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ABSTRACT
Latent variable regression, a path coefficient estimation technique for interactions and quadratics in unobserved or latent variables, uses an error-attenuated covariance matrix (e.g., available from SAS, SPSS, etc.) which is then adjusted for measurement error, as input to ordinary least squares regression. However, it was proposed without a standard error for the path coefficients. This research suggests an approximate standard error for interaction coefficients in latent variable regression, and provides an example of its use.

In experiments with categorical independent variables (e.g., experiments analyzed with ANOVA), interactions, e.g. XZ in

1)

Y = b0 + b1X + b2Z + b3XZ + b4XX + ζY ,

and quadratics (e.g., XX in Equation 1) are investigated to help interpret significant main effects (e.g., b1 and b2, the X-Y and Z-Y effects respectively in Equation 1). However, interactions and quadratics are seldom investigated in theoretical model validation studies using survey data, even when theory suggests their existence, possibly because they have been difficult to detect (see for example Podsakoff, Todor, Grover and Huber 1984; also see McClelland and Judd 1993). Until recently they may also have been difficult to specify with latent variables (Aiken and West 1991).

Nevertheless significant latent variable interactions have been reported (e.g., Baumgartner and Bagozzi 1995; Lusch and Brown 1996; Osterhuis (1997); Ping 1994, 1999; Singh 1998), and authors have called for the investigation of these variables in survey research (Aiken and West 1991; Blalock 1965; Cohen 1968; Cohen and Cohen 1975, 1983; Freidrich 1982; Howard 1989; Jaccard, Turrisi and Wan 1990; Kenny 1985). Their argument is that failing to consider interactions and quadratics in the population model increases the risk of false negative research findings (Type II error) because a interaction (or a quadratic) can mask a significant conditional effect, and misleading positive research findings because the effect could be conditional (see Ping 1996c for details).

There has been considerable progress recently in estimating interactions in survey data using regression (Aiken and West 1991; Jaccard, Turissi and Wan 1990; Ping 1996a) and using structural equation analysis (Bollen 1995; Hayduk 1987; Jaccard and Wan 1995; Jöreskog and Sörbom 1996; Kenny and Judd 1984; Ping, 1995, 1996b; Wong and Long 1987), and in interpreting these results (see Aiken and West 1991; Jaccard, Turissi and Wan 1990, Denters and Van Puijenbroek 1989).

In particular, Ping (1996a) suggested adjusting the covariance matrix used in ordinary least squares (OLS) regression to estimate interactions involving unobserved or latent variables with multiple indicators (see Heise 1986 for another covariance matrix adjustment approach to the errors-in-variables problem that involves OLS regression). Using simulated data, his results suggested the proposed technique, which he termed latent variable regression (LVR), performed adequately by producing unbiased and consistent regression coefficients. However, the suggested technique included no standard error for the LVR coefficients (i.e., b1 through b4, in Equation 1). This renders LVR useless for theoretical model testing, the major use of errors-in-variables analysis in the social sciences.

This research suggests an approximate standard error for the linear (i.e., b1 and b2 in Equation 1) and interaction (i.e., b3 in Equation 1) regression coefficients produced by LVR. We will not argue for the use of LVR or the proposed standard error (however see p. 7). We will simply show that the proposed standard error performs adequately, and that point out that with it LVR could be used in theoretical model testing.

The paper begins with a brief review of LVR. Then it investigates the suggested standard error using simulated data sets. It concludes with a pedagogical example using LVR and the suggested standard error.

Latent Variable Regression
Ping (1996a) proposed using an attenuated covariance matrix (e.g., available from SAS, SPSS, etc.) that has been adjusted for measurement error as input to ordinary least squares regression in order to detect latent variable interactions and quadratics. Loadings and measurement errors from a structural equation analysis measurement model are used to provide the adjustments for this covariance matrix. For example, for unidimensional latent variables X, Z, XZ, and Y meeting the Kenny and Judd (1984) normality assumptions (i.e., indicators are multivariate normal with zero means and independent of their measurement errors, and measurement errors are independent of each other), a measurement model for X, Z and Y could be estimated, and the adjusted or disattenuated variance, Var(X), associated with X = x1+x2+...+xn could be estimated using

Var(X) = [Var(X)-θX]/ΛX2,

where Var(X) is the attenuated variance of X (available from SAS, SPSS, etc.), θx is the sum of the measurement errors of xi (= Var[εx1] +...+ Var[εxn]), and ΛX is the sum of the loadings of xi on X (= λx1 +...+ λxn). The variances of Z and Y are similar.

