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ABSTRACT

Authors have noted that consistent latent variables have a maximum of about six indicators each. This paper discusses this perhaps surprising behavior and its implications, and an explanation is offered. Approaches to utilizing more than about six indicators in latent variables are also discussed, and several novel approaches are proposed. Each of these approaches is explored using real-world data.

Theoretical model tests (hypothesis testing) involving structural equation analysis combine unobserved or latent variables with proposed linkages among these variables (a model) and proposed (observed) measures of these unobserved variables. These model tests usually involve several steps including defining the model constructs, stating the relationships among these constructs, developing appropriate measures of the constructs, gathering data using these measures, validating these measures, and validating the proposed model. 

Commenting on step three, developing appropriate measures, authors have noted that latent variables seem to have an upper limit of about six indicators each (Anderson & Gerbing, 1984; Gerbing & Anderson, 1993; Bagozzi & Heatherton, 1994; Ping, 2004). This apparent "maximum" for latent variable itemization has produced an unfortunate result. Cattell (1973) commented that measures used with structural equation analysis tend to be "bloated specific" (operationally narrow) instances of their target construct. Larger well-established measures developed before structural equation analysis became popular have virtually disappeared from published theoretical model tests involving latent variables. When they do appear in published studies involving structural equation analysis, they frequently are "shadows of their former selves" because of extensive item weeding (i.e., the deletion of items from a measure to attain model-to-data fit).

This paper explores the apparent ceiling of about six indicators per latent variable. An explanation for this result in real-world data is proposed, and approaches to avoiding this apparent limit in theoretical model testing are explored using real-world data.

The observed upper limit of about six indicators per latent variable in published model tests is apparently the result of persistent model-to-data fit difficulties (i.e., inconsistency,
 see Anderson & Gerbing, 1982) with itemizations containing more than about six indicators per latent variable in real-world data. Gerbing and Anderson (1993) commented that "...fit indices indicated less fit as the...number of indicators per factor, increased..." They went on to propose that "Models with few indicators per factor...have fewer df (degrees of freedom), leaving more 'room to maneuver' the parameter estimates so as to minimize the fit function, which in turn is a function of the residuals." 

An Additional Explanation 

Intuitively, lack of model-to-data fit in a set of items is the result of unrelated items in that set of items--items that do not "cluster" well enough with the other measure items. Mechanically, the input correlation between an unrelated item in a measure and each of the other measure items cannot be satisfactorily accounted for by the model paths connecting them.
 Gerbing and Anderson's (1993) comment above suggests that "unrelatedness" increases simply by specifying additional indicators.

The Footnote 2 equation for the model-implied covariance of two unidimensional items suggests an alternative explanation for increased "unrelatedness" when an additional indicator is added to a latent variable. Specifying indicators without accounting for correlations among measurement errors in real-world data (e.g., because of common method) may eventually ruin model-to-data fit. In different words, by ignoring the potential for correlated measurement errors in real-world data, and thus not specifying them, the sum of the residuals (i.e., the sum of the differences between the Footnote 2 computed covariances of the items without the correlated error terms, and the input covariances) eventually becomes unacceptably large.

Next, we will discuss several remedies for lack of model-to-data fit, which will subsequently be investigated using real-world data.

Classical Remedies for Lack of Fit

Classical remedies for lack of model-to-data fit include removing items (item weeding), and correlating indicator measurement errors. The pros and cons of each of these remedies are discussed next.

Item Weeding

In published theoretical model tests involving structural equation analysis and real-world data, the about-six-indicators limit frequently produces "item weeding," the removal of items from a measure, to attain a set of indicators that fits the data. This approach has the benefit of producing a subset of items that "clusters" together (i.e., their single construct measurement model is consistent; it fits the data).

However, because the items to be deleted are usually unknown beforehand, item weeding usually capitalizes on chance. In addition, the process of weeding is tedious. As we will see, there may also be several subsets of items for a latent variable that will fit the data (i.e., item weeding may be indeterminate). Finally, structural coefficients, standard errors, and thus observed significances and their interpretation, can vary across these weeded itemizations (i.e., the interpretation of structural coefficients in a model involving weeded subsets can be equivocal).

Item weeding to attain model fit in valid and reliable measures has also been criticized because it impairs content or "face" validity
 (e.g., Cattell, 1973, 1978; see Gerbing, Hamilton & Freeman, 1994). As mentioned earlier, Cattell (1973) remarked that the resulting weeded measures tend to be bloated specific (operationally narrow) instances of their target construct.

Correlated Measurement Errors
It is well known that correlating measurement errors can improve model-to-data fit. This result becomes apparent by examining the Footnote 2 Equation. Including a non-zero correlated measurement error term can improve the model-implied (computed) covariance estimate, and thus it can reduce the corresponding residual. The use of correlated measurement errors presumably to improve fit has been reported (e.g., Bagozzi, 1981a; Byrne & Shavelson, 1986; Bearden & Mason, 1980; Duncan, Haller & Portes, 1971; Reilly, 1982), although this approach has become increasingly rare in recent published model tests. It has the benefit of producing a (sub)set of items that appears to "cluster" together (i.e., their single construct measurement model is consistent; it fits the data). However, as we will see, the indiscriminant use of correlated measurement errors can result in a set of items that appears to be consistent but is actually multidimensional (see Gerbing & Anderson, 1984). 

Authors have criticized the use of correlated measurement errors to improve fit (e.g., Bagozzi, 1983; Fornell, 1983; Gerbing & Anderson, 1984) for several reasons. These include that it is a departure from the assumptions underlying classical test theory and factor analysis, and the correlated measurement errors that are specified are typically unhypothesized and thus discovered by capitalizing on chance. In addition, the process of identifying measurement errors that should be correlated is tedious, and, as we will see later, there may be several sets of correlated measurement errors that will produce model-to-data fit (i.e., the results of correlating measurement errors may be indeterminate).

Recent Remedies for Lack of Fit

Comparatively recent remedies for lack of model-to-data fit include using second-order constructs, and aggregating items. These remedies are discussed next.

Second-Order Constructs
Gerbing and Anderson (1984) argued that a second-order construct is an alternative to using correlated measurement errors.
 They suggested that a pair of items with correlated measurement errors could be re-specified as a factor (i.e., as a latent variable, and without using correlated measurement errors), and that a second factor containing the rest of the items, along with the first factor, could be specified as the "indicator" latent variables of a second-order construct. This approach has the benefit of producing a set of items that in their second-order specification fits the data.

However, because the items that should be specified in the first factor are unknown beforehand, the process of identifying these first-factor items could be viewed as capitalizing on chance. In addition, the process of identifying the first-factor items is tedious, and there may be several second-order constructs that will fit the data (i.e., the results of this approach may be indeterminate).

Aggregation
Kenny (1979) is apparently credited with an approach that involves summing items in a measure to provide a single indicator of a latent variable. The approach uses reliabilities for loadings and measurement error variances, and variations of this approach have been used in the Social Sciences with structural equation analysis presumably to avoid item weeding. (e.g., Heise & Smith-Lovin, 1981; James, Mulaik & Brett, 1982; Williams & Hazer, 1986).

This full or total aggregation (Bagozzi & Heatherton, 1994) alternative to item weeding has several merits including that it allows the use of older well-established measures having more than six items with structural equation analysis (e.g., Williams & Hazer, 1986). 

