1) = 1. Then

(ii) interval [0,UR(X )] is the smallest 1 − α interval for p
under the rank function R, that is, for any 1 − α confi-
dence interval [0,U (X )] for p, whereU (X ) satisfies con-
ditions a′) and b′),UR(X ) ≤ U (X ).

(iii) UR(X ) ≤ UCP(X ), where [0,UCP(X )] is the upper 1 − α

one-sided Clopper-Pearson interval for p. That is,
UCP(x) = UCP(x1, . . . , xn) is the solution of

1 −
sn∑
y=0

pR(y; p) = 1 − α for sn = x1 + · · · + xn

if x 	= (1, . . . , 1); and is equal to 1 if x = (1, . . . , 1).

Finally, we establish a one-to-one relationship between
LR(X ) and UR(X ), which is similar to the following invariant
property

LCP(Sn) = 1 −UCP(n − Sn).

Thus LR(X ) can be determined byUR(X ) and vice versa.

Theorem 2.4. Let R(X ) be a rank function that satisfies (2.5)
and assumes all integer values between 1 and 2n. Let [LR(X ), 1]
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Table . Two % confidence intervals [0,UI(X )] and [0,UA(X )] on the sample
space Swhen n = 4.

x = (x1, x2, x3, x4) RI UI RA UA

(,,,), A4    
(,,,), A3  .  .
(,,,), A3  .  .
(,,,), A3  .  .
(,,,), A3  .  .
(,,,), A2  .  .
(,,,), A2  .  .
(,,,), A2  .  .
(,,,), A2  .  .
(,,,), A2  .  .
(,,,), A2  .  .
(,,,), A1  .  .
(,,,), A1  .  .
(,,,), A1  .  .
(,,,), A1  .  .
(,,,), A0  .  .

and [0,UR(X )] be the smallest lower and upper 1 − α one-
sided confidence intervals under the rank function R(X ) fol-
lowing Theorems 2.2 and 2.3, respectively. Let x and x′ satisfy
R(x) + R(x′) = 1 + 2n. Then

LR(x) = 1 −UR(x′). (2.15)

Example 1 (continued). We compute [0,UI(X )] under the rank
function RI in two ways: (i) solve (2.14), (ii) solve (2.11) and
use (2.15), and obtain the same results, which are reported in
Table 2. We also compute [0,UA(X )] under the rank function
RA(X ), which is a permutation of [0,UI(X )].

3. Discussion

The definition of a sufficient statistic implies that it contains
all information about parameters. So, we believe the inference
based on it “should be” good enough. This, however, is not true
in practice because practitioners prefer a nonrandomized infer-
ence. As shown inTheorem2, the best (smallest) one-sided non-
randomized confidence interval based on the binomial variable,
a minimal sufficient statistic, is uniformly dominated by a non-
randomized interval based on the raw binary data. Similarly, any
nonrandomized interval based on the binomial variable can be
uniformly improved by a nonrandomized interval based on the
raw data. Hence, (1.2) is established in the binomial case. Non-
randomized tests based on the raw data can be easily obtained by
converting nonrandomized confidence intervals, and these tests
are uniformly more powerful than nonrandomized tests based
on the binomial variable.

This “paradox” makes us reconsider using a sufficient statis-
tic for data reduction at least for those cases involving discrete
distributions. Similar results can be obtained in simple random
sampling (sampling without replacement), multinomial sam-
pling, and product multinomial sampling, and for the Poisson
distribution, the logistic regression model, and any discrete dis-
tribution model when a sufficient statistic T (X ) is simpler than
the raw data X .

Here is another illustration for the Poisson distribution.
Suppose a sample (Y1,Y2) = (1, 1) of size 2 is observed
from a Poisson distribution Poi(μ), where μ is the unknown
mean of Poi(μ) to be estimated. Then Y = Y1 +Y2(= 2) ∼
Poi(2μ) is a minimal sufficient statistic for μ. Among all 95%

confidence intervals [L(Y ),+∞) for μ that depend on Y and
have a nondecreasing lower confidence limit, the smallest inter-
val [LS,Y (y),+∞) by Lemma 2.1 satisfies:

0.95 = 1 − Pμ(Y ≥ y) =
y−1∑
z=0

e−2μ (2μ)z

z!
for any y > 0,

and LS,Y (0) = 0.

So, LS,Y (2) = 0.1776. If, however, we stay with the raw data
(Y1,Y2) and define an order for the lower confidence limit
L(Y1,Y2) on set {y = 2} = {(y1, y2) : (2, 0), (1, 1), (0, 2)} as
L(2, 0) ≥ L(1, 1) ≥ L(0, 2), then the lower limit LS,Y1,Y2 (1, 1) of
the smallest 95% interval based on (Y1,Y2) is equal to 0.2042, the
smallest solution of

0.95 = 1 − Pμ(Y > 2) − Pμ((Y1,Y2) = {(1, 1), (2, 0)}).
Similarly, solve LS,Y1,Y2 (0, 2) and LS,Y1,Y2 (2, 0) and obtain

LS,Y1,Y2 (2, 0) = 0.3069 > LS,Y1,Y2 (1, 1) = 0.2042 > LS,Y1,Y2 (0, 2)
= 0.1776 = LS,Y (2). (3.1)

Therefore, we obtain smaller 95% confidence intervals than
[LS,Y (2),+∞) by differentiating the three sample points in the
set {y = 2}. This can be generalized to any set {y = y0} for y0 >

0 and to the aforementioned discrete distributions. As noted
by a referee, since the three probabilities at (2, 0), (1, 1) and
(0, 2) are not equal given that the total is two, which is dif-
ferent from the binomial case, the intervals generated follow-
ing another order on these three points may have different val-
ues from (3.1). For example, if we choose an order of L(1, 1) ≥
L(2, 0) ≥ L(0, 2), then

L(1, 1) = 0.2438 > L(2, 0) = 0.2042 > L(0, 2)
= 0.1776 = LS,Y (2).

