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Abstract

A test for assessing the equivalence of two variances of a bivariate normal vector is con-
structed. It is uniformly more powerful than the two one-sided tests procedure and the power
improvement is substantial. Numerical studies show that it has a type I error close to the test
level at most boundary points of the null hypothesis space. One can apply this test to paired
di�erence experiments or 2 × 2 crossover designs to compare the variances of two populations
with two correlated samples. The application of this test on bioequivalence in variability is pre-
sented. We point out that bioequivalence in intra-variability implies bioequivalence in variability,
however, the latter has a larger power. c© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

Assume(
Xi
Yi

)
i:i:d∼ N2

[(
�X
�Y

)
;
(

�2X ��X �Y
��X �Y �2Y

)]
(1.1)

for i = 1; : : : ; n with unknown mean vector and unknown covariance matrix. Let
�= �2X =�

2
Y , consider testing the hypotheses:

H0: �6�1 or �¿�2 vs: HA: �1¡�¡�2; (1.2)

where �1 and �2 are �xed positive numbers. Although it is not necessary (see Corollary 2),
we assume �1�2 = 1 for simplicity. Therefore, the ideal case of equal variances always
belongs to the alternative hypothesis. If the null hypothesis is successfully rejected,
the equivalence of two variances of a bivariate normal vector is established. So far,
the study of this problem has somehow been ignored. Most researchers focused on the
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inference on , the ratio of intra-subject variances (see Section 4 for de�nition), rather
than �, the ratio of marginal variances. Bristol (1991) derived the likelihood ratio test
to test H0: =0, where 0 is a speci�ed number, in a 2×2 crossover design. Chinchilli
and Esinhart (1996) developed the likelihood ratio test under a more complicated design
setting. Wang (1997a) obtained an unbiased test for H0: 61 or ¿2. However, the
testing problem (1.2) has important applications, including to assess bioequivalence in
variability, which is one of two aspects of population bioequivalence, when comparing
a test drug with a reference drug. For example, Xi and Yi may be the responses of
a generic drug (test drug) and the brand name drug (reference drug) from the same
subject, respectively. So they are correlated. The goal of the bioequivalence study is
to establish a generic drug by showing a similarity, not a superiority, to the brand
name drug. To assess the similarity of two normal populations, one typically needs
to establish the similarities both in mean and variance. For this purpose, we should
consider (1.2) instead of H0: � = �0 vs. HA: � 6= �0 since, in hypothesis testing, the
decision of rejecting H0 is desirable and reliable. In fact, the latter is a much simpler
problem – even a UMP unbiased test exists, see Lehmann (1986). For the former,
however, nothing seems available to the author’s best knowledge. In this paper, we
focus on deriving tests for (1.2), which states the similarity of two population variances.
The US FDA (1997) issued a draft guidance on bioequivalence problems and suggested
to consider a hypothesis, involving (�X − �Y )2=�2Y and �, which is called population
bioequivalence. Roughly speaking, they wanted to compare the means and variances
simultaneously. So far, there is no solution for this problem other than bootstrap results.
However, we believe that the results in this paper would be useful to resolve the
problem.
Let F be the ratio of two sample variances for the samples {X1; : : : ; Xn} and {Y1; : : : ; Yn}

and R be the sample correlation coe�cient. If the population correlation coe�cient,
�, is equal to zero, i.e., we have two independent normal samples, then F=� has an
F-distribution with n−1 and n−1 degrees of freedom. Wang (1997a) gave a uniformly
most powerful (UMP) invariant test for (1.2) based on the statistic F with rejection
region

1=d0¡F¡d0;

where d0 is a constant larger than one. However, in many applications, such as those
using the paired di�erence experiment or the 2 × 2 crossover design, two responses
from the same subject are typically dependent. No test has been derived when � 6= 0.
The distribution of F involves not only � but �. Therefore, the sample correlation
coe�cient R should also be included in the test statistic. It is well known that the
statistics F and R are maximal invariant under changes in the origin and scale of
measurement. The test statistic should be a function of them. Intuitively, a rejection
region should have the following form:

1=H (R)¡F¡H (R); (1.3)
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where H is some even function not less than one. This is because �1�2 = 1 and the
inferences based on ±R must be the same since the distribution of F does not change
if the sign of � changes.
We will study the properties of the probability of region (1.3) in Section 2.

