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Behavior of indicator variograms and transition probabilities
in relation to the variance in lengths of hydrofacies

Robert W. Ritzi Jr.

Department of Geological Sciences, Wright State University, Dayton, Ohio

Abstract. When using indicator geostatistics to represent the distribution of hydrofacies
or lithofacies, the range and curvature of the autotransition probabilities or the
autovariogram are related to the variation in facies lengths. As the coefficients of variation
for the length of each facies increase toward unity, the effective range increases while the
indicator-correlation structure evolves from a periodic linear structure to a somewhat
periodic spherical structure to an aperiodic exponential structure. Multimodal distributions
of facies lengths can give rise to autotransition probabilities or autovariograms that appear

to have nested structures. With the understanding of these relationships it is possible to
choose a model form and model parameters for the autotransition probability or
autovariogram based upon the facies proportions and the modality, mean, and variance in
length of the facies. This is illustrated with data from a case study.

1. Introduction

Indicator geostatistics, introduced by Journel [1983], is useful
in characterizing, inferring, or simulating the spatial distribu-
tion of hydrofacies (lithofacies having similar hydraulic prop-
erties) as demonstrated by Johnson and Dreiss [1989] and in
numerous subsequent studies (exemplified among papers in
the work edited by Fraser and Davis [1998]). Important exten-
sions of the indicator formalism were introduced by Carle and
Fogg [1996], and here some related developments are given.

The indicator approach is useful for two primary reasons.
First, as discussed by Journel [1983), problems arise when ap-
plying geostatistics to attributes that vary over orders of mag-
nitude. Permeability varies over some 20 orders of magnitude
in nature and at least several orders of magnitude at the sites
of environmental problems. Yet, in granular aquifers the spa-
tial distribution of permeability is related to the distribution of
lithofacies. The bounding surface between two lithofacies
likely marks the boundary between one probability density
function (pdf) for permeability and another. The moments of
these pdf’s might be vastly different, as with laminated fines
(silts and clays) juxtaposed with a trough cross-bedded sand
[e.g., Bierkens, 1996], or they might have slight but statistically
significant differences as with a planar cross-bedded gravelly
sand juxtaposed with a trough cross-bedded sand [e.g., Davis et
al., 1997; Titzel, 1997; Allen-King et al., 1998)]. The indicator
approach allows for the representation of facies occurrences as
discrete entities, while the in-facies distribution of permeabil-
ity, with its lower variance, can be represented with geostatis-
tical methods for continuous variables [e.g., Rubin, 1995;
Bierkens, 1996; Deutsch and Journel, 1998, p. 122].

A second reason the indicator approach is useful is that
lithologic data are more abundant than permeability data, and
although permeability data may be lacking, lithologic data can
be used with the indicator approach to represent at least the
coarser aspects of heterogeneity. Desbarats [1990] gave an ex-
ample in which transport statistics were relatively insensitive to
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the in-facies distribution of permeability in strongly bimodal
media. In such cases the indicator approach, in fact, captures
the most important feature of heterogeneity.

The practical application of the approach in aquifer charac-
terization involves four steps:

1. Develop an indicator database. Here the lithofacies are
conceptually grouped into hydrofacies according to measured
or inferred permeability distributions, as illustrated in Figure 1
for the case of creating two groups. The number of hydrofacies
created in practice would be dictated by the objectives of a
particular study (e.g., what level of discrimination among pdf’s
is of practical importance), by the extent to which knowledge
of local permeability and lithofacies allows them to be linked,
and by the level of detail in log descriptions. An indicator
variable is defined to represent the mutually exclusive spatial
occurrence of hydrofacies:

Li(x)=1 (1la)
if hydrofacies k exists at location x;
IL(xy=0 otherwise (1b)

where k is used as a generic hydrofacies designation [e.g.,
Goovaerts, 1994]. Note that Journel [1983] defined the indicator
variable by a cutoff value. The form in equation (1) is preferred
here so that hydrofacies correspond to identifiable lithofacies,
which may have overlapping pdf’s for permeability.

