QUESTIONS of the MOMENT...

"Is there an example that shows all the steps in estimating a latent variable interaction/quadratic?"

(The APA citation for this paper is Ping, R.A. (2007). "Is there an example that shows all the steps in estimating a latent variable interaction/quadratic?" [on-line paper]. http://www.wright.edu/~robert.ping/yes.doc)

Yes, beginning with Chapter VIII of the monograph Interactions and Quadratics in Survey Data:... on this web site. The steps are few and simple; but they are tedious, and burdened with unfamiliar terminology and notation. In summary, after mastering the terminology, some of the survey data must be adjusted (mean centered) to facilitate interaction/quadratic estimation, the interaction/quadratic indicator must be created in the data set, and the interaction/quadratic must be specified in the model. 

Beginning with the terminology, in structural equation modeling (SEM) an unobserved (Latent) variable (LV) (e.g., capital X in Figure 1--diagrams are used extensively in SEM) is assumed to be "connected" to (the "cause" of) one or more observed variables or "indicators" (items in a scale or measure) (e.g., small x's) by paths from (the correlations between) the LV to the indicator. The actual correlation or "path coefficient" on this path between the LV and an indicator is called a "loading" (the loading of the indicator on its LV) and it is represented by the Greek letter lambda (λ). 
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Figure 1--A Measurement Model

Every indicator (e.g., x1) is assumed to be measured with error. This measurement error variable is denoted by a Greek epsilon (ε) (and its variance is denoted by ((, and termed “theta”) and the correlation or "path coefficient" on the path between an observed indicator and its measurement error is assumed to be 1. 

Because LV's, indicators, and measurement errors are variables they each have variance. The variance of an LV is represented by Phi (ΦLV), the variance of an indicator has no special name or representation, and the variance of a measurement error is represented by θε (and termed “theta,” or theta epsilon). LV's are assumed to be correlated, this correlation is diagrammed with a two-headed arrow, and this correlation is also represented by Phi (e.g., ΦX,Z) (the particular meaning of a "Φ" is usually clear in context). Measurement errors are assumed to be uncorrelated, and the correlations (direct paths) among the indicators are not shown (they are accounted for by the paths to and between LV's).

Regression terminology is not used in SEM, and regression equations are infrequently written out in SEM. When they are, the familiar regression symbols are changed. For example, the regression equation

Y = b0 + b1X + b2Z + b3XZ + e






        (1

is written

Y = β1X + β 2Z + β 3XZ + ξ 







        (2

or

Y = γ1X + γ 2Z + γ 3XZ + ξ 

(b0 is assumed to be zero), and is called a structural equation. The regression coefficients (b's in Equation 1) are called structural coefficients in SEM, and the regression forecast or estimation error (e) is called a structural disturbance (ζ). The dependent variable Y is called an endogenous variable and the independent variables X, Z and XZ are called exogenous variables.

Instead of being written out, regression relationships are usually diagrammed in SEM, using paths among the LV's, and regression relationships among the LV's are represented by single-headed arrows sometimes called structural paths (see Figure 2). The diagram of regression relationships is called a structural model (a diagram with no regression relationships, just correlations among the LV's, is called a measurement model).

Figure 2--A Structural Model
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Note the arrow from XZ to Y in Figure 2. SEM has no ability to model an arrow from X, for example, pointing to, for example, an arrow from Z to Y (as sometimes done in texts). Stated differently, an interaction is "just another LV." 

Because SEM is related to factor analysis, everything (λ's, θε's, etc.) is called a "parameter" and everything has its own matrix. For example, LV variances and the correlations among them belong to their PHI matrix, the structural disturbances (ζ 's) and the correlations among them belong to their PSI matrix, and the structural coefficients belong to their beta or gamma matrix.