An assumption in structural equation analysis is that the indicators are continuous. When it is averaged, a summed indicator produces a more-nearly-continuous indicator (e.g., averaged ordinal-scaled indicators then take on ratio-valued numbers) that better approximates this continuous data assumption, and thus an aggregated indicator can reduce the bias that attends the criticized use of structural equation analysis with ordinal (e.g., rating scale) data (e.g., Bollen, 1989; Jöreskog & Sörbom, 1996). 

A summed indicator also reduces the size of the input covariance matrix (i.e., the input covariances of a summed indicator replace the input covariances of the several indicators comprising the sum), thus reducing the asymptotic incorrectness of the input covariance matrix for a given sample size. In different words, this helps enable the use of the methodological small samples typical in survey-model tests in the Social Sciences (e.g., 200-300) with larger structural models by improving the ratio of the sample size to the size of the covariance matrix.
 The use of summed indicators also separates measurement issues from model structure issues in structural equation models. In different words, for an unsaturated structural model, lack of fit with a summed-indicators model unambiguously suggests structural model misspecification, rather than suggesting a combination of measurement model difficulties and structural model misspecification.

However, the indiscriminant use of summed indicators could produce a summed item that is composed of multidimensional items. Summed indicators are also non-traditional in structural equation analysis, and their use could be viewed as not particularly elegant when compared to multiple indicator specification. Further, it is believed that a reliability loading can underestimate the loading of a summed item.

Other Remedies

There are several other remedies for lack of model-to-data fit, including partial aggregation, gauging external consistency only, and using measure validation studies. These remedies are discussed next.

Partial Aggregation

Bagozzi and Heatherton (1994) also used partial aggregation--items were grouped into subsets and each subset was summed. This approach avoids the use of reliability loadings used in full aggregation if three or more consistent subsets of items can be found. This approach also has all the benefits and drawbacks of full aggregation. However, because the items that should be aggregated are unknown beforehand, partial aggregation could be viewed as capitalizing on chance. The process of finding consistent subset of items is also tedious, and there may be several aggregations of items that will fit the data (i.e., the results of partial aggregation may be indeterminate).

External Consistency Only
An additional alternative to item weeding would be to weed (unidimensional) measures jointly, instead of weeding them singly. Item weeding is typically performed one measure at a time (i.e., using single construct measurement models--see Jöreskog, 1993) to establish the internal consistency of each measure (i.e., each measure fits its single construct measurement model--see Anderson and Gerbing, 1988). Later, the resulting internally consistent (unidimensional) measures are jointly specified in a full measurement model (i.e., a measurement model that contains all the measures) to assess the external consistency of the (unidimensional) measures (i.e., the measures jointly fit a unidimensionally specified full measurement model--again see Anderson and Gerbing 1988). However, it could be argued that the ultimate objective of item weeding is for a full (unidimensionally specified) measurement model to fit the data (to isolate any structural model fit problems to the structural paths among the latent variables). Thus, it should be possible to accomplish full measurement model fit by using measures that are unidimensional in the exploratory common factor sense, omitting the internal consistency evaluation step, and item-weeding using a full measurement model only.

Although this remedy has not been used as far as we know, it should have the benefit of producing measures with fewer items weeded out. However, because the items that should be weeded are typically unknown beforehand, this alternative could be viewed as capitalizing on chance. In addition, the process of weeding is tedious, and there may be several sets of the resulting items that will fit the data (i.e., the results of this weeding may be indeterminate). Further, skipping the internal consistency step violates the current received view in theoretical model testing using survey data: Anderson and Gerbing's (1988) "Two-Step" approach to model respecification in order to attain model-to-data fit (i.e., first verify internal consistency, then verify external consistency).

Measure Validation
An approach that might reduce some of the drawback of the above approaches would be to conduct a measure validation study. Ideally, measure validation uses several data sets, one to show measure adequacy (i.e., acceptable psychometrics), and one more to validate (i.e., disprove) the adequacy of the measure.


A measure validation approach might allow the "discovery" of "the" (content valid) weeded subset of items for each measure, "the" (acceptable) second-order construct structure, "the" partial aggregation structure, "the" correlated measurement error structure, or "the" external-consistency-only structure of a measure in study one, and the (dis)confirmation of that structure could be attempted in study two. Thus, this approach might permit the use of weeded subsets, second-order constructs, etc. with less criticism because capitalizing on chance would be removed in the second study. 

EXAMPLES

To investigate their efficacy, the above approaches were used with a real-world data set. A mailed-out survey used in a theoretical model test produced more than 200 usable responses. Among the variables in the hypothesized model was the construct N that was measured using a new 18-item measure.
 While the measure for N was judged to be content or face valid, it was multidimensional (i.e., it had three dimensions using maximum likelihood exploratory common factor analysis). The items in the first factor were subsequently judged to be valid and reliable (the coefficient alpha for Factor 1 was .963), but the single construct measurement model for the Factor 1 items was inconsistent (i.e., it was judged to not fit the data using a single construct measurement model--chi square/df/p-value/RMSEA/GFI/AGFI = 270/35/0.0/.227/.670/.481).

Appendix A provides an example of item weeding to produce a subset of consistent items for N. In summary, a total of 20 consistent but different weeded subsets of the items of N were found using a procedure suggested by Ping (1998) (see Ping, 2004). The search for additional weeded subsets was discontinued after it became difficult to determine which weeded subset had the "best" content validity.

Because the weeded items were unknown beforehand, the resulting consistent subsets of items all capitalized on chance. In addition, the process of weeding was very tedious, and because the weeding produced multiple itemizations, the resulting subsets of weeded items were indeterminate.
 Finally, in a simple structural model of the antecedents of N, one of the structural coefficients, its standard error, and thus its significance, became non significant as alternative weeded itemizations of N were specified. Thus, the interpretation of the structural model involving weeded itemizations of N was equivocal.

Appendix B provides an example of the use of correlated measurement errors to produce a set of items for N that fits the data. In summary, two sets of correlated measurement errors were found that resulted in all of the Factor 1 items fitting a single construct measurement model for N. An efficient procedure for finding these correlated measurement errors was discovered, and this procedure was used to find a third set of correlated measurement errors that permitted the full 18 item set to fit a single construct measurement model for N. 

Because the measurement errors that were correlated were unknown beforehand, these correlated measurement errors capitalized on chance. Further, the process of identifying measurement errors that should be correlated was tedious. There were also several sets of correlated measurement errors, and thus the resulting sets of correlating measurement errors were indeterminate.

Appendix C probed the use of second-order constructs to enable model-to-data fit using the Factor 1 items from the measure for N. In summary, no second order specification of Factor 1 could be found that fit the data without resorting to correlated measurement errors. This suggests that with real-world data a second-order specification for inconsistent items may not always be readily apparent. Specifically, these results suggest that in real-world data logically grouping inconsistent items (e.g., Hunter and Gerbing, 1982; Gerbing, Hamilton and Freeman, 1994) and combining weeded and weeded-out items (e.g., Gerbing & Anderson, 1984) in second-order constructs may not always result in a second-order construct that fits the data. 

Appendix D provides examples of the use of full aggregation. Using factor scores the full 18-item measure for N was aggregated and used to estimate a structural model containing N. Aggregation was also accomplished with a single averaged indicator for N composed of its Factor 1 items, then a single averaged indicator for N composed of weeded Factor 1 items. In summary, three interpretationally equivalent (i.e., the directions and significances of their structural coefficients were equivalent) full aggregation approaches were reported in addition to the use of factor scores; averaged indicators with averaged LISREL 8 loadings and measurement errors, with averaged maximum likelihood EFA loadings and measurement errors, and with reliability loadings and measurement errors.