2. Analyze the univariate indicator statistics.

3. Analyze the bivariate statistics of [I;(x), I,(x + hy)],
where h, is a lag or separation vector collinear with the unit
direction vector w.

4. Use the results of steps 2 and 3 in estimation (e.g., point
kriging to determine local probabilities) or simulation (e.g.,
generating equiprobable realizations of the domain). Note that,
there are, in fact, many important issues that arise in steps 1-3,
including dividing the data into populations in which the char-
acteristic statistics are relatively stationary, as illustrated by
Johnson [1995] and Ritzi et al. {1995, this issue].

It is step 3, when second-order moments are analyzed, that
is the focus of this paper. To facilitate the discussion, consider
the binary case, shown in Figure 1, where a low-permeability
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Figure 1. Division of lithofacies into a binary hydrofacies grouping. Adapted from Johnson and Dreiss
[1989]. Sampling of the hydrofacies is depicted in an infinite domain with a stationary facies pattern along an
arbitrary line of infinite length, collinear with the unit vector u.

hydrofacies, facies 1, is juxtaposed with a high-permeability
hydrofacies, facies 2. Let p; be the proportion of facies 1, and
thusp, = 1 — p,. The extension to more than two facies types
will be discussed in section 2. Iri the binary case we focus on the
autotransition probability:

Pr{l,(x) = 1. I(x + hy) = 1}
Pr{l,(x) = 1 @

tulhy) =
or indicator autovariogran::

Yielhy) = pil 1 — t4(hy)]. (3

Because vy,,(h,) = v,,(h,), the subscripts on the binary au-
tovariogram are hereinafter dropped. In practice, estimation
or simulation requires choosing a permissible model for either
tie(hy) or y(h,) (see Christakos [1984]; permissible models
ensure nonnegative definite (co)kriging matrices). A number
of conventional permissible models are given in Table 1. The

purpose of this paper is to expand our understanding of the
relationship between these models and facies geometry. Let
Iy w be the length of an individual occurrence of facies k in
direction u. Let & = |h,|. Carle and Fogg [1996] showed that
the mean length /, , is related to the slope of the tangent to
trr(hy) and y(h,) at zero lag by

Tpw = —[0tg/0h]4-0] "t = puldy/0h]4-0] " 4)

These derivatives are tabulated for a number of the conven-
tional permissible models in Table 1. The relationship between
structural range a, ,, and mean length can be generalized as

ak,u = (;b(l _pk)7k,u, (5)

where ¢ = 1, 1.5, or 3 for linear, spherical, or exponential
miodels, respectively. The structural range will not equal the
mean facies length unless ¢ = (1 — p,)~*. Heuristic analysis

Table 1. Relationships Between Conventional Permissible Models for y(4) or ¢, (k) and 8/dh!, _, or I,

Type Functional CYEL ] I
Linear v(h) = pi(l ~ pr)hlay; h <a pi(l — p)lag a /(1 = pe)
y(h) = pe(1 = pg); h=a
ta(h) = 1 = (1 = pohiay h <a —(1 ~ pla, a/(1 = pi)
te(h) = pi; h=za,
Spherical y(h) = p(1 — p[1.5(h/ay) — 0.5(hfay)’]; h <ay, 1.5p (1 — pu)iay ar/1.5(1 — pg)
v(h) = piu(l ~ po); = ay
tulh) =1 = (1 = p)l1.5(hla) — 0.5(h/ar)’l;  h <ay —1.5(1 = pi)/a, a,/1:5(1 = pe)
t(h) = pis = ag
Exponential y(h) =p (1 — p)[1 — exp (—3h/a;)] 3p(1 — pr)lag ap/3(1 — py)
ta(h) = 1 = (1 = p)[1 — exp (=3h/a,)] —3(1 = plax a,/3(1 = pi)
Gaussian v(h) = p(1 — p){1 — exp [—(3h/ay)?]} 0 undefined
tae(h) =1 — (1 = p){1 — exp [—=(3h/ay)?]} 0 undefined
Nugget v(h) = p(1 — pg) 0 undefined
tulh) = pu 0 undefined
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in section 2 shows that ¢ and g, ,, are related to the variability
of I, ..