The terms "estimation" and "specification" are common in SEM. "Estimation" means producing estimates of the model parameters--in regression the b's in Equation 1 are "estimated" by SPSS, SAS, etc. "Specification" means “to show.” For example, “specification” can mean diagramming the relationships in the model (e.g., Figures 1 and 2 are specifications). The relationships among X, Z and Y are specified by Equation 1. They are also "specified" in their SPSS, SAS, etc. regression code. The relationships between x1, x2, ... , x5 and X are specified by the arrows from X to x1, x2, ... , x5 in Figure 1.

In a measurement model all the LV's are assumed to be correlated. In a structural model, however, only exogenous (independent) LV's are assumed to be correlated. Dependent (endogenous) LV's are assumed not to be correlated (the correlations between the exogenous and endogenous variables are accounted for by structural paths). If there are multiple endogenous variables, the structural disturbances are usually assumed to be correlated.

To estimate the simple regression model specified as 

Y = β1X + β 2Z + β 3XZ + ξ 







        (1

where Y has indicators y1, y2, ... , y8, x has indicators x1, x2, ... , x5, z has indicators z1, z2, ... , z4 (XZ and its indicator will be discussed shortly), the indicators (x1, x2, etc., z1, z2, etc.) of the constituents of XZ, X and Z, must be replaced by "mean centered" indicators (also called centered or zero-centered indicators). This is accomplished by subtracting the mean of x1 from x1, subtracting he mean of x2 from x2, etc., and the mean of z1 from z1, the mean of z2 from z2, etc. (see "Questions of the Moment," "How should PRELIS..." on this web site for more on mean centering). The resulting centered x's (xc1, xc2, ... , xc5) and centered z's (zc1, zc2, ... , zc4) are used in place of x1, x2, ... , x7 and z1, z2, ... , z6 from this point on.

Then, the single averaged indicator of XZ, zx = [(xc1+xc2+xc3+xc4+xc5)/5]*[ (zc1+zc2+zc3+zc4)/4] is created (see "Questions of the Moment," "How should PRELIS..." on this web site for details)

Skipping over the XZ reliability and validity steps, which are covered elsewhere on this web site (e.g., FAQ D, beginning at "In Summary"), and assuming X, Z and Y are internally consistent (strongly unidimensional--a  single construct measurement model with just X, for example, fits the data, ditto Z, and ditto Y) a "full" measurement model with X, Z and Y (but not XZ) (MM1) is run to estimate the parameters that are used to specify the loading and measurement error variance of xz (Barbara Byrne has written several books with measurement model examples using LISREL 8, EQS and AMOS). (Exhibit A shows the LISREL 8 commands for the Figure 1 measurement model—in SEM software with simplified commands such as LISREL’s SIMPLIS, or a graphical interface such as AMOS, “drawing,” or coding the paths, in Figure 1 specifies its measurement model). An EXCEL spreadsheet is provided on this web site to combine this full measurement model’s parameter estimates into the loading (λxz—“lambda”) and measurement error variance (θεxz—“theta”) of XZ. 