Appendix E presents the results of investigating the other suggestions: Partial Aggregation, gauging External Consistency Only to achieve measurement model fit, and the use of Measure Validation.

Using Partial Aggregation, several partitionings of the items were investigated. These included logical groupings of all 18 items in the measure for N (i.e., groupings of items that appeared to tap the same facet of N as Bagozzi and Heatherton, 1994 suggested), creating two summed indicators for N from its Factor 1 items (i.e., an indicator that was the average of the weeded Factor 1 items, and another indicator that was the average of the Factor 1 items that were weeded out), creating 3 summed indicators for N from its Factors 1, 2 and 3 items as three averaged indicators for N, subsets of the 18 items of N using maximum likelihood exploratory common factor analysis (EFA) with forced 7, 6, etc. factor solutions, and subsets of the Factor 1 items of N using EFA with forced 7, 6, etc. factor solutions. However, none of these partial aggregations of the items of N fit the data.

This suggests that the specification of a measure with a large number of items may not always be readily apparent using partial aggregation, even when the items cluster together unidimensionally in an exploratory factor analysis (i.e., an acceptable partial aggregation of the Factor 1 items of N could not be found).

Investigating the omission of the internal consistency verification step and achieving model-to-data fit using External Consistency Only, we itemized the 9 latent variables in the study with their Factor 1 items. Then we estimated a full measurement model containing all the model latent variables with each set of items specified unidimensionally (each item was specified with only one underlying latent variable). This full measurement model was judged to fit the data without deleting any additional items to attain model-to-data fit.

This suggests that in real-world data omitting the internal consistency verification step for unidimensional items in the maximum likelihood exploratory factor analysis sense may produce a full unidimensionally specified measurement model that fits the data, thus separating measurement from structure as Anderson and Gerbing (1988) and others have stressed. 

In order investigate the use of a Measure Validation study to avoid some of the above criticisms of item weeding, correlated measurement errors, etc., we conducted a Scenario Analysis. A Scenario Analysis is an experiment in which subjects read written scenarios that portray a situation or scenario in which the study constructs are manipulated. Then they are asked to complete a questionnaire containing the study measures. Unfortunately the protocol used for the scenario analysis produced missing treatments. As a result, while the resulting scenario analysis was useful for assessing reliability and facets of validity, its results were not appropriate for finding "the" (content valid) weeded subset of items for N, "the" correlated measurement error structure, etc. in order to permit the use of weeded subsets, second-order constructs, etc. with fewer of the criticisms mentioned earlier. 

Discussion


These results suggest that several of the proposed alternatives to item weeding may not always be useful in real-world data. Second-order constructs failed to perform in the example. 

The example also suggested that partial aggregation of a multidimensional measure may not always be an alternative to item weeding in real-world data. Similarly, the example use of a measure validation study with Scenario Analysis did not perform as expected.

Of the alternatives to item weeding discussed, only full aggregation, external consistency only, and correlated measurement errors performed in the example. 

Because correlated measurement errors are comparatively rare in recent published model tests, it seems almost pointless to discuss them further. In addition, the example illustrated how they are found by chance. Because there were several sets of correlated measurement errors, the results of correlating measurement errors can be indeterminate, and an unexplored issue is the effect of changes in correlated measurement errors on structural coefficients. 

The example suggested that full aggregation might be used to specify a multidimensional measure as a 2nd order construct. Nevertheless, item weeding will probably continue as the preferred approach to attaining measurement model-to-data fit in survey data model tests even though its use has been criticized, and as the examples suggested, the results of these tests and their interpretation may change materially when items are omitted simply to attain measurement model to data fit. 

However, the example also suggested an improved approach to item weeding: for each weeded measure find several item weedings that fit the data, then re-convene the item-judging panel to determine which set of items that best taps the conceptual definition for the measure's construct. A through weeding would include the results of weeding the full measure (e.g., the 18 item measure for N), along with "jacknifed" weedings of the full measure (i.e., remove the first item, then weed the rest; replace the first item then remove the second item and weed the rest; etc.). It would also include weedings from pairwise combinations of any factors (e.g., for the items of N, F1 and F2, F1 and F3, and F2 and F3), along with their "jacknives," and weedings from F1 and its "jacknives." A through presentation of the results of weeding to an item-judging panel would include the full measure and the Factor one items, along with the weeded subsets.

If the full measure or its F1 items are judged to be more content valid than any of the weeded submeasures, External Validity Only and full aggregation could be used for that (sub)measure
 (i.e., other weeded measures might be combined with Externally Valid Only measures or fully aggregated measures). 

Several comments may be of interest. Appendix A illustrated the alternative explanation proposed earlier for the apparent ceiling of about six internally consistent indicators: item weeding reduced the number of unspecified but significant measurement error intercorrelations that contributed to the residuals in a single construct measurement model (specified without correlated measurement errors). Specifically, before weeding there were 25 significant modification indices for the correlations between the measurement errors in the Factor 1 items (not reported), and the sum of these modification indices without regard to sign was 474. As each item was weeded (removed), the number of these significant modification indices declined, and so did their sum without regard to sign. Perhaps surprisingly, the resulting consistent weeded subset, Subset 2, had three significant modification indices for the correlations between the remaining measurement errors. 
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APPENDICES

APPENDIX A--Item Weeding

To investigate item weeding, the full 18-item measure for N was subjected to a procedure for item weeding suggested by Ping (1998) (see Ping, 2004). This procedure uses partial derivatives of the likelihood function with respect to the measurement error terms (Modification Indices for Theta Epsilon in LISREL, LMTEST in EQS). Specifically, a single construct measurement model for the full 18 item (multidimensional) measure of N was specified unidimensionally and with the correlations among the measurement errors fixed at zero. This produced a matrix of modification indices for the fixed correlated measurement errors which was then examined, and the item in that matrix with the largest summed modification index without regard to sign (i.e., the sum of the item's column of modification indices without regard to sign) was deleted. Next, the single construct measurement model without this item was re-estimated, and the item with the largest summed modification index without regard to sign in the resulting modification indices for the correlations among the measurement errors was deleted. This process was repeated, deleting an item at each step, until a subset of the 18 items was found that fit the data. 

The resulting 5-item subset (Subset 1--containing the items n1, n12, n14, n15 and n18) was consistent (it fit the data--chi square/df/p-value/RMSEA/GFI/AGFI = 2.84/5/.723/0/.991/.974) (see Footnote 8 for a discussion of model fit), and it contained items from Factor 1 (n12, n14, n15 and n18) and an item from Factor 3. There was another consistent 5-item subset (Subset 1a-- n4, n12, n14, n15 and n18--chi square/df/RMSEA/GFI/AGFI = 9.09/5/.105/.079/.973/.919), that contained the Factor 1 items and a Factor 2 item. However, we could not find a consistent subset with items from all three factors. Nevertheless, it was possible to find consistent subsets with items from several factors. 

Using this derivative procedure on the 10 items of Factor 1, a different consistent subset obtained (Subset 2--n9, n13, n15, n16, n17 and n18--chi square/df/p-value/RMSEA/GFI/AGFI = 15/9/.086/.072/.961/.910). This 6-item subset was judged to be slightly more content or face valid than Subsets 1 or 1a, and its items clustered together using maximum likelihood exploratory common factor analysis slightly better than Subset 1 (the percent of the variance explained for Subset 2 was 75.7%, versus 59.8% for Subset 1 and 66.8% for Subset 1a).   