2. Analysis

The facies assemblage in Figure 1 is sampled in one dimen-
sion along a line collinear with u. If the assemblage is modeled
as a realization of a stationary and ergodic random space
function, the same transition statistics will occur along all lines
through the domain in the direction of u. Here ¢,,.(h,) is
examined first because it is more directly interpretable than
y(h,) [Carle and Fogg, 1996]. When the [, , are uniform,
t,.(hy) is perfectly periodic, as shown in Figure 2a (curve a)
for p, = 0.5 and Figure 3a (curve a) for p; = 0.125. (The
proportions in these two examples correspond to those found
in the Miami Valley and White River aquifer systems de-
scribed in the case study below and by Ritzi et al. [this issue].)

Now let /, ,, vary with mean [, , and standard deviation o ,,
and let [, , vary with mean /, , and standard deviation o, ,,. The
heuristic analysis is performed by taking a sequence of facies
and perturbing the lengths. Long sequences of facies (10* oc-
currences of each facies) are created by drawing lengths at

a 1.0
0.9
0.8 -

0.7 +
Linear —1
0.6

t,, 05F
0.4
03
0.2
0.1 __
0.0 t . 1

b 050
0.45 |-

040
Spherical s
0.35 - i
!/
II

030 -
Y oesk N .
0.20 | .

. 0.1
Linear ——| !
0.10 Exponential

0.05 ! ‘

0.00 | i .

I, 21, 31,
lag

T

Figure 2. Caseswithp, = 0.5. Analysis of changes in (a) the
autotransition probability and (b) the autovariogram as the
coefficient of variation ¢, is increased. Curves a—e correspond
to ¢, equal to 0.00, 0.20, 0.75, 0.93, and 1.32 respectively. Curve
f is from a bimodal distribution of facies lengths with ¢, =
1.32.
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Figure 3. Cases with p; = 0.125. Analysis of changes in (a)
the autotransition probability and (b) the autovariogram as ¢,
is increased. Curves a—e correspond to ¢, equal to 0.00, 0.21,
0.70, 0.85, and 1.42, respectively.

random. As a computational convenience, lengths in the se-
quence were drawn from a normal distribution while discard-
ing samples less than or equal to zero. This creates length
distributions that change from normal to apparently lognormal
as oy , increases. While the distribution of facies lengths in
real aquifers might differ from normal or lognormal distribu-
tions, as in the real data examined below, the distribution of
facies created this way will serve the purposes of this heuristic
analysis. The values of o, , and o, , were increased together in
these experiments because they do so in the case study below.

Figure 2a shows 7, (h,) for the case whenp, = p, = 0.5
(note that £,,(h,) = t;;(h,) in this case). The g, , is in-
creased among these curves while 7, ,, is kept constant. Curve
b shows the case where the coefficients of variationc ,, U1,u/71,u
and o /1, ,,, are relatively small and equal to 0.20. The ,,(h,,)
is still quite periodic in curve b. The ¢, (h,) corresponding to
¢, 0f 0.75, 0.93, and 1.32 are shown in curves c—e, respectively.
Histograms of /, , and /, , for the last case are given in Figures
4a~4d and show the lack of normality. We see in Figure 2a that
as ¢, increases toward unity, 7, (h,) becomes less periodic and
begins to approach the sill asymptotically. The range at which
t1,(h,) reaches the sill progressively increases as c¢,, increases.
The slope at & = 0 remains constant in all cases because
the mean lengths are not changed. This shows that while 9z, ./
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Figure 4. Histograms of facies lengths and their natural log transform. Figures 4a—4d correspond to curve
e in Figures 2a and 2b. Figures 4e—4h correspond to curve f in Figures 2a and 2b.

dhl,_o is fixed by I, ,, the structural form and range are not
just related to the typical geometry of a facies but are related
to the variability in that geometry.