Exhibit A--LISREL 8 Figure 1 Measurement Model Commands

Example Measurement Model

DA NI=18 NO=200

LA

 x1 x2 x3 x4 x5

 z1 z2 z3 z4

 xz

 y1 y2 y3 y4 y5 y6 y7 y8

RA FI=raw.dat

SE

 x1 x2 x3 x4 x5

 z1 z2 z3 z4

!xz

 y1 y2 y3 y4 y5 y6 y7 y8

/

MO NY=17 ne=3 ly=fu,fi te=di,fr be=fu,fi ps=sy,fr

LE

 X

 Z

!XZ

 Y

pa ly

 *

 1 0 0 !x1

 0 0 0 !x2

 1 0 0 !x3

 1 0 0 !x4

 1 0 0 !x5

 0 0 0 !z1

 0 1 0 !z2

 0 1 0 !z3

 0 1 0 !z4

 0 0 1 !y1

 0 0 1 !y2

 0 0 1 !y3

 0 0 0 !y4

 0 0 1 !y5

 0 0 1 !y6

 0 0 1 !y7

 0 0 1 !y8

ma ly

 *

 1 0 0 !x1

 1 0 0 !x2

 1 0 0 !x3

 1 0 0 !x4

 1 0 0 !x5

 0 1 0 !z1

 0 1 0 !z2

 0 1 0 !z3

 0 1 0 !z4

 0 0 1 !y1

 0 0 1 !y2

 0 0 1 !y3

 0 0 1 !y4

 0 0 1 !y5

 0 0 1 !y6

 0 0 1 !y7

 0 0 1 !y8

pa te

 *

 17*1

ma te

 *

 17*.2

pa ps

 *

 1     !X

 1 1   !Z

 1 1 1 !Y

!X Z Y

ma ps

 *

 1     !X

 1 1   !Z

 1 1 1 !Y

!X Z Y

OU all nd=5 it=300 ad=300

Then, I specify another "full" measurement model containing the interaction/quadratic XZ and all the other latent variables (MM2--see Figure 1). This is done by adding the XZ to MM1, and using its fixed EXCEL spreadsheet loading and fixed EXCEL spreadsheet measurement error variance. The LISREL 8 commands for MM2 is shown in Exhibit B. 

Exhibit B--LISREL 8 XZ Measurement Model Commands

Example Measurement Model

DA NI=18 NO=200

LA

 x1 x2 x3 x4 x5

 z1 z2 z3 z4

 xz

 y1 y2 y3 y4 y5 y6 y7 y8

RA FI=raw.dat

SE

 x1 x2 x3 x4 x5

 z1 z2 z3 z4

 xz

 y1 y2 y3 y4 y5 y6 y7 y8

/

MO NY=18 ne=3 ly=fu,fi te=di,fr be=fu,fi ps=sy,fr

LE

 X

 Z

 XZ

 Y

pa ly

 *

 1 0 0 0  !x1

 0 0 0 0  !x2

 1 0 0 0  !x3

 1 0 0 0  !x4

 1 0 0 0  !x5

 0 0 0 0  !z1

 0 1 0 0  !z2

 0 1 0 0  !z3

 0 1 0 0  !z4

 0 0 0 0  !xz

 0 0 0 1  !y1

 0 0 0 1  !y2

 0 0 0 1  !y3

 0 0 0 0  !y4

 0 0 0 1  !y5

 0 0 0 1  !y6

 0 0 0 1  !y7

 0 0 0 1  !y8

ma ly

 *

 1 0 0 0  !x1

 1 0 0 0  !x2

 1 0 0 0  !x3

 1 0 0 0  !x4

 1 0 0 0  !x5

 0 1 0 0  !z1

 0 1 0 0  !z2

 0 1 0 0  !z3

 0 1 0 0  !z4

!The xz loading was calculated using the 

!EXCEL spreadsheet on this web site

 0 0 0.80640 0  !xz

 0 0 0 1  !y1

 0 0 0 1  !y2

 0 0 0 1  !y3

 0 0 0 1  !y4

 0 0 0 1  !y5

 0 0 0 1  !y6

 0 0 0 1  !y7

 0 0 0 1  !y8

pa te

 *

 9*1 0 8*1
ma te

 *

!The xz measurement error variance was calculated using the 

!EXCEL spreadsheet on this web site

 9*.2 0.03903 8*.2
pa ps

 *

 1        !X

 1 1      !Z

 1 1 1    !XZ 

 1 1 1  1 !Y

!X Z XZ Y

ma ps

 *

 1       !X

 1 1     !Z

!The xz variance is a starting value that LISREL cannot estimate

!and it was calculated using the EXCEL spreadsheet on this web site

 1 1 0.57040 !XZ 

 1 1 1  1 !Y

!X Z XZ Y

OU all nd=5 it=300 ad=300

In Exhibit B, note that raw data was used as input and a covariance matrix was analyzed. Also note that the variance of the interaction XZ was free (the starting value shown is optional in small models, but frequently essential in larger models). The interaction XZ was also allowed to correlate with X and Z by freeing the correlational (PHI) paths between them. If there had been other exogenous variables, XZ would be allowed to correlate with them as well. 