Several more consistent subsets were then obtained. Obviously any subset of Subset 2 would fit the data, and there were 41 of these (= the total number of combinations of 6 things taken 5, 4 then 3 at a time). In addition, arbitrarily omitting an item from the Factor 1 set of 10 items produced two more consistent subsets, Subset 3 (n9, n10, n11 and n17--chi square/df/p-value/RMSEA/GFI/AGFI = 3.34/2/.187/.072/.987/.939), and Subset 4 (n11, n13, n16, n17 and n18--chi square/df/p-value/RMSEA/GFI/AGFI = 2.64/5/.754/0.0/.992/.976). These subsets clustered together about as well as Subset 2 (71.6% and 75.1% explained variance respectively) and judging which had the "best" content validity became impossible without resorting to an item-judging panel. However, we judged each of the weeded measures to be less content valid than either the original 18-item measure, or the 10 item Factor 1 measure. 

We then discontinued the search.
 In summary, we identified 20 consistent subsets of the 18-item measure for N using the derivative procedure. 

Finally, we gauged the sensitivity of structural coefficients to changing the itemization of N. In a simple saturated structural model with N as the single endogenous variable, the structural coefficients and standard errors were judged to vary unpredictably across these different itemizations of N. For example, the t-value for one of the 4 significant structural coefficients changed from t = 2.66 to t = 0.91 by changing the itemization of N from weeded Subset 1a to Subset 4.

APPENDIX B--Correlated Measurement Errors

In order to investigate correlated measurement errors, the full 18-item measure for N was subjected to a procedure involving modification indices. A single construct measurement model for the full (multidimensional) measure of N was specified unidimensionally and with the correlations among the measurement errors fixed at zero to produce a matrix of modification indices for the fixed correlated measurement errors. Then, the measurement error correlation corresponding to the largest of these modification indices was freed (i.e., the corresponding measurement errors were allowed to correlate) (a modification index of 3.8 is significant at p = .05 with 1 degree of freedom, see the second part of Footnote 14). Next, the single construct measurement model was estimated with this measurement error correlation freed, and the largest of the resulting modification indices for the remaining fixed correlations among the measurement errors was found and freed. This process was repeated, freeing a measurement error correlation at each step, a total 90 times before we decided to abandon this "forward selection" process of identifying correlated measurement errors.
 

However, we used the above "forward selection" approach on a smaller subset of items, the Factor 1 items (10 items-- n9 through n18), until the set of Factor 1 items was judged to fit the data. The Factor 1 items with correlated measurement errors was judged to be consistent (i.e., it fit the data--chi square/df/p-value/RMSEA/GFI/AGFI = 34/20/.022/.074/.949/.861) (see Footnote 8 for comments on model fit). The procedure required 27 estimations and produced 15 significant correlated measurement errors (9:10,11; 10:12,13,16,17; 11:--; 12:13,17; 13:14,15,16; 14:17,18; 15:16,18; 16:--; 17:--; where for example 9:10,11 denotes the correlations between ε9 and ε10, and ε9 and ε11, where ε denotes a measurement error term, and 11:-- for example indicates that ε11 was not correlated with its higher-ordinality measurement errors, ε12 through ε18). 

To find another set of correlated measurement errors for the Factor 1 items, we specified a single construct measurement model for the Factor 1 items with all the measurement error correlations fixed at zero, except for the ε9 correlations which were freed.
 Estimating this model we recorded the significant measurement error correlations between ε9 and ε10 through ε18. Next we re-fixed the measurement error correlations with ε9 to zero, and freed the ε10 measurement error correlations with its higher-ordinality measurement errors, ε11 through ε18 (i.e., all measurement error correlations were fixed at zero except for those between ε10 and ε11, ε10 and ε12, ... , and ε10 and ε18). After estimating this model, we recorded the significant measurement error correlations between ε10 and ε11 through ε18. Repeating this process of re-fixing the previously freed measurement error correlations, and freeing and estimating the higher-ordinality measurement error correlations for ε11, then ε12, ... , then ε18 (e.g., the ε11 correlations with ε12 through ε18, the ε12 with ε13 through ε18, etc.), the result was a set of significant measurement error correlations for ε9 through ε18. 

Next, we re-specified the single construct measurement model for Factor 1 with the all measurement error correlations again fixed at zero. Then, we freed the significant modification indices just recorded for ε9, ε10, etc. (i.e., based on their recorded modification indices, the significant correlations for ε9 were freed, the significant correlations for ε10 were freed, etc.). This single construct measurement model was estimated (chi square/df/p-value/RMSEA/GFI/AGFI = 31/14/.004/.098/.956/.828) and the nonsignificant measurement error correlations were trimmed (i.e., fixed at zero--for example 10:11,15 were trimmed because they were nonsignificant when estimated in the presence of the other specified measurement error correlations). This trimmed model was then estimated, and because it did not yet fit the data (chi square/df/p-value/RMSEA/GFI/AGFI = 53/24/.0004/.097/.931/.841) the modification indices (MI's) for the remaining non-freed measurement error correlations were examined to find the largest significant MI, MI9,12 (= the modification index for the ε9-ε12 correlation = 10.30). The ε9-ε12 correlation was then freed and the resulting single construct measurement model was estimated. This measurement model was judged to fit the data (chi square/df/p-value/RMSEA/GFI/AGFI = 41/21/.009/.079/.945/.870). 

Several comments may be of interest. There were two sets of correlated measurement errors that would permit Factor 1 items to fit the data in a single construct measurement model. Stated differently, there was more than one set of correlated measurement errors that would make the Factor 1 items consistent in a single construct measurement model. While the correlations from the second or "column-wise" selection approach were more parsimonious (i.e., there were fewer of them) and they were found using half as many estimations (12--1 for each item, one more to trim the nonsignificant intercorrelations, plus one to add the additional intercorrelation MI9,12--versus 27 for forward selection), their comparative statistics are trivially different (AIC/CAIC/EVCI for the column-wise selection = 105/229/.815 versus 104/240/.803 for forward selection).

Since the second or column-wise selection approach required considerably fewer estimations, we tried it on the full set of 18 items. Obtaining a set of measurement error correlations that were judged to make the full 18-item measure consistent required 19 estimations, one for each item, one to trim the resulting nonsignificant correlations, and 9 more estimations to add enough additional correlations to obtain consistency (chi square/df/RMSEA/GFI/AGFI = 122/69/.00007/.077/.906/.768). 

Thus, the original multidimensional set of 18 items could be specified so that it fit the data in a single construct measurement model using correlated measurement errors. Stated differently, correlated measurement errors masked a multidimensional measure. 

Finally, the trimming step in the column-wise selection approach (i.e., to remove nonsignificant correlated measurement errors) suggests that some measurement error correlations were collinear. Stated differently, freeing a correlation affected the significance or lack thereof in other correlations. This may explain the apparent indeterminancy in measurement error correlations. Specifically, the starting point (i.e., the measurement errors that were initially allowed to correlate) determined the remaining significant measurement error correlations.

APPENDIX C--Second-Order Constructs

To investigate the use of second-order constructs we tried several approaches. The initial objective was to find a second-order construct for the Factor 1 items that would fit its single construct measurement model. To this end authors have suggested grouping items into subsets using their content or face validity (i.e., grouping items that seem to be related based on their wording--see Hunter and Gerbing, 1982; Gerbing, Hamilton and Freeman, 1994). For example, we grouped the Factor 1 items into two subsets based on wording (i.e., the subset 1 items were used to indicate latent variable 1, the subset 2 items were used to indicate latent variable 2, and latent variables 1 and 2 were specified as the "indicators" of the now second-order Factor 1), then three subsets. However, we were unable to find a grouping of the Factor 1 items based on item wording that fit their single construct measurement model (i.e., the measurement model containing only the second-order construct) without resorting to correlated measurement errors. 