Three of the conventional ¢;,(h,) models from Table 1
(linear, spherical, and exponential) have also been plotted in
Figure 2a, using p; and [, ,. We sce that over the interval & <
1, , the linear model represents 7, (h,) for ¢, < 0.2, and the
spherical model somewhat represents the case for ¢, = 0.7.
However, the conventional models do not account for inverse
correlation represented in the periodic behavior beyond the
sill. Note that cosine and Bessel functionals are sometimes
used as models for periodic structure (the hole effect), but they
are restrictive in that they are only permissible in one and two
dimensions, respectively [Christakos, 1984]. The exponential
model appears to be approached as the ¢, approach unity.
Through equation (3), the same relationships exist in autovar-
iograms, which are plotted in Figure 2b.

Nested structures were postulated to arise from multimodal
distributions of facies dimensions by Johnson [1995]. In Figure
2a, curve f shows ¢,,(h,) for the case where two different
length distributions were added together for each facies. One
distribution had mean length equal to 1/5 of that in the other
curves and ¢, equal to unity. The other distribution had mean
length 3/2 of that in the other curves and ¢, = 0.7. The two
distributions were added together in proportions so that p,
equaled 0.5 overall (Figures 4e~4h). The resulting /, , for the
combined distributions were the same as for curves a—e and
¢, = 1.32. The resulting #,,(h,) shown with curve f appears
segmented, with a change in slope at roughly 1/3 of /; .. Such
a curve is suggestive of JohAnson’s [1995] intermediate- and
large-scale structures and might be modeled with nested struc-
tures.

Figures 3a and 3b show the case where p; = 0.125 and
p»> = 0.875. The [, , are again uniform among the curves,
with [, , equal to [, ,(p,/p,). Curves b—e correspond to ¢, of
0.21, 0.70, 0.85, and 1.42 respectively. Again, as ¢, approaches
unity, both #;;(h,) and y(h,) lose periodicity and become
exponential. Note that the greater the difference in the pro-
portions between the two facies the shorter the autovariogram
range and the steeper the curve (compare any model in Figure
2b to the corresponding model in Figure 3b). These changes
are referred to collectively as the destructuration effect by

Journel and Posa [1990]. Accordingly, with the proportions in
Figure 3b and a sampling interval significantly less than 7, , the
structure might be missed and spuriously inferred as nugget.
However, nugget structure is not defined in this context (see
Table 1 or Carle and Fogg [1996]).

Because facies 2 can represent the union of any number of
facies types that are not 1, the analysis throughout this section
would apply directly to the case of more than two facies. Thus
the relationship between the autotransition probability or au-
tovariogram and the variability in facies lengths would be the
same as in the binary case. Note that if the multiple facies types
are cyclic, then in the above analysis the effective variance of
facies 2 is the sum of the variances and covariances for each
facies type different from facies 1. Importantly, the analysis
shows that periodicity in correlation structure is extinguished
even in cyclic deposits as the effective ¢, approaches unity.

3. Application

With the understanding gained from the heuristic analysis in
section 2, we should be able to determine correlation models
based upon knowing p,, I, ,, and o, and thus without curve
fitting. Doing so illustrates the potential for using prior knowl-
edge of these facies attributes, or perhaps other geologic
knowledge as a proxy, in developing transition probability
models for indicator simulation. Here vertical transition prob-
ability models are determined for a facies assemblage in two
partitions of the White River aquifer system [Ritzi et al., this
issue]. Two sediment groups exist including mud and diamic-
ton (facies 1) and sand and gravel (facies 2). Summary statistics
for these facies are listed in Table 2. In the west partition the
facies proportions are similar to those for Figure 2. The ¢, for
both facies is ~0.7 in this region. Correspondingly, the sample
autotransition probabilities (Figures 5a-5d) are sublinear
above the sill and have a slight periodicity, similar to curve ¢ in
Figure 2a. To develop models for the autotransition probabil-
ities, we must choose a model form ¢ and range a, . In Figure
2a the spherical model best represents ¢, approximating 0.7
and so ¢ is chosen to be 1.5 for the west partition. The majority
of borings have either single occurrences of facies 2 or have
sequences of facies 1 bound above and below by facies 2, in
accordance with the facies relationships illustrated in Figure 8
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Table 2. Statistics for Facies Proportion and Thickness and Symmetric Models for
Vertical Transition Probabilities for Partitions of Section 3 of the White River

