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The determinant of the inertial tensor of the freely jointed chains is investigated using statistical simulation.
It is found that for the straight chain, equivalent to a Markov chain, the determinant of the inertial tensor
follows log-normal distribution at large chain length (N g 20). The ensemble average of this determinant
scales with chain lengthN asN 6.0. For the symmetrically cross-linked chain (two single chains of identical
length with a link in between located at identical positions), it is shown that as the link position moves to the
center of the chain, the average of the determinant of the inertial tensor decreases. This result is consistent
with the previous experimental observation that the stabilizing effect of inerchain disulfide bond on a dimeric
R-helical coiled-coil becomes greater as it moves toward the center of the chain. The average of the determinant
of the inertial tensor are then used to calculate the reduction in rotational entropy caused by cross-linking two
random polymers, using ideal gas statistics. The values obtained are then compared with experimental data
on entropy reduction caused by cross-linking unfolded polypeptide chains in aqueous solutions. The results
support the conclusion drawn previously from experimental work that ideal gas statistics grossly overestimate
the translational and rotational entropy of macromolecules in aqueous solutions.

Introduction

It is of tremendous interest to give experimental data on
protein stability and protein-protein/DNA interaction a mo-
lecular interpretation based on the structures.1-3 This requires
that contributions from the overall translational and rotational
motions be subtracted from the experimental data so that the
resultant thermodynamic quantities correspond to reactions
between molecules with fixed center of mass and orientations.
However, the estimation of the overall translational and
rotational entropy of macromolecules in aqueous solutions has
been quite controversial.2-13 At the center of the controversy
is whether ideal gas statistics is applicable to macromolecules
in aqueous solutions. Recent experimental data obtained by
comparing the unfolding entropy of dimeric proteins with that
of their cross-linked monomeric counterparts indicate that ideal
gas statistics grossly overestimate the entropy of overall motions
of macromolecules in aqueous solutions.14,15 However, these
experimental data are on the translational and rotational entropy
of unfolded polypeptide chains. The equation used by ideal gas
statistics to calculate the translational entropy (the Sackur-
Tetrode equation)16 contains only molecular weight (MW) and
therefore is indifferent to the structure of the molecule. In
contrast, the equation for the rotational entropy contains the
product of the principal moments of inertia of the molecule,
which depends on the structure of the molecule.16 Therefore,
to make a direct comparison between experimental data and
results from ideal gas statistics, it is necessary to estimate the
product of the principal moments of inertia of the unfolded
polypeptide chain. Of particular interest is how the rotational

entropy is affected by cross-linking two shorter chains to form
a longer chain. This is the objective of the current work.

Models and Methods

The model employed here to mimic the random polymer is
the so-called freely jointed chain.17 In this model, the random
polymer is made ofN mass points of identical massm, linked
by massless rigid bonds all of identical lengthl. The orientation
of each bond is independent of the other bonds and is not in
favor of any particular direction inR3. Therefore, each bond
follows uniform distribution on a unit sphere. Its inertial tensor
is given by the following 3× 3 matrix:18

where (Xi, Yi, Zi) is the coordinate of theith unit, with the center
of mass of the chain being the origin of the coordinate system.
The three principal moments of inertia,λ1, λ2, λ3, are eigen
values ofÂ, and their product is just the determinant ofÂ, i.e.:

It is obvious that the massm and the bond lengthl can be
factored out of det(Â) asm3l6 det(A), with A being the inertial
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tensor of the simplified freely jointed chain where each point
is of unit mass and each bond is of unit length. For a random
polymer, the average of the product of principal moments of
inertia is given by

The simplest case is the straight chain in which theN units
of the freely jointed chain are linked consecutively byN - 1
bonds. Mathematically, this is equivalent to a Markov chain.
In such a case, both the average and fluctuation (standard
deviation) of det(A) are functions ofN only. We denote these
two functions asf(N) andg(N), respectively.

The following statistical simulation, coded in the statistics
softwareGauss,19 was performed to obtainf(N) andg(N) for N
) 3-250.

1. Generate three independent standard normal variables,U,
V, W. Then, (U ′, V ′, W ′) ) (U, V, W)/(U 2 + V 2 + W 2)1/2,
the projection onto the unit sphere, is uniformly distributed.