Authors have also suggested that weeded-out items might be specified as a second "indicator" factor in a two-factor second-order construct (i.e., a second-order construct with the weeded items as one "indicator" latent variable, and the items that were not weeded out as the other indicator latent variable--see Gerbing and Anderson, 1984). To this end we specified a second-order construct with the weeded-out items as one "indicator" latent variable, and the surviving items as another "indicator" latent variable. Again, we were unable to find a second-order construct that would fit their single construct measurement model without resorting to correlated measurement errors.

We also tried a second-order construct with the two factors that resulted from a forced two-factor solution in maximum likelihood exploratory common factor analysis of the Factor 1 items, then a forced three-factor solution. These second-order constructs also would not fit their single construct measurement model without resorting to correlated measurement errors. 

Finally, we tried specifying a second-order construct with three consistent subsets of the Factor 1 items (i.e., two consistent four-item subsets, and one three item subset that fit the data exactly). This second-order construct also did not fit the data without resorting to correlated measurement errors.

Several comments may be of interest. These results suggest that with real-world data the use of a second-order construct may not always easily improve model-to-data fit.

APPENDIX D--Full Aggregation

In full aggregation, a set of items is summed to form a single indicator. Because the resulting latent variable is underdetermined with only one indicator, it requires that two of its three estimated parameters, its loading, its measurement error variance or its latent variable's variance, be fixed for identification. 

It is easy to show that the loading of a summed indicator is the sum of its individual indicator loadings, and that its measurement error variance is the sum of the individual indicator measurement error variances.
 

A reliability loading and the well-known measurement error estimate Variance*(1-reliability) has been used in the social sciences. It is easy to show that these estimates for an aggregated indicator are exact when the variance of its latent variable is 1 and latent variable reliability is available (see Appendix F). 

Ping (2004) suggested using maximum likelihood exploratory factor analysis (EFA) loadings and reliability measurement error variances for a fully aggregated indicator. There is an additional estimate of the measurement error variance available using EFA results (see Equation F6 in Appendix F). 

An additional approach would be to replace indicators with their fully aggregated EFA factor scores. 

Each of these aggregation alternatives will be explored next.

While it is obviously possible to aggregate a multidimensional measure, none of the above estimates for the resulting single indicator's loading and measurement error variance would be appropriate (because each requires or assumes unidimensionality), with the exception of factor scores. Pursuing that option we produced factor scores using maximum likelihood exploratory factor analysis and the full 18 item measure of N. Specifically, maximum likelihood EFA of N produced three factors, and the factor score for each of these factors was summed then averaged. Next, a full structural model (i.e., with all the latent variables and N as the single endogenous variable) were estimated with N specified using this single aggregated factor score indicator (with a loading of 1 and a measurement error of 0). The resulting structural model was judged to fit the data (chi square/df/RMSEA/GFI/AGFI = 2349/1449/0/.066/.650/.614) (see Footnote 8 for comments about assessing model-to-data fit). 

Next, we estimated a series of structural models involving N and the other model latent variables with a full aggregation (average) of the F1 items, or a full aggregation (average) of a weeded subset of the F1 items, Subset 2 from Appendix A (items n9, n13, n15, n16, n17 and n18). The resulting single indicator used the estimates for loadings and measurement error variances mentioned above, averaged LISREL 8 loadings and measurement errors, averaged maximum likelihood EFA loadings and measurement errors, reliability loadings and measurement errors (see Appendix F), and factor scores.

The structural coefficients on the paths to N from the other 8 latent variables were compared to the structural coefficients produced by the equivalent structural model (i.e., containing N and the other 8 latent variables) that used either the 10 items in F1 or Subset 2, with N specified with multiple indicators that were the individual items of F1 or Subset 2.

The Subset 2 full measurement model fit the data (chi square/df/RMSEA/GFI/AGFI = 2789/1733/0/.065/.630/.596), as did its (saturated) structural model (chi square/df/RMSEA/GFI/ AGFI = 2789/1733/0/.065/ .630/.596). The structural coefficients that resulted were used as a basis for assessing the efficacy of the various alternative loadings and measurement error variances mentioned above. 

In summary, the factor score indicator produced by a maximum likelihood EFA with just the Subset 2 items (i.e., with no other items present in the EFA) was judged to produce the smallest differences between the corresponding t-values of the Sunset 2 (baseline) structural model and the factor score indicator structural model. The root mean square (RMS) (pairwise) difference of t-values across the 8 structural coefficients on the paths to N was .002 and the average difference without regard to sign (MAD) was .005 (with a range of between .000 for the nonsignificant structural coefficients to .012 for the significant structural coefficients) (structural coefficient RMS = .011, MAD = .024, range = [.004, .066]).

The smallest structural coefficient differences were produced by the averaged LISREL 8 loadings and measurement errors--the RMS difference of structural coefficients across the 8 structural coefficients on the paths to N was .007 and the MAD was .015 (the range was .001 to .041) (t-value RMS = .065, MAD = .149, range = [.001, .353]). 

The t-value and structural coefficient differences for the other aggregation approaches were nearly identical to those produced by the averaged LISREL 8 loadings and measurement errors. For example, the average of the maximum likelihood EFA loadings and an Equation F6 measurement error variance produced a t-value RMS, MAD and range of .062, .149 and [.001, .353], respectively. Its structural coefficient RMS, MAD and range were .005, .015 and [.000, .024], respectively. The reliability loading and measurement error was similar (t-value RMS = .065, MAD = .149, range = [.001, .353]) (structural coefficient RMS = .006, MAD = .015, range = [.001, .031]).

These results were then used to predict the ranking of the performance of N specified using the fully aggregated F1 items and the above approaches. As a baseline structural model the External Consistency Only (see Appendix E) (full) measurement model for N using the F1 items was re-specified as a structural model. An External Consistency Only full measurement model uses unidimensional sets of indicators that are not necessarily internally consistent (i.e., their single construct confirmatory measurement model may not fit the data). In the present case, each latent variable in the External Consistency Only full measurement model had a unidimensional itemization (in a maximum likelihood EFA sense), but none of these itemizations was consistent (in the confirmatory factor analysis sense). However, the resulting External Consistency Only full measurement model measurement model fit the data (chi square/df/RMSEA/GFI/AGFI = 3480/1979/0/.073/.590/.556) (see Footnote 8 for comments about assessing model fit), as did the corresponding structural model (chi square/df/RMSEA/GFI/AGFI = 3480/1979/0/.073/.590/.556).

As with the weeded Subset 2 of the measure for N, the factor score indicator was judged to have produced the smallest t-value differences (t-value RMS = .032, MAD = .070, range = [.001, .167]). However, it also produced the smallest structural coefficient differences (structural coefficient RMS = .013, MAD = .022, range = [.000, .085]).

The other approaches investigated produced nearly identical results. For example, averaged LISREL 8 loadings and measurement errors produced t-value RMS, MAD and range of .048, .124, [.066, .236], respectively (structural coefficient RMS = .050, MAD = .093, range = [.005, .300]). Averaged maximum likelihood EFA loadings and measurement errors were similar (t-value RMS = .048, MAD = .122, range = [.066, .236]) (structural coefficient RMS = .050, MAD = .092, range = [.004, .300]), as were reliability loadings and measurement errors (see Appendix F) (t-value RMS = .047, MAD = .120, range = [.066, .236]) (structural coefficient RMS = .050, MAD = .093, range = [.000, .300]).