A test for (1.2) will be constructed in Section 3 which combines the two one-sided
tests procedure and the UMP invariant test for the case of two independent random
samples. We shall apply this test to the bioequivalence in variability problem in Sec-
tion 4 which is, indeed, the major motivation of this paper. Also, we point out that
any level-� test for bioequivalence in intra-subject variability is also a level-� test for
bioequivalence in variability. A short summary is given in Section 5.

2. Theoretical results

The goal of this section is to show that the probability of a region of form (1.3),
as a function of �, is decreasing when � moves away from one. Let Z = ln(F), and
�=ln(�). We shall work with Z , R, � and � rather than F , R, � and �, since Z belongs
to a location family with parameter � for a �xed �. We need to derive the conditional
distribution of Z given R.
Let

SXX =
n∑
i=1
(Xi − �X )2; SXY =

n∑
i=1
(Xi − �X )(Yi − �Y ); SYY =

n∑
i=1
(Yi − �Y )2:

Then F = SXX =SYY , R= SXY =(SXX SYY )1=2. The joint probability distribution of (SXX ; SXY ;
SYY ) is a Wishart distribution, which from Lehmann (1986, p. 269) has p.d.f.

(sXX sYY − s2XY )(n−4)=21{s2XY6sXX sYY}
4��(n− 2)[�X �Y (1− �2)1=2]n−1

exp
[
− 1
2(1− �2)

(
sXX
�2X

− 2�sXY
�X �Y

+
sYY
�2Y

)]
:

(2.1)

Lemma 1. Under model (1:1); the joint probability density function for (Z; R) is

2n−3(n− 2)(1− r2)(n−4)=2(1− �2)(n−1)=2 e(n−1)(z−�)=2

�(ez−� − 2�re(z−�)=2 + 1)n−1 : (2.2)

Proofs of the results in this paper are all given in the appendix.
The conditional probability density function of Z given R, from Lemma 1, is then

f(z|r; �; �) = C(r; �) e(n−1)(z−�)=2

(ez−� − 2�re(z−�)=2 + 1)n−1 ; (2.3)

where C(r; �) is functionally independent of �.

Lemma 2. For �xed � and r; f(z|�) def= f(z|r; �; �) belongs to a location family with
parameter �; and f(:|�) is symmetric and unimodal with the mode at z = �.
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Theorem 1. Let A = {(z; r): |z|¡G(r)} for any nonnegative function G. Then the
probability of the set A; P(A; �; �) def= P(A); as a function of �; is symmetric and
unimodal with mode 0.

Corollary 1. Consider the testing problem (1:2). Let �= ln(�2). Then the set A in
Theorem 1 de�nes a rejection region for a size-� test; provided that

sup
−16�61

P(A; �; �) = �;

A de�nes an unbiased level-� test; provided that

P(A; �; �) = � for all − 16�61:

If we write the set A in terms of F and R, (1.3) is obtained with H = exp(G),
which is no less than one. In the next section, we are going to determine a function H .
By Corollary 1, the region of form (1.3) should be a reasonable choice.

Corollary 2. Consider the testing problem (1:2) without the constraint �1�2 = 1. The
set B= {(z; r): |z − a|¡G(r)}; where a= [ln(�1�2)]=2; de�nes a rejection region for
a size-� test; provided that

sup
−16�61

P(B; �; �) = �;

B de�nes an unbiased level-� test; provided that

P(B; �; �) = � for all − 16�61:

We close this section with a necessary and su�cient condition for the similar tests
of (1.2). For the de�nition of similar tests, see Lehmann (1986, p. 135).