2. GenerateN-triples (U1′, V1′, W1′), ..., (UN′, VN′, WN′) as in
step 1. They are points on a unit sphere with the origin of the
coordinate system being the center of the sphere.

3. Use the following transformation to obtain (Xi′, Yi′, Zi′),
with i ) 1, 2, ...,N:

then (Xi′, Yi′, Zi′) is the coordinate of theith unit. The center of
mass of the entire random chain, (〈X′〉, 〈Y′〉, 〈Z′〉), is given by

4. Transform (Xi′, Yi′, Zi′) to (Xi, Yi, Zi), so that (Xi, Yi, Zi) is
the coordinate of theith unit with the center of mass being the
origin of the coordinate system

5. Calculate det(A) in eq 1 using the above generated (Xi, Yi,
Zi)’s, with m ) 1.

6. Repeat steps 1-5 105 times and calculatef(N), the average
of det(A), as

7. The standard deviation,g(N), is calculated as

The next level in terms of complexity is the symmetrically
cross-linked chain, in which two chains each ofN units are
linked at thekth unit of both chains (the link is itself a bond).
The average of the determinant of the inertial tensor in such a
case is a function of bothN andk. Denote this function ash(N,
k). Obviously,h(N, k) ) h(N, N + 1 - k) andh(N, 1) ) h(N,
N) ) f(2N). The following modifications are made to steps 2
and 3 of the above procedure to obtainh(N, k).

2′. Generate 2N - 2 triples (Ui′, Vi′, Wi′) as in step 1 fori )
1 to 2N exceptk andN + k (1 e k e N).

3′. Let (Xk′, Yk′, Zk′) ) (0, 0, 0) and (XN+k′, YN+k′, ZN+k′) )
(1, 0, 0).

Then (Xi′, Yi′, Zi′) is the coordinate of theith unit in the first
chain.

Then (Xi′, Yi′, Zi′) is the coordinate of the ith unit in the second
chain.

The center of mass of the entire random chain, (〈X′〉, 〈Y′〉,
〈Z′〉), is given by

The same procedure for calculatingf(N) is used to calculate
h(N, k).

Results and Discussion

Figure 1a plots lnf(N) against lnN. Clearly, a linear pattern
can be seen. All the points fall on a straight line almost perfectly
for N g 20. If one uses the least squares method to fit the points
by a linear function, the coefficient of determination,r2, is
100.0% and the sum of residuals is less than 0.01, which indicate
an excellent fit.20 The fitted line satisfies the following equation:

which is equivalent to

This relationship means that the determinant of the inertial tensor

〈λ1‚λ2‚λ3〉 ) m3l6〈det(A)〉 (3)

Xi′ ) ∑
j)1

i

Uj′ Yi′ ) ∑
j)1

i

Vj′ Zi′ ) ∑
j)1

i

Wj′ (S-1)

〈X′〉 )
1

N
∑
i)1

N

Xi′ 〈Y′〉 )
1

N
∑
i)1

N

Yi′ 〈Z′〉 )
1

N
∑
i)1

N

Zi′

(S-2)

Xi ) Xi′ - 〈X′〉 Yi ) Yi′ - 〈Y′〉 Zi ) Zi′ - 〈Z′〉
(S-3)

f(N) )
1

105
∑
p)1

105

det(A)p (S-4)

g(N) ) [ 1

105 - 1
∑
p)1

105

(det(A)p - f(N))2]1/2

(S-5)

For i ) k - 1, k - 2, ..., 2, 1, let

Xi′ ) Xk′ - ∑
j)i

k-1

Uj′ Yi′ ) Yk′ - ∑
j)i

k-1

Vj′

Zi′ ) Zk′ - ∑
j)i

k-1

Wj′ (S-6)

For i ) k + 1, k + 2, ...,N, let

Xi′ ) Xk′ + ∑
j)k+1

i

Uj′ Yi′ ) Yk′ + ∑
j)k+1

i

Vj′

Zi′ ) Zk′ + ∑
j)k+1

i

Wj′ (S-7)