If MM1 fits the data, this measurement model also should fit the data, and the parameter estimates for X and Z (loadings, variances, and measurement error variances) should be the same as they were in MM1, in at least the first two decimal places. If not, use these measurement model values in the EXCEL spreadsheet to recompute the xz loading and measurement error variance.

Next, the structural model containing the interaction/quadratic XZ and all the other latent variables is estimated (see Figure 2). This is done in by altering MM2 by fixing the correlations between Y and the LV's X, Z and XZ in MM2 to zero, and by specifying the beta paths between Y and the LV's X, Z and XZ. The LISREL 8 commands for the structural model is shown in Exhibit C. (Again, in SEM software with simplified commands such as LISREL’s SIMPLIS, or a graphical interface such as AMOS, “drawing,” or coding the paths, in Figure 2 specifies its structural model).

Exhibit C--LISREL 8 Figure 2 Structural Model Commands

Example Structural Model

DA NI=18 NO=200

LA

 x1 x2 x3 x4 x5

 z1 z2 z3 z4

 xz

 y1 y2 y3 y4 y5 y6 y7 y8

RA FI=raw.dat

SE

 x1 x2 x3 x4 x5

 z1 z2 z3 z4

 xz

 y1 y2 y3 y4 y5 y6 y7 y8

/

MO NY=18 ne=3 ly=fu,fi te=di,fr be=fu,fi ps=sy,fr

LE

 X

 Z

 XZ

 Y

pa ly

 *

 1 0 0 0  !x1

 0 0 0 0  !x2

 1 0 0 0  !x3

 1 0 0 0  !x4

 1 0 0 0  !x5

 0 0 0 0  !z1

 0 1 0 0  !z2

 0 1 0 0  !z3

 0 1 0 0  !z4

 0 0 0 0  !xz

 0 0 0 1  !y1

 0 0 0 1  !y2

 0 0 0 1  !y3

 0 0 0 0  !y4

 0 0 0 1  !y5

 0 0 0 1  !y6

 0 0 0 1  !y7

 0 0 0 1  !y8

ma ly

 *

 1 0 0 0  !x1

 1 0 0 0  !x2

 1 0 0 0  !x3

 1 0 0 0  !x4

 1 0 0 0  !x5

 0 1 0 0  !z1

 0 1 0 0  !z2

 0 1 0 0  !z3

 0 1 0 0  !z4

!The xz loading was calculated using the 

!EXCEL spreadsheet on this web site

 0 0 0.80640 0  !xz

 0 0 0 1  !y1

 0 0 0 1  !y2

 0 0 0 1  !y3

 0 0 0 1  !y4

 0 0 0 1  !y5

 0 0 0 1  !y6

 0 0 0 1  !y7

 0 0 0 1  !y8

pa te

 *

 9*1 0 8*1
ma te

 *

!The xz measurement error variance was calculated using the 

!EXCEL spreadsheet on this web site

 9*.2 0.03903 8*.2
pa be

 *

 0 0 0  0 !X

 0 0 0  0 !Z

 0 0 0  0 !XZ

 1 1 1  0 !Y

!X Z XZ Y

pa ps

 *

 1       !X

 1 1     !Z

!The xz variance is a starting value that LISREL cannot estimate

!and it was calculated using the EXCEL spreadsheet on this web site

 1 1 0.57040 !XZ 

 0 0 0  1 !Y

!X Z XZ Y

ma ps

 *

 1       !X

 1 1     !Z

 1 1 1   !XZ 

 0 0 0  1 !Y

!X Z XZ Y

OU all nd=5 it=300 ad=300

Now, go on to FAQ D, skip down to "In Summary," and verify that the structural model results are "trustworthy" using the remarks beginning with "Once the model is estimated, check..." on p. 10.
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