Proposition 1. When �=�i for i=1; 2 (SXX =�i+SYY ; SXY ) is the su�cient and complete
statistic under model (2:1). The test ’(SXX ; SXY ; SYY ) is a level-� similar test for (1:2)
if and only if

E(’(SXX ; SXY ; SYY ) | SXX =�i + SYY ; SXY ) = � (2.4)

for i = 1; 2:

If the test ’ also has a rejection region of form (1.3), then it is unbiased and (2.4)
reduces to

E(’(SXX ; SXY ; SYY ) | SXX =�2 + SYY ; SXY ) = � (2.5)

due to Theorem 1. Some researchers used similar methods to construct unbiased tests,
see Hodges and Lehmann (1954), Brown et al. (1997) and Wang (1997b). It seems
possible to construct an unbiased test following Proposition 1, even though we en-
counter a very di�erent two-dimensional geometric construction here.
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3. A test for the equivalence of two variances

In this section, we are going to combine two testing procedures: the two one-sided
tests procedure and the UMP invariant test, to obtain a test for (1.2) with form (1.3).
The numerical studies show this test has a type I error fairly close to the test level �
at most points of the boundary of H0 in (1.2).
Lehmann (1986, p. 268) described a UMP unbiased test for

H0: �¿�2 vs: HA: �¡�2: (3.1)

By a straightforward calculation, this UMP level-� test has the rejection region:
F¡H0(R), where

H0(R) = �2
{−tn−2(�)(1− R2)1=2 + [n− 2 + (1− R2)t2n−2(�)]1=2}2

n− 2 : (3.2)

Similarly, if we consider the testing problem (3.1) with the inequalities reversed, then
F¿�22=H0(R) also de�nes a UMP unbiased test. By the intersection–union method (see
Casella and Berger, 1990, p. 356), if we let H1(R) = max{H0(R); 1}, then the region

1=H1(R)¡F¡H1(R) (3.3)

de�nes a size-� test for (1.2), because its type I error goes to � as |�| goes to 1 when
�= �2. It is called the two one-sided tests procedure. Moreover, one may easily show
that it is a likelihood ratio test and the power of this test approaches 1 when � = 1
and |�| goes to 1. Fig. 1 gives the rejection region (the area within two solid curved
triangles) of the above test when n=23; �2=1:252 and �=0:05. Note that the rejection
region in this case is empty when |R|60:8. This suggests that one should enlarge the
rejection region in that area, and the test can still have size �.
To do this, one may consider problem (1.2) under model (1.1) with the assumption

�= 0. Wang (1997a) gave a UMP invariant level-� test: reject H0 if

1=d0¡F¡d0; (3.4)

where d0 is a constant determined by P�=�2 (1=d0¡F¡d0) = �. This region is also
given in Fig. 1 and equals the area between two dashed lines. Since H1(R) is increasing
in |R|, it is clear that

d0¿H1(0):

Otherwise, the rejection region of test (3.3) would include that of the UMP invariant
test, and then have a size larger than �.
One of the referees raised an interesting question: is there a UMP invariant test when

� 6= 0? The answer is NO. In fact, one can show that (3.4) de�nes an �-admissible
test, see Lehmann (1986, p. 306) for a de�nition, in the class of invariant tests. Since
this test has a type I error less than � when � goes to 1, it is not a UMP invariant
test when � 6= 0. One can further conclude that the UMP invariant test does not exist.
Now we are ready to construct our test combining the two results (3.3) and (3.4).

A naive choice is to use the union of these two regions as the new rejection region.
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Fig. 1. The rejection regions of the two one-sided tests procedure (3.3) and the UMPI test (3.4) where
�2 = 1:252; n = 23; � = 0:05. The region within two solid curved triangles is the rejection region of test
(3.3) and the region between two dashed lines is the rejection region of the UMPI test (3.4).