Aquifer
West Partition Middle Partition
Facies 1* Facies 2 Facies 1 Facies 2
Proportions in raw data (biased) 0.45 0.55 0.09 0.91
Estimate of proportion with data declustering 0.38 0.62 0.13 0.87
P> (unbiased)
Estimate of thickness with only fully 4.73 3.07 1.99 10.76
penetrating borings
Estimate of thickness with all data, 7, 5.17 4.13 211 9.80
(less biased in most cases, see text)
oy all data 3.73 3.14 3.37 6.86
¢, all data 0.72 0.76 1.59 0.70
Xic!
+z 1.52 2.10 1.22 261
-z 142 2.24 1.22 2.61
Average 1.47 2.17 1.22 2.61
Model ¢ 15 1.5 3 3
Model p,, 0.38 0.62 0.13 0.87
Model [, 5.17 =4.13 211 =9.80
Model x; ! 1.47 =3.00 1.22 =1.76
Model —[8t,,/8k |, o] * 7.59 12.39 2.58 17.26
Model a,, 7.06 7.06 6.73 6.73

2See Ritzi et al. [this issue]. Facies 1 is mud and diamicton, and facies 2 is sand and gravel.

of Ritzi et al. [this issue]. One result of this is that the vertical
autotransition probabilities should be relatively symmetric and
I model them so. Another result is that equations (4) and (5)
must be modified. They are derived assuming that the number
of contacts across which facies 2 changes to facies 1 in direction
u, C,; , is equal to the number of occurrences of facies 2, N,
[Carle and Fogg, 1996, Appendix]. Let x,,, be an embedding
coefficient equal to the ratio C,, ,/N,. Note that y, , is unity in
+u only if all occurrences of facies 2 are embedded both above
and below (fully embedded) by facies 1. In this facies assem-

Figure 5. The ¢,,(h,) for west partition data: sample ¢,
(dots), model (bold line), proportions (dashed line), and slope
lines (thin line).

blage, x., is generally vertically symmetric but significantly
less than unity. Following the derivation of Carle and Fogg
[1996] but without assuming complete embedding, equations
(4) and (5) generalize for stationary facies patterns having
significant numbers of nonembedded facies:

Zk,u =~ Xeal s 001 =0l

(6)
()

Figure 5 shows ¢, ;(h,) and t,,(h,). The raw data give a high
bias to p, because borings are somewhat clustered in facies 1.
Ritzi et al. [this issue] give independent estimates for facies
proportions p, and p, computed with three-dimensional data
declustering algorithms. Note that thick sequences of facies 2
are usually not fully penetrated by borings, though they may
have been drilled deep. As a result, the thickness statistics are
biased (underestimated) using the full data set and are even
more biased using only the fully penetrating borings (Table 2).
Because facies 1 is usually fully penetrated, its thickness and
embedding statistics are essentially the same with either data
set and are more reliable than those for facies 2, and I let them
guide the choice of model parameters:

a, = 1-571(1_’2/51))(1_1(1 —p)=a,= 1-571X1_1(1 -py="71m.
(8)

In equation (8) and hereinafter the directional notation is
dropped because it is understood that symmetric vertical mod-
els are being developed. The models with these parameters are
compared to the sample autotransition probabilities in Figures
5a-5d. As discussed above, fully permissible (in three dimen-
sions) models will not represent the slight periodicity that
exists in the sample autotransition probabilities here, or in any
case where ¢, < 0.7. Given that single occurrences of facies 1
are overrepresented in the raw data, the sample ¢, (h) spuri-
ously falls slightly above the model, and the opposite is true for