Both LS,Y1,Y2 (y1, y2) and L(y1, y2) dominate LS,Y (y1 + y2) when
y1 + y2 = 2, but L(y1, y2)’s cannot be obtained by permuting
LS,Y1,Y2 (y1, y2)’s as in the binomial case.

When the observation is continuous, the sufficient statistic
is also continuous. Then the technique developed in this article
cannot be applied to obtain shorter intervals. For example, sup-
pose X1 through Xn are independently identically distributed
N(μ, 1). Then X̄ is a minimal sufficient statistic, and the inter-
val [X̄ − zα/

√
n,+∞) is the smallest one-sided interval under

the order specified by X̄ . A shorter lower one-sided interval
based on X1 through Xn cannot be derived as was done in
Theorem 2.2 for the binary data simply because P(X̄ = c) is 0
for any constant c.

As also noted by the same referee, when the observation is
continuous, the rank-based nonparametric inferences like the
rank sum test can be improved using the proposed technique.
In this case, the continuous raw dataX1, . . . ,Xn are converted to
their ranks R1, . . . ,Rn (note that they typically are not sufficient
statistics). Then these ranks have discrete distributions, and so
also does the rank-based test statistic. Similar to the case where a
sufficient statistic is able to combine sample points together, the
rank-based test statistic also combines those ranks (r1, . . . , rn)
on which the test statistic assumes the same value. Therefore,
the proposed orderingmethod can differentiate these points and
would lead to more powerful tests. This, however, deserves fur-
ther study.
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Finally, the inference about a proportion p is a basic and
important statistical problem. We provide in Remark 3 a com-
plete class B of admissible 1 − α one-sided confidence inter-
vals with restriction (2.12), and all intervals in this class have
the same total length and the same coverage probability. Which
interval should be used in practice? The rank function RI(X )

in (2.7) has a clear interpretation of awarding early successes,
so, the smallest interval [LI(X ), 1] under RI(X ) is a reasonable
choice for use. Any other interval in the class may be applied
instead if the practitioner has a preference on a certain rank
function before he/she collects data. A 1 − 2α two-sided con-
fidence interval [LI(X ),UI(X )] for p can be obtained easily by
taking the intersection of two lower and upper 1 − α one-sided
intervals.

Appendix

Proof of Theorem 2.1. Note that LCP(X ) is a constant on each
Ai. LCP(X ) is increasing in Ai, and RI(X ) satisfies (2.5). So
LCP(X ) satisfies conditions a) and b) before Lemma 2.1 if choose
R(X ) = RI(X ). Then the theorem follows Lemma 2.1. �
Proof of Theorem 2.2. For (i), obviously fx j

(0) = 1 and
fx j

(1) = 0. Let Bxj
= ∪n

u=i+1Au ∪ {xv } jv=1 be a sub-
set of S. Then fx j

(p) = 1 − P(Bxj
). For any k ∈ [1, n]

denote x̂k = (x1, . . . , xk−1, xk+1, . . . , xn). For any fixed
x̂k, let Gk(x̂k) = {xk : (x1, . . . , xk, . . . , xn) ∈ Bxj

} and
let gk(x̂k) = minGk(x̂k) if Gk(x̂k) 	= ∅. Thus, in this
case, (x1, . . . xk−1, gk(x̂k), xk+1, . . . , xn) ∈ Bxj

, and then
(x1, . . . xk−1, gk(x̂k) + 1, xk+1, . . . , xn) ∈ Bxj

if gk(x̂k) = 0. There-
fore,

Bxj
= {(x1, . . . , xn) : xk ≥ gk(x̂k)}.

Consider independent binary variables Yi ∼ Bino(1, pi)’s for
i = 1, . . . , n. Let

h(p1, . . . , pn) = 1 − P(Yk ≥ gk(Y1, . . . ,Yk−1,Yk+1, . . . ,Yn)).

Thus h(p1, . . . , pn) is strictly decreasing in pk when the other pk′ ’s
are fixed since the distribution of Yk is monotone likelihood ratio
in pk. Also note fx j

(p) = h(p, p, . . . , p). Then, for p < p′,

fx j
(p) = h(p, p, . . . , p) > h(p′, p, . . . , p) > h(p′, p′, p, . . . , p)

> · · · > h(p′, . . . , p′) = fx j
(p′).

For (ii), note that fx j
(p) given in (2.11) is equal to fx(p) given

in (2.8), then the claim (ii) follows (i), (2.9) and (2.10).
The claim (iii) follows the proof of Theorem 2.1. �

Proof of Theorem 2.4. Let x and x′ be two sample points withR(x) +
R(x′) = 1 + 2n. If x ∈ A0, then x = (0, . . . , 0), x′ = (1, . . . , 1),
and LR(0, . . . , 0) = 1 −UR(1, . . . , 1). Suppose x ∈ Ai = {sn = i}
for some i > 0. Then x′ ∈ An−i. Also if x is the jth (for some j)
point in Ai in terms of the increasing order of R(X ), then x′ is the
(kn−i − j + 1)th point in An−i in terms of the increasing order of
R(X ). From (2.11),

1 −
n∑

u=i+1

pR(u; LR(x)) − j
ki
pR(i; LR(x)) = 1 − α,

and pR(u; p) = pR(n − u; 1 − p), we have

1 −
n−i−1∑
u=0

pR(u; 1 − LR(x)) − j
ki
pR(n − i; 1 − LR(x)) = 1 − α.

Also note ki = kn−i and j = kn−i − (kn−i − j + 1) + 1, we con-
clude (2.15). �
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