For i ) N + k - 1, N + k - 2, ...,N + 2, N + 1, let

Xi′ ) XN+k′ - ∑
j)i

N+k-1

Uj′ Yi′ ) YN+k′ - ∑
j)i

N+k-1

Vj′

Zi′ ) ZN+k′ - ∑
j)i

N+k-1

Wj′ (S-8)

For i ) N + k + 1, N + k + 2, ..., 2N, let

Xi′ ) XN+k′ + ∑
j)N+k+1

i

Uj′ Yi′ ) YN+k′ + ∑
j)N+k+1

i

Vj′

Zi′ ) ZN+k′ + ∑
j)N+k+1

i

Wj′ (S-9)

〈X′〉 )
1

2N
∑
i)1

2N

Xi′ 〈Y′〉 )
1

2N
∑
i)1

2N

Yi′ 〈Z′〉 )
1

2N
∑
i)1

2N

Zi′

(S-10)

ln f(N) ) -6.8+ 6.0 lnN (4)

f(N) ) 1.11× 10-3N6.0 (5)

Inertia and Entropy of Random Polymers J. Phys. Chem. B, Vol. 103, No. 36, 19997677



of a freely jointed chain satisfies the scaling law,21,22 with the
critical exponentν ) 6.0. In addition to scale invariance, another
feature of systems satisfying the scaling law is large fluctuation.
It can be seen from Figure 1b that the ratio of the relative
fluctuation, i.e., the coefficient of variation,g(N)/f(N), increases
at first asN increases and then stabilizes to a constant value of
about 1.6 at largeN (N g 80). Thus, the fluctuation is of the
same order as the average asN goes to infinity. The probability
density function of the random variable ln[det(A)] is well
approximated by a Gaussian function at largeN, as indicated
by the Wilk-Shapiro test23 (Figure 2). For example, atN )
40, a Wilk-Shapiro test was conducted against a Gaussian
distribution with mean 14.72 and standard deviation 1.21. The
resultantp value is 0.13. Consequently, det(A) itself follows a
log-normal distribution, one of the most commonly encountered
distributions for scale invariant processes.24 More specifically,
the probability density function of det(A) is

The second equality is obtained by using eq 3 and the result
thatg(N)/f(N) is about 1.6. This is approximately valid atN g
80.

Figure 3 plots lnh(35, k) as a function ofk. As can be seen,
as the link position moves from the terminal to the center of
the chain, the average of the determinant of the inertial tensor
decreases, indicating that the cross-linked chain becomes more
compact and less random. This leads to greater reduction in
rotational entropy of the unfolded state (see below). Conse-
quently, stabilization of the folded conformation by a cross-
link will become greater as the link moves to the center of the
chain. Experimentally, it has been observed that as an interchain
disulfide bond moves from the termini to the center of a two-
strandedR-helical coiled-coil with each chain of 35 residues,
the coiled-coil becomes more stable provided there is no steric
strain.25 The previous explanation of this positional effect was
based on the local stereochemical environment of the disulfide
bond in the folded state. The results obtained here indicate that
part of the explanation lies in the reduction of the rotational
entropy of the unfolded state.

Since no excluded volume effect is considered, the freely
jointed chain should be more compact than the actual random
polymer.17 Therefore, the average value calculated here for the
determinant of the inertial tensor should be lower than the actual
value. On the other hand, this quantity can be calculated for
the folded structure without involving any model. Since the
folded globular state is more compact than the unfolded state
and therefore possesses smaller moments of inertia, the values
for the folded structure with the sameN offers an objective
criterion for the lower limit of such calculations. In other words,
the freely jointed chain should not be more compact than the
actual folded structure. Here is one such test. Using them (113
Da) andN values for the insulin monomer (N ) 51) and dimer

(N ) 102), the calculated average values of the determinant of
the inertial tensor for the unfolded state are 7.00× 1016 and
4.57 × 1018 (g‚mol-1)3 Å6 for N ) 51 and N ) 102,
respectively. The values for the folded insulin monomer and
dimer are 4.73× 1016 and 2.15 × 1018 (g‚mol-1)3 Å6,
respectively.26 In both cases, the values calculated here using
the freely jointed chain model for the unfolded state are larger
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Figure 1. (a) Chain length (N) dependency of the average of the
determinant of the inertial tensor (f(N)) of a freely jointed chain. The
dots are simulation results. The solid line is the fitted line obtained by
linear regression. (b) Relationship between the chain length (N) and
the relative fluctuation of the determinant of the inertial tensor (g(N)/
f(N)).