The details of these estimations were as follows. For the factor score approach, a maximum likelihood EFA of the 10 F1 items (i.e., with all other items absent) was performed, and the resulting factor scores were added to the data set (i.e., the resulting factor scores were saved and given the variable name FS). Next, N was specified using the single indicator FS with a fixed loading of 1 and a fixed measurement error variance of 0 (i.e., the variance of N, PHIN, was free). The resulting structural model was judged to fit the data (chi square/df/RMSEA/GFI/AGFI = 2327/1449/0/.065/.652/.616) (see Footnote 8 for comments about assessing model-to-data fit).

In the LISREL 8 loadings and measurement errors approach, a single construct measurement model of the 10 F1 items (i.e., with all other latent variables absent) was estimated with the variance of N free (i.e., one indicator loading was fixed at 1 to provide a metric for N). Although this single construct measurement model did not fit the data (chi square/df/RMSEA/GFI/AGFI = 273/35/0/.219/.687/.509), the F1 items were unidimensional using maximum likelihood EFA, so the resulting loadings were averaged and the resulting measurement error variances were divided by 102 (using expectation algebra, the variance of an average of independent measurement errors, a constant times the sum of the measurement errors, is the constant squared times the sum of the variances of the measurement errors). Next, the F1 indicators were averaged, then N was specified using the resulting single indicator with a fixed loading and measurement error variance equal to the averaged LISREL 8 loadings and the "averaged" measurement error variances just described, respectively (i.e., the variance of N, PHIN was free). The resulting structural model fit the data with the same fit statistics as the factor score model.

For the maximum likelihood EFA loadings and its Equation F6 measurement error variance estimation, a maximum likelihood EFA of the 10 F1 items (i.e., with all other items absent) was performed. The resulting loadings were re-scaled then averaged,
 and the measurement error variance of this single was calculated using Equation F2 in Appendix F. Next, the F1 items were averaged, and N was specified using the resulting single indicator with a fixed loading and measurement error variance equal to the averaged EFA loadings and the Equation F6 measurement error variance just described, respectively (i.e., the variance of N, PHIN again was free). The resulting structural model also fit the data with the same fit statistics as the factor score model.

In the reliability loading and measurement error approach, the coefficient alpha reliability (α) and the error-attenuated variance (V) (i.e., from SPSS, SAS, etc.) of the F1 items was determined. The F1 items were again averaged to form a single indicator of N, and this single indicator's the measurement error variance was fixed at the Equation F2 value of = V*(1- α), the loading of the single averaged indicator of N was fixed at the square root of the coefficient alpha reliability, and the variance of N, PHIN was freed. Again the resulting structural model fit the data with the same fit statistics as the factor score model.

Several comments may be of interest. Specification of the weeded and "weeded-out" items of F1 was accomplished using several aggregation approaches. 

The successful estimation of a structural model for a multidimensional N specified with aggregated factor scores, suggests that aggregated factor scores might be an alternative to a 2nd order factor or partial aggregation (see Appendix E) for specifying a multidimensional measure in structural equation analysis. In the present case an 18 item measure which formed three factors using maximum likelihood EFA was fully aggregated using (averaged) maximum likelihood EFA factor scores. 

Other full aggregation indicators, loadings and measurement error terms were investigated (e.g., normed indicators) but not reported because they were judged to have performed worse than the reported approaches.

The results from reliability and LISREL 8 loadings were a surprise. Fixing the loading to the square root of coefficient alpha overstates the loading (see Equation F3 in Appendix F) which should not have performed well. Similarly, the LISREL 8 single construct measurement model for the items of F1 did not fit the data, yet the resulting loadings and measurement error variances were useful in this investigation. However, the External Consistency Only measurement model for N with the F1 items did fit the data, and the F1 loadings and measurement error variances were trivially different from those produced by single construct measurement model for the items of F1. This suggests an additional full aggregation approach which is identical to the LISREL 8 approach (a), except that it uses loadings and measurement error variances from an External Consistency Only measurement model for N.

Comparing the structural coefficients and t-values for the 18-item measure for N with those from F1 and the weeded Subset 2 (not reported), structural coefficients and significances changed materially when items were removed from an aggregated indicator for N (2 structural coefficients that were significant using the 18 item measure became nonsignificant when items were dropped, and 1 structural coefficient became significant when items were removed). In different words, this also suggests that changes in content or face validity of a measure (i.e., the items included or excluded in a measure) may change the construct validity of that measure (i.e., the correlations among the other latent variables in the model). 

Finally, to investigate the sensitivity of structural coefficients and their significances to small changes in itemization with full aggregation, we specified N with fully aggregated weeded Subsets 1 through 4 and 1a (see Appendix A). The resulting sensitivity to different weeded subsets of items observed were similar to those reported in Appendix A. This suggests not only that item changes may change the study results and their interpretation, but that full aggregation may not mask these changes.

APPENDIX E--Other Approaches

Partial Aggregation 
To investigate partial aggregation, we grouped the items of N into subsets of items based on similar face or content validity (i.e., we grouped items that appeared to tap the same facet of N together) as Bagozzi and Heatherton (1994) suggested. We then specified N with the summed items (i.e., N was specified with 2 or 3 summed indicators). However, neither of these groupings fit a single construct measurement model for N.

Next we created two indicators for N from the results of weeding. We summed the weeded Factor 1 items, then did the same for the Factor 1 items that were weeded out. Using a fixed reliability measurement error variance for the summed weeded-out items because the latent variable was underdetermined, the measurement model was judged to not fit the data (chi square/df/RMSEA/GFI/AGFI = 16/8/.047/.082/.979/.871) (the model fit is close to being acceptable, but N was not unidimensional--modification indices suggested that the "weeded out" indicator loaded significantly on several latent variables).

Next, we created three indicators for N using the summed items from Factor 1 for one indicator, the summed items from Factor 2 for another, and the summed items from Factor 3 for the last indicator. However, N was again not unidimensional in the full measurement model containing N and the other latent variables, and it did not fit the data.

Finally, we tried obtaining subsets of the items of N using maximum likelihood exploratory common factor with forced 7, 6, etc. factor solutions, and each factor's items were then summed. While the 7, 6, etc. forced factor varimax and oblimin exploratory factorings converged with the 18 item measure of N, and the 6, 4 and 3 factor exploratory factorings also converged with the Factor 1 items of N, the forced 7 and 5 factors with the Factor 1 items did not converge. In addition, none of the successful forced factorings fit the data (the 3-factor solution was not unidimensional in the full measurement model).

These results suggest that partial aggregation may not always allow the specification of a large number of items (i.e., more than about 6). Specifically, in the present case none of the partial aggregating approaches produced a full measurement model that was external consistent. 

External Consistency Only
To investigate omitting the internal consistency step for unidimensional measures and achieving full measurement model-to-data fit using external consistency only, we itemized each of the 9 latent variables with their Factor 1 items. Each latent variable thus had a unidimensional itemization (in a maximum likelihood exploratory factor analysis sense), but none of these itemizations was consistent (i.e., none fit their single construct measurement model). However, a full measurement model containing the 9 latent variables specified unidimensionally with their respective Factor 1 items (i.e., each item was "pointed to" by only one latent variable) was judged to fit the data (chi square/df/RMSEA/GFI/AGFI = 3480/1979/0/.073/.590/.556) (see Footnote 8 for comments on assessing model-to-data fit).