Unfortunately, this region has a size lager than �. Therefore, we need to shrink the
region when |R| is away from 0 and 1. To do this, select a point A= (H1(R0); R0) on
the curve of H1(R) for some R0¿ 0, and de�ne

H2(R) =
{
H1(R) if |R|¿R0;
d0 + (H1(R0)− d0)R2=R20 otherwise:

(3.5)

Then the rejection region is given by

1=H2(R)¡F¡H2(R): (3.6)

So, for large |R|, we use H1 to de�ne the rejection region; when |R| is small, we use a
parabolic curve which connects the points (d0; 0) and A=(H1(R0); R0). See Fig. 2 for
the relationship among the three tests. The reason of choosing a parabolic curve rather
than a line is that the former provides a better approximation to test (3.4). It is clear that
test (3.6) is indexed by R0. If R0 = 0, it is just the two one-sided tests procedure. The
rejection region is getting larger and larger as R0 goes to one. Therefore, we start with
A= (H1(0); 0), move along the curve of H1(R) towards the point (�2; 1) = (H1(1); 1),
and stop when the supremum of type I error, sup06�61; �=�2 P(1=H2(R)¡F¡H2(R)),
exceeds the level �. Then (3.6) de�nes a size-� test, by Corollary 1, which is uniformly
more powerful than the two one-sided tests procedure (3.3). We call the point A the
breaking point.
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Fig. 2. The rejection regions of three tests: (3.6),(3.3) and (3.4) with A∗ = (1:0427; 0:8402), where
�2 = 1:252; n = 23; � = 0:05. The region between the solid curves is the rejection region of test (3.6).

Theorem 2. For any �6 1
2 ; there exists a unique point A

∗ on the curve H1 for which
(3:6) with the breaking point A∗ de�nes a size-� test; and (3:6) de�nes a test of size
larger than � if its breaking point A has a larger R-coordinate than A∗. Therefore;
test (3:6) with the breaking point A∗ is the uniformly most powerful test among the
tests of form (3:6).

The search for the point A∗ can be easily done by numerical calculation, at least
approximately. For example, A∗=(1:0427; 0:8402) for n=23; �2 = 1:252 = 1:5625 and
� = 0:05, and here d0 = 1:0476. Fig. 2 gives the rejection regions of this test and the
two one-sided tests procedure in which case the former is much larger.
There is no universal choice for the value of �2. Corresponding to the 80=125 rule

for average bioavailability (FDA 1992), one may choose �2 = 1:252 so that �X =�Y is
between 0.8 and 1.25 if the null hypothesis is rejected. To achieve 80% or 90% power
with a sample size less than 80, one has to use �2 = 2, which says that �X is larger
than 70% of �Y and vice versa.
Now, we present the power and type I error comparisons between two tests.

Table 1 tabulates the power at the ideal case of equal variances, i.e. �= 1, and type I
error at �2, the boundary of H0 in (1.2) for two tests. It shows that the two one-sided
tests procedure has almost no power at all to detect equivalence in variability when �
is less than 0.6, and that our test is uniformly more powerful, but that our test also has
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Table 1
The power and type I error comparisons between tests (3.3) and (3.6) at �= 1 and �= 1:252, respectively,
when n = 23; � = 0:05; �2 = 1:252; and � varies

� Type I error comparison of The power comparison of

Test (3.3) Test (3.6) Test (3.3) Test (3.6)

0.000 0.00000 0.04950 0.00000 0.08532
0.100 0.00000 0.04977 0.00000 0.08646
0.200 0.00000 0.04947 0.00000 0.08727
0.300 0.00001 0.04836 0.00003 0.08769
0.400 0.00007 0.04893 0.00011 0.09129
0.500 0.00024 0.04593 0.00049 0.09578
0.600 0.00118 0.04376 0.00318 0.10321
0.700 0.00539 0.04089 0.01892 0.11773
0.800 0.02035 0.03996 0.10460 0.17557
0.900 0.04531 0.04670 0.47635 0.48596
0.950 0.04983 0.04986 0.84567 0.84590
0.999 0.04999 0.04999 1.00000 1.00000

Fig. 3. The rejection regions of (3.6) and(3.3) with A∗=(1:092; 0:5750), where �2 =2; n=23; �=0:05. The
region between the solid curves is the rejection region of test (3.6), while the region between the dashed
curves is for test (3.3).
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Fig. 4. The power comparison between tests (3.3) and (3.6), where �2 = 2; n= 23 and �= 0:05. The upper
surface is the power of test (3.6), and the lower surface is the power of test (3.3). When � is greater than
0.8, two surfaces merge numerically.