Figure 2. Histogram of the determinant of the inertial tensor after
logarithmic transformation forN ) 40. The solid curve is the density
function of a Gaussian distribution with mean 14.72 and standard
deviation 1.21.
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than the values for actual folded structures with the sameN.
Satisfying this criterion means that as simplified as it is, the
model employed here nonetheless catches the essence of the
problem and the values it gives are in the right range.

The classical partition function for the overall rotation of a
polyatomic molecule in the ideal gas phase is given by16

with k being the Boltzmann constant,T the absolute temperature,
andh Planck’s constant. For a random polymer represented by
a freely jointed chain, the vibrational modes are unexcited and
qr is given by

The molar entropy of overall rotation is

R is the ideal gas constant. For proteins,m ≈ 115 Da andl ≈
3.63 Å.27 At 300 K, one obtains

for straight chains (Markov chains) and

for symmetrically cross-linked chains.
From eqs 10 and 11, the entropy reduction due to cross-

linking two chains each of lengthN at identical positionk is
given as

In the study of Tamura and Privalov,14 N ) 113,k ) 83. The

simulation gives lnh(113, 83) ) 24.92. The corresponding
rotational entropy reduction is 25.9R, or about 51 eu (1 eu) 1
cal‚K-1‚mol-1 ) 4.184 J‚K-1‚mol-1). The reduction in trans-
lational entropy at 1 M standard state calculated from ideal gas
statistics (the Sackur-Tetrode equation) is 45 eu (MW of each
single chain is 11 483). In the study of Yu et al.,15 N ) 36,k )
3, ln h(36, 3)) 18.73, and the rotational entropy reduction is
22.1R, or 44 eu. The translational entropy reduction is 42 eu
(MW of each single chain is 4070). In both cases, the reductions
in translational and rotational entropy are about equal and the
combined reduction in translational and rotational entropy
caused by the cross-link is about 90-100 eu. If the excluded
volume effect is considered, the calculated value of reduction
will be even larger. On the other hand, the experimentally
measured reduction in translational and rotational entropy in
both cases is about 5 eu. The calculation here on the rotational
entropy of random polymers upholds the conclusion drawn from
the experimental work that ideal gas statistics grossly overes-
timate overall translational and rotational entropy of macro-
molecules in aqueous solutions.
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Note Added in Proof

The quantity being investigated here is the average of the
determinant of the inertial tensor of random chains,〈det A〉. It
is different from the determinant of the average inertial tensor
of random chains, which is det〈A〉. 〈det A〉 ) det 〈A〉 if and
only if the two operators,〈 〉 and det, commute. For unbranched
freely jointed chains (Markov chains), the average conformation
is spherically symmetric and therefore〈A〉 can be easily
estimated because its off-diagonal terms are all zeros while its
diagonal terms all equal 2N〈s2〉0/3, where〈s2〉0 is the mean-square
radius of gyration. Since〈s2〉0 ) (N2 - 1)/6N for any N,17 det
〈A〉 ) (N2 - 1)3/36 and ln det〈A〉 ) -6 ln 3 + 3 ln(N2 - 1).
Therefore, ln det〈A〉 is a linear function of ln(N2 - 1). On the
other hand, the linear relationship between ln〈detA〉 and ln(N2

- 1) is only asymptotic (not valid for smallN) according to
simulation results. Furthermore, the constant term of ln〈detA〉
(-6.8) differs from that of ln det〈A〉 (-6 ln 3) by 0.2, which
cannot be accounted for by simulation error. This shows that
〈detA〉 * det 〈A〉, and therefore, the two operators,〈 〉 and det,
do not commute. This is hardly surprising considering that det
is nonlinear. In contrast, the trace operator, Tr, is linear and
commutes with〈 〉. Consequently,〈Tr A〉 ) Tr 〈A〉 ) (N2 -
1)/3.
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