To probe the limits of this externally consistent measurement model we weeded each of the multidimensional measures until they became unidimensional in a maximum likelihood exploratory factor analysis (EFA) of the un-weeded items. Specifically, each multidimensional measure was specified in a single factor measurement model as though it were unidimensional. For each measure the partial derivative technique used in Appendix A was used to weed the first item from that measure. The un-weeded items in that measure were factored using maximum likelihood EFA to check their factor structure. If the un-weeded items were multidimensional another item was weeded using the partial derivative technique, and the factor structure of the resulting un-weeded items was again checked using maximum likelihood EFA. This process was repeated until the measure was unidimensional using maximum likelihood EFA.

A full measurement model containing these larger but unidimensional measures was also judged to fit the data, but LISREL produced a warning message that the sample size was smaller than the number of parameters to be estimated, and that the parameter estimates were thus unreliable.

Measure Validation
Measure validation (i.e., the determination of the adequacy--reliability and validity--of a measure) in survey models can take several approaches. These include a separate large scale study(s) aimed solely at validating the study measures. However, presumably because of budget and time constraints, large scale measure validation studies are sometimes bypassed, and measure adequacy is gauged in a small scale pretest survey(s) (e.g., 100 cases). These small pretest surveys are used to preliminarily assess the measures, and to determine response rates. Obviously, weeded subsets, second-order constructs, etc. may be difficult if not impossible to investigate with the resulting small data sets.

Again perhaps because of budget and time constraints, the final- (model-) test data set is sometimes used for measure validation. In this case the final-test data are used for two separate purposes: to assess the measures, and to validate or test the hypothesized model that uses these measures. In this case weeded subsets, second-order constructs, etc. could obtain, but all the earlier criticisms (capitalizing on chance, etc.) then apply.

To investigate the use of a separate large-scale measure validation study that takes less time and is less expensive than to a mailed-out survey, we conducted a Scenario Analysis. A Scenario Analysis is an experiment in which the subjects (usually students) read written scenarios that portray a situation in which the study constructs are verbally manipulated (i.e., high for one experimental subject--"you are very satisfied with..."--low for another--"you are very dissatisfied with..."). Then the subjects are asked to complete the study questionnaire which contains the measures to be validated. Compared with other research designs such as cross sectional surveys, the results of Scenario Analyses have been reported to be similar enough that they might be useful in measure development and validation (Ping, 2004). 

A Scenario Analysis designed to assess N and the other study measures was conducted using students. An audit of the resulting completed questionnaires suggested, however, that many scenarios were incomplete or were not administered. Specifically, while there were nine variables in the proposed model, eight were exogenous, and thus the scenario required 28 = 256 completed questionnaires to produce one questionnaire for each treatment (i.e., treatment1 = high exogenous variable1, high exogenous variable2, ... , high exogenous variable8; treatment2 = high exogenous variable1, high exogenous variable2, ... , low exogenous variable8; treatment3 = high exogenous variable1, high exogenous variable2, ... , low exogenous variable7, high exogenous variable8; treatment4 = high exogenous variable1, high exogenous variable2, ... , low exogenous variable7, low exogenous variable8; ... ; treatment256 = low exogenous variable1, low exogenous variable2, ... , low exogenous variable7, low exogenous variable8). However, substantially fewer than 256 usable questionnaires were obtained, and re-administering the missing scenarios was judged to be out of the question because it was nearly impossible to determine which scenarios were missing.
 The effect of these missing treatments was subsequently judged to be unknown.

However, comparing the results of single construct exploratory common factor analysis of each measure, of the 9 measures, the behavior of 7 measures was same between the scenario analysis and the final test: 5 measures were unidimensional in both studies and 2 measures were multidimensional in the two studies, while 2 measures were unidimensional in scenario analysis and multidimensional in the final test, and no measures were multidimensional unidimensional in scenario analysis and unidimensional in the final test (not reported). However, loadings in the unidimensional measures were different between the data sets (i.e., an item that loaded high in the scenario data loaded lower in the final test data, and vice versa). Further, the multidimensional factor structure was not constant across the data sets--the number of factors were usually different between the data sets, but items in the scenario factor 1's were contained in (i.e., a subset of the) final test factor 1's in all but 1 case.

Further, reliabilities were within a few points of each other between the two data sets. While Average Extracted Variances (AVE's) (see Fornell & Larker, 1981) varied more widely (1 to 19 points), when the scenario AVE's were above .5 so were the final test AVE's.

Encouraged by these sanguine results despite the missing treatments, we weeded the measure for N using the scenario data. As discussed in Appendix A, the first weeded subset of the Factor 1 N items in final test data was Subset 2 (n9, n13, n15, n16, n17 and n18). However, n16 was the first item weeded out of Factor 1 in the scenario data (not reported). Thus, for the focal construct N, weeded subsets would not (all) be the same across data sets, and finding "the" weeded subset of items for the Factor 1 items of N using this scenario data set was judged unlikely.

Similarly, the first set of correlated measurement errors found for the Factor 1 items of N in the final test data was (9:10,11; 10:12,13,16,17; 11:--; 12:13,17; 13:14,15,16; 14:17,18; 15:16,18; 16:--; 17:--; where for example 9:10,11 indicates the correlations between ε9 and ε10, and ε9 and ε11--ε is a measurement error term, and 11:-- for example indicates that ε11 was not correlated with its higher-ordinality measurement errors, ε12 through ε18). However, 17:18 was the first correlated measurement error identified in the Factor 1 items of N using the scenario data (ε17 and ε18 were not correlated in the Factor 1 items in the final test data). Thus, the correlated measurement errors for N would not all be the same across data sets, and finding "the" correlated measurement errors for the Factor 1 items of N using this scenario data set was also judged to be unlikely.

We did not investigate 2nd order constructs or partial aggregation because they did not perform in the final test data. Similarly, because the itemizations of Factor 1 in nearly half of the study latent variables were different between the two data sets, weeding using external consistency only was also not investigated in the scenario data.

Since the reliabilities were similar between the two data sets, however, we did investigate full aggregation. However, the correlations were not same between data sets. For example, N had a correlated with S, an important study variable, of .10 in the scenario data, but this correlation was -.54 in full test data. Thus, the proposed structural model was not investigated in the scenario data because structural coefficients are related to partial correlations (and the scenario data was intended for measure validation rather than model validation).

In summary, while this scenario analysis may have been useful for assessing N and the other study measures' reliability and facets of validity (even with missing treatments), its results were not appropriate for finding "the" (i.e., a content valid) weeded subset of items for N, "the" correlated measurement error structure, etc. in order to permit the use of weeded subsets, second-order constructs, etc. with fewer of the criticisms mentioned earlier because capitalizing on chance would be removed in the second study. However, it remains an open question whether or not a "proper" scenario analysis (i.e., one in which all the treatments were administered) would have produced the same conclusion regarding weeded subsets, etc. 

Unfortunately, since one was not performed for this analysis (or the original model test, due to budget and time constraints), it is also an open question whether a large scale measure validation study could have been used to find "the" weeded subset of items for N, "the" correlated measurement error structure, etc. 