a low power unless � is extremely high. Type I error of our test is fairly close to the
level 0.05. This suggests that it is not easy to improve our test upon power uniformly.
Type I error 0.03996 at �=0:8 is because of the sharp corner of the rejection region at
point A∗. As pointed out in Wang (1997a), the low-power phenomenon, when estab-
lishing equivalence in variability, is mainly due to the size of the alternative hypothesis.
If we stay with �2=1:252, we need a sample size in the hundreds in order to achieve a
reasonable power, such as 0.8, even for the UMP invariant test under the assumption of
two independent samples. Note in our case that the maximal power is always equal to
1. However, this power can be achieved only when �=1, which is not realistic. There-
fore, we strongly recommend choosing a reasonably larger alternative hypothesis space.
Figs. 3 and 4 provide the comparisons in rejection region and power when using �2=2.
Here, A∗=(1:092; 0:5750) and d0 = 1:1023. One can see that both the rejection region
and the power increase dramatically. For instance, if �=0:5 and �=1, the power of our
test is 22.9%, 8% more than that of the two one-sided tests procedure. The substantial
power increments occur only when the power is low. The dashed lines in Fig. 4 show
these increments. This is a common phenomenon when improving the two one-sided
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Table 2
The minimal sample sizes for test (3.6) to achieve the powers of 80%=90% at �=1 when �=0:05; �2=1:252

and 2, respectively, and � varies

�

0.9 0.8 0.7 0.6 0.5

�2 = 1:252 37=47 66=83 91=115 114=142 132=168
�2 = 2 18=22 30=37 40=50 49=62 56=71

tests procedure. In fact, it also happens in the cases of average bioavailability (Brown
et al., 1997) and bioequivalence in intra-subject variability (Wang, 1997a). When the
power is more than 80%, the power increment is almost unnoticeable. Therefore, the
minimal sample sizes for tests (3.3) and (3.6) to achieve 80% or 90% power are al-
most identical, and the latter are reported in Table 2 for di�erent values of � and the
�xed value of �= 1. For instance, one needs 56 or 71 subjects to reach 80% or 90%
power at � = 0:5 and � = 1 if choosing �2 = 2. Also, one can determine the minimal
sample size for test (3.6) to achieve a large power (¿0:8) by simulating the power of
test (3.3) which can be done easily.

4. Application in bioequivalence in variability

In this section, we apply the results in the previous section to assess bioequivalence
in variability. Consider a standard 2 × 2 crossover design, including the period e�ect
and the carry-over e�ects, to compare a test drug formulation with a reference drug
formulation (see Chow and Liu, 1992):

Sequence 1: YiR1 = � + Si1 + FR + P1 + jiR1;
YiT1 = � + Si1 + FT + P2 + C1 + jiT1:

Sequence 2: YiT2 = � + Si2 + FT + P1 + jiT2;
YiR2 = � + Si2 + FR + P2 + C2 + jiR2;

(4.1)

where Yijk is the response of the ith subject in the kth sequence for the jth formulation,
in which j=R; T; k=1; 2; and i=1; 2; : : : ; nk , � is the overall mean, Fj is the �xed e�ect
for the jth formulation with FR+FT=0, P1 and P2 are the �xed period e�ects with P1+
P2=0, C1 and C2 are the �rst-order carry-over e�ects with C1+C2=0, Sik is the random
subject e�ect, jijk is the intra-subject random error in observing Yijk . It is also assumed
that Sik and jijk are mutually independent, and that Sik

i:i:d∼ N(0; �2S); jiTk
i:i:d∼ N(0; �2T ) and

jiRk
i:i:d∼ N(0; �2R). Here we have two bivariate normal populations: the responses from

sequences 1 and 2. They have di�erent mean vectors but the same covariance matrix:(
�2S + �

2
T �2S

�2S �2S + �
2
R

)
: (4.2)

Let � = (�2S + �
2
T )=(�

2
S + �

2
R). Bioequivalence in variability is established if the null

hypothesis of (1.2) is rejected. Adjusted by the sample means for each sample, we
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have the test statistics:

F =
∑2

k=1

∑nk
i=1(YiTk − �Y :Tk)2∑2

k=1

∑nk
i=1(YiRk − �Y :Rk)2

and

R=
∑2

k=1

∑nk
i=1(YiTk − �Y :Tk)(YiRk − �Y :Rk)

{[∑2
k=1

∑nk
i=1(YiTk − �Y :Tk)2][

∑2
k=1

∑nk
i=1(YiRk − �Y :Rk)2]}1=2

which have the same joint distribution as (F; R) in Section 2 with n = n1 + n2 − 1.
Therefore, the results in Section 3 can be applied. Table 1 and Fig. 4 indeed provide
the power comparison of two tests for using �2 =1:252 and �2 =2, respectively, where
there are 24 subjects in the bioequivalence study (note n= 24− 1 = 23). Note

�=
�2S

[(�2S + �
2
T )(�

2
S + �

2
R)]

1=2 ;

�=0:5 if �2S = �
2
T = �

2
R, which is a real case for bioequivalence. The power increment

of our test is about 0.08 upon the two one-sided tests procedure if using �2 = 2. If
�= 0, the power increment is 0.17.
There is another kind of equivalence in variability, the so-called bioequivalence in

intra-subject variability. De�ne = �2T =�
2
R and consider

H0: 61 or ¿2 vs: HA: 1¡¡2: (4.3)

If the null hypothesis is rejected, bioequivalence in intra-subject variability is declared.

Theorem 3. Under model (4:1); any level-� test for (4:3) is also a level-� test for (1:2)
if �1 = 1 and �2 = 2.

Liu and Chow (1992) gave the two one-sided tests procedure for (4.3) and Wang
(1997a) provided an unbiased test which is uniformly more powerful than Liu and
Chow’s test. One certainly can use these two tests to detect bioequivalence in variability
in (1.2) by Theorem 3. However, bioequivalence in variability is much more easily
established by using test (3.6). We can clearly see this from the numerical studies
in this paper and Wang (1997a). For example, a power of 0.8 can be achieved with
hundreds fewer subjects. If one needs to establish bioequivalences in variability and
intra-subject variability simultaneously, then Wang’s unbiased test (1997a) should be
used. In fact, test (3.6), if testing for (4.3), is not valid and has a maximal type I
error of 100% which occurs, for example, when �2T = �2�

2
R and �

2
S=�

2
T goes to in�nity.

These imply that � and � go to one and so does type I error.

5. Summary

One test (3.6) for assessing the equivalence of two variances of a bivariate normal
vector is constructed. It combines the UMP invariant test (3.4) for the case of indepen-
dent samples and the two one-sided tests procedure (3.3). The power increment over
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the two one-sided tests procedure is substantial. That bioequivalence in intra-subject
variability implies bioequivalence in variability is established. Wang’s (1997a) unbiased
test is used only for establishing bioequivalences in intra-subject variability and in vari-
ability simultaneously. For assessing bioequivalence in variability, one should always
use test (3.6) due to its power. Further improvement of this test may exist; however,
it may be of theoretical interest only since there will be no noticeable improvement
in power. One possibility is to smooth the sharp corner A∗ of the rejection region,
and the other is to follow Proposition 1 to construct an unbiased test. As also pointed
out by a referee, one may extend the results here to assess equivalences in mean and
variance simultaneously, which is suggested by the FDA draft guidance (1997).
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Appendix A

Proof of Lemma 1. Let

Y = (SXX =SYY )=(�2X =�
2
Y );

R= SXY =(SXX SYY )1=2;

U = SYY =�2Y ;

the joint probability density function of (Y; R; U ) is

un−2y(n−3)=2(1− r2)(n−4)=21{|r|61}
4��(n− 2)(1− �2)(n−1)=2 exp

[
− u
2(1− �2) (y − 2�ry1=2 + 1)