Agu = ¢7k,uXI:,|11(1 - D).
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t5,(h). Thus the model is a better representation of the auto-
transition probability in this regard than would be derived by
curve fitting. Slope lines are shown in Figure 5a, representing
8241l 3|, — o, which intercept the abscissa at [, x5 *. The inter-
cept for facies 2 is at 12.39 m. Because 4.13 m is a lower bound
for 1,, x5! is less than or equal to 3.0.

In the middle partition the facies proportions are similar to
those for Figure 3 and the ¢, for facies 1 is 1.6. Correspond-
ingly, we see in Figure 6 that the sample autotransition prob-
abilities are not periodic and flatten out above the sill as in
curve ¢ in Figure 3a. Although o,/1, = 0.7, the t,,(h) are
affected by the higher o, (as can be shown in detailed analysis
of transitions that bridge facies 1, but which is beyond the
scope of this paper) and thus are more exponential than spher-
ical. The histogram in Figure 7 suggests that facies lengths are

Facies 1 Facies 2
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a c
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Figure 7. Histograms of facies thicknesses and their natural
log transform using data from the middle partition.
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not unimodally distributed. The sample autotransition proba-
bilities are somewhat segmented as in curve f in Figure 2a,
which was based upon a multimodal distribution of facies
lengths. Of the conventional models in Table 1, the exponen-
tial best represents o,/I; > 1. As in the west partition, a
model range is selected based upon declustered estimates of
facies proportions and the mean length and embedding of
facies 1. This model (Table 2) is shown compared to the sam-
ple autotransition probabilities in Figure 6. Given that single
occurrences of facies 2 are overrepresented in the raw data, the
sample £,,(h) spuriously falls slightly above the model. Be-
cause ¢, for facies 1 is somewhat greater than what the expo-
nential model represents and the lengths are somewhat mul-
timodal, the sample ¢, (h) does not meet the sill at a,. Yet the
representation of #,,(h) at lags less than I, is quite good with
the exponential model. Furthermore, the exponential model
best represents ¢,,(h) at larger lags among any permissible
model in Table 1 if we require equation (7) to be honored.

Overall, the models determined based upon the relation-
ships revealed in section 2 correspond to the structure implied
by the (biased) sample autotransition probabilities quite well,
without having performed curve fitting. The general shapes of
the sample transition probabilities correspond to what was
expected from the analysis in section 2. That the sills differ, in
most cases slightly, between the models and sample autotransi-
tion probabilities is a result of both the small biases in facies
proportions in the global data base from which the sample
autotransition probabilities were computed and the limited
choices we have among permissible models.

4. Conclusions

When using binary indicator geostatistics to represent the
distribution of hydrofacies or lithofacies, the range and curva-
ture of the autotransition probabilities or autovariogram are
related to the mean and varjance in facies lengths. As the
coefficient of variation of the length of each facies increases
toward unity, the effective range increases, while the correla-
tion structure evolves from a periodic linear structure to a
somewhat periodic spherical structure to an aperiodic expo-
nential structure. Note that when the indicator correlation is
indeed exponential, the transition probabilities define a con-
tinuous Markov chain model, in which autotransition rates are
related to mean facies lengths, as discussed by Carle and Fogg
[1997]. The analysis in this paper shows that continuous
Markov chain models arise in binary systems from unimodal
distributions of facies lengths with ¢, that are of the order of
unity. Multimodal distributions of facies lengths can give rise
to autotransition probabilities or autovariograms that appear
to have nested structures. As illustrated in the case study, with
an understanding of these relationships, it is possible to choose
a model form and model parameters for the autotransition
probability or autovariogram based upon the facies propor-
tions and the modality, mean, and variance in length of the
facies.
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