APPENDIX F--Derivation of Single Indicator Loadings and Measurement Error Variances

Werts, Linn and Jöreskog (1974) proposed that the latent variable reliability (ρX) of a of a unidimensional measure X (i.e., the measure has only one underlying latent variable) is given by

            L2X Var(X)

F1)
ρX = ـــــــــــــــــــــــــــــــ  ,

         
         L2X Var(X) + EX
where LX is the sum of the loadings of the items in the measure X on their latent variable X, Var(X) is the (error disattenuated) variance of X (i.e., from a measurement model of X), and EX is the sum of the measurement error variances of the items in the measure X as they load on their latent variable X. It is also well known that EX is given by

F2)
EX = Var(X) (1 - ρX) ,

where Var(X) is the (error attenuated) variance of X (e.g., obtained using SAS, SPSS, etc.). By solving Equation (F1) for LX and substituting Equation (F2) into the result,

F3)
LX = [Var(X) ρX / Var(X)]1/2
which becomes

F4)
LX = [ρX]1/2

when Var(X) equals Var(X) (e.g., if X, and thus X, is standardized and its variance is equal to 1), or

F5)
LX ≈ [ρX]1/2

otherwise, where ≈ indicates "approximately equal to."
Finally, Anderson and Gerbing (1988) pointed out that for a unidimensional measure there is little practical difference between coefficient alpha (α) and latent variable reliability ρ.

Thus, for a single indicator specification of a standardized latent variable X (i.e., its variance is fixed at 1), its loading, LX, is the square root of its latent variable reliability ρ (see Equation F1), and its measurement error variance, EX, is 1 - ρX (see Equation F2). 

These parameters can be estimated for a standardized latent variable X by substituting coefficient alpha reliability, α, into Equations (F2) and (F4), and for an unstandardized latent variable X its single indicator loading can be approximated using Equation (F5) and α , and its measurement error variance can be estimated using Equation F2. 

Ping (2004) suggested summing maximum likelihood exploratory factor analysis (EFA) loadings for LX, and using Equation F2 for the measurement error variance of a fully aggregated measure. Because EFA also produces an estimate of the Average Extracted Variance (AVE), the explained variance for a factor, the equation for the AVE of X (see Fornell & Larker, 1981)

     Σ(lxj (j=1,p))2 Var(X)


AVEX = ـــــــــــــــــــــــــــــــــــــــــــ 

         
 
  Σ(lxj (j=1,p))2 Var(X) + EX
     Σ(lxj (j=1,p))2
           = ــــــــــــــــــــــــــــــ  ,

         
 
  Σ(lxj (j=1,p))2 + EX
where lxj is a loading, Σ is a sum (of squared loadings--Equation F1 involves the square of the sum), and Var(X) = 1, can be solved for the measurement error variance of a sum of indicators, EX
         Σ(lxj (j=1,p))2 (1 - AVE)

F6)
EX = ــــــــــــــــــــــــــــــــــــــــ  ,

         
 
      AVE

where AVE is the explained variance of (unidimensional) factor containing the items in X.

Thus, an additional estimate of the loading of a summed indicator composed of unidimensional items is the sum of its EFA loadings, and an additional estimate of its measurement error variance is given by Equation (F6).

ENDNOTES

� In this case inconsistency is actually unacceptable consistency: the observed or input correlation between two indicators of the same latent variable is not acceptably numerically similar to the path analytic (Wright, 1934) product of the coefficients on the loading paths from their common latent variable.





� Using path analysis (Wright, 1934) the covariance of two unidimensional items x1 and x2 (i.e., items with only one underlying latent variable) implied by a model is the product of the path coefficients on their paths from their common latent variable (i.e., the product of their loadings), plus the product of the path coefficients due to correlated measurement error (i.e., (1*(2 + 1*1*Cov((1,(2), where ( denotes loading, ( denotes measurement error, 1 is the implied path coefficient on the path between each measurement error and their respective x, and Cov denotes covariance). Because correlations between measurement errors are usually assumed to be zero, the covariance term is usually ignored. 





� Content or face validity is usually established by qualitatively judging how well items match the conceptual definition of the target construct.





� A second-order construct has other constructs as its "indicators." For example in Dwyer and Oh's (1987) study of Environmental Munificence and Relationship Quality, the second-order construct Relationship Quality had the first-order constructs Satisfaction, Trust, and Minimal Opportunism as indicators (see Bagozzi, 1981b; Bagozzi and Heatherton, 1994; Gerbing and Anderson, 1984; Gerbing, Hamilton and Freeman, 1994; Hunter and Gerbing, 1982; Jöreskog, 1970; and Rindskopf and Rose, 1988 for accessible discussions of second-order constructs).





� Bagozzi and Heatherton (1994) also used a variation of this approach that did not use reliability loadings.





� For example, a model with just-identified latent variables (3 items per latent variable), and 5 latent variables requires 240 cases to produce at least two cases per input covariance matrix element. The same model with 5 summed indicators and 240 cases would have 16 cases available to compute each input covariance matrix element.





� The study details have been omitted to skirt matters such as conceptual definitions, hypotheses, etc. which were judged to be of minimal importance to the present purposes.





� Anderson and Gerbing (1984) suggested that GFI and AGFI may not be appropriate gauges of model-to-data fit in larger models. An RMSEA (Steiger, 1990) of .05 suggests close fit and values through .08 suggest acceptable fit--see Browne and Cudeck (1993); Jöreskog (1993).





� However, this indeterminacy could be remedied by reconvening an item-judging panel to judge the resulting measures and thus identify a weeded subset of items that best taps the conceptual definition of N.





� The variations of full aggregation (e.g., factor scores, LISREL 8 parameters, etc.) have not been formally investigated for structural coefficient bias and inefficiency, as far as we know, and the structural coefficient results from External Consistency Only and full aggregation should be compared for validation. A disagreement in nonsignificance (e.g., a structural coefficient varies between nonsignificance and significance with External Consistency Only and factor scores) should probably be judged nonsignificant. 





� Other omissions were possible--e.g., omitting a Subset 2 item from the set of 18, etc., and there were 18 of these, some of which may have duplicated Subset 1.





� While these two itemizations had no items in common, equivalent behavior was observed with Subset 2 and Subset 1 or Subset 1a that did have common items. Parenthetically, the reliability of the antecedent latent variable was .86. However, similar behavior was observed for a latent variable with much lower reliability. Finally, there were other structural coefficients that were completely unaffected by changes in the itemizations of N. 





� This process was actually repeated more than 180 times to check for errors because the results appeared to be cycling. Whether or not this process would have converged with this number of potential correlated measurement errors (171) is unknown.





� Correlating all measurement errors with ε9 was not identified, so the correlation between ε9 and ε13 was fixed at zero because its modification index (MI) was .0001, suggesting the correlation was nonsignificant. A MI in this case is approximately a Chi-Square statistic for freeing the correlation between ε9 and ε13--a MI of .0001 suggests the path coefficient on the correlation between ε9 and ε13 would have a Chi-Square difference (from 0) of .0001 which is nonsignificant with a p-value of .992 and 1 degree of freedom.





� Using expectation algebra and the usual assumptions regarding latent variables and their errors of measurement, the variance of a sum of indicators xi, Var(x1+x2+...+xp) = Var(λx1X + εx1 + λx2X + εx2 + ... + λxpX + εxp) = (Σλxj (j=1,p))2Var(X) + ΣVar(εxj (j=1,p)), where λ is a loading, X is a latent variable, and ε is a measurement error.





� Because exploratory factor analysis assumes variances of 1, the loadings were re-scaled by dividing each loading by the maximum loading to allow for latent variable variances other than 1. This produces one loading equal to one and the other loadings in the customary .6 to .9 range.


� In retrospect, we should have at least numbered the scenarios by treatment.
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