]
:

Integrating the above with respect to U , and using the fact that∫ ∞

0
un−2e−u=(2a) du= (2a)n−1�(n− 1);

where a = (1 − �2)=(y − 2�ry1=2 + 1), one can obtain the joint probability density
function of (Y; R):

2n−3(n− 2)(1− r2)(n−4)=2(1− �2)(n−1)=2 y(n−3)=2

�(y − 2�ry1=2 + 1)n−1 :
Since Z = ln(Y ) + �, (2.2) is established and the proof of the lemma is complete.

Proof of Lemma 2. It is trivial that f(z|�) belongs to a location family. It suf-
�ces to show that f(z|�) is symmetric and unimodal when � = 0. Since f(z|0) =
f(−z|0); f(z|0) is symmetric about 0. Also,

f′(z|0) = (n− 1)C(r; �)e
(n−1)z=2(1− ez)

2(ez − 2�rez=2 + 1)n :
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Note that |�r|61; f′(z|0) is positive when z¡ 0, negative when z¿ 0, and equal to
zero when z = 0, which implies that f(z|0) is unimodal with mode 0. The proof of
the lemma is complete.

Proof of Theorem 1. Since f(z|�) belongs to a location family, f(z|�) = f(z − �|0).
Note that

P(A) =
∫
fR(r)P(A|r) dr

=
∫
fR(r)

[∫
|z|¡G(r)

f(z − �|0) dz
]
dr;

where fR(r) is the probability density function of R. By Lemma 2, f(:|0) is symmetric
and unimodal with mode 0; so is

∫
|z|¡G(r) f(z− �|0) dz, as a function of �. Therefore,

the claim is established since fR(r) is functionally independent of �.

Proof of Corollary 1. In terms of � and �, (1.2) becomes

H0: |�|¿� vs: H0: |�|¡�:

By Theorem 1,

P(A; �; �)6P(A; �; �)

if |�|¿�. Therefore,
sup
H0
P(A; �; �)6 sup

−16�61
P(A; �; �) = �

and the test A has size �. If P(A; �; �) = � for any �, then, by Theorem 1,

P(A; �; �)¿P(A; �; �) = �

for any |�|¡� which implies the unbiasedness of the test A.

Proof of Corollary 2. Similar to the proof of Theorem 1, P(B; �; �), as a function of
�, is symmetric and unimodal with mode � = a. The claims follow from Corollary 1
if we de�ne znew = z − a.

Proof of Proposition 1. The joint probability density function in (2.1) belongs to the
exponential family, and (SXX =�i + SYY ; SXY ) is the su�cient and complete statistic if
� = �i. If the test ’ is similar, E�i’ = �. By the completeness and su�ciency, (2.4)
holds. If (2.4) holds, it is trivial that ’ de�nes a similar test.

Proof of Theorem 2. Let f(R0; �) be type I error of test (3.6) with the breaking point
A at �=�2, and g(R0)=sup−16�61 f(R0; �). We want to show that C={R0: g(R0)6�}
is a closed interval with an ending point R∗. Then A∗ = (H1(R∗); R∗). Since

C = {R0: f(R0; �)6�;∀�}=
⋂

−16�61
{R0: f(R0; �)6�}
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and for a �xed �; f(R0; �) is a nondecreasing continuous function for R0 ∈ [0; 1] (be-
cause the rejection region of test (3.6) is continuously increasing as R0 goes to 1), each
{R0: f(R0; �)6�} is a closed set, so C is closed. Since f(R0; �) is a nondecreasing
function of R0, so is g(R0). Therefore, C is a closed interval. The set C is not empty
because it always contains zero.

Proof of Theorem 3. Write �= (a+ )=(a+1) where a= �2S=�
2
R ¿ 0. It is easy to see

�¡ if ¿ 1 and �¿ if ¡ 1. Since �1¡1 and �2¿1; H0 in (1.2) is a subset of
that in (4.3) and the proof of the theorem is complete.
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