The adjusted covariance of X and Z could be estimated from

Cov(X,Z) = Cov(X,Z)/ΛXΛZ,

where Cov(X,Z) is the attenuated covariance of X and Z (=z1+...+zm). The covariances of Y with X, and Z are similar.

The adjusted covariance of XZ with Y could be estimated with

Cov(XZ,Y) = Cov(XZ,Y)/ΛXΛZΛY.

The covariances of XZ with X and Z are similar.

Finally, the adjusted variance of XZ could be estimated using

Var(XZ) = (Var(XZ) - ΛX2Var(X)θZ - ΛZ2Var(Z)θX - θXθZ)/ΛX2ΛZ2.

A Suggested Latent Variable Regression Coefficient Standard Error
The coefficient standard errors (SEs) (i.e., the SEs of b1, b1, b3, and b4 in Equation 1) produced by ordinary least squares (OLS) regression using an error-adjusted covariance matrix are incorrect because they assume variables measured without error (e.g., Warren, White and Fuller 1974). A common approach to this problem (e.g., in instrumental variables and two-stage least squares-- see Hanushek and Jackson 1977) is to adjust the SE from unadjusted OLS regression by changes in its standard error, RMSE (= [Σ[yi - i]2], where yi and i. are observed and estimated ys respectively). Thus an adjusted SE for LVR coefficients would involve the SE from unadjusted OLS regression, and a ratio of the standard error from unadjusted OLS regression and the standard error from LVR. Specifically, it is well known that SEs produced by unadjusted OLS regression (i.e., an SE produced using covariances unadjusted for measurement error) are attenuated by measurement error and OLS regression RMSE is reduced by accounting for measurement error (e.g., Warren, White and Fuller 1974, see Myers 1986 for additional citations). Thus an adjustment for the SE from unadjusted OLS regression would be the ratio of the RMSE produced by unadjusted OLS regression to that produced by LVR, or

SELVR = SEU*RMSEU/RMSELVR ,

where SELVR is the suggested LVR standard error, SEU is the SE produced by unadjusted OLS regression (i.e., the SE produced using covariances unadjusted for measurement error), RMSEU is the standard error produced by unadjusted OLS regression, and RMSELVR is the standard error produced by LVR.

Table 2 shows the performance of this suggested standard error in detecting known population structural coefficients (i.e., bs in Y = b0 + b1X + b2Z + b3XZ + b4W +ζY) under several combinations of reliability, structural coefficient size, and sample size. These results include the performance of structural equation analysis (i.e., LISREL 8) for reference, and were produced using the Table 3 population parameters and the simulation procedure described in Appendix A.

Overall, the suggested standard error performed adequately as a coefficient standard error for LVR. Table 2 shows the bias (i.e., the ratio of the average of the standard errors to the root mean square difference of the coefficients from their population values) of the suggested standard errors and the LISREL 8 for comparison. While the downward bias of the suggested standard error was considerable in some cases, it was similar to the downward bias experienced by LISREL 8 and the LISREL 8 biases reported by Jaccard and Wan (1995), and thus it was judged to be acceptable. Further, the number of significant coefficients produced by the suggested standard error was similar to LISREL 8 over the simulation conditions, except for the low reliability-small sample condition, where the power of the test for the suggested standard error (i.e., the number of true positive interpretations) was slightly higher than LISREL 8.

An Example
In business-to-business relationships, relationship neglect (allowing the relationship to deteriorate) (NEG) has been argued to be associated with overall satisfaction with that relationship (SAT), the attractiveness of alternative relationships (ALT), investment in the relationship (INV), and the cost to switch relationships (SCT) (see Ping 1993). To illustrate the use of the adjusted coefficient standard error, we will add a satisfaction-alternative attractiveness interaction (SxA) to the variables argued to be associated with neglect, and estimate the structural equation

2)

NEG = b0 + b1SAT + b2ALT + b3INV + b4SCT + b5SxA + ζNEG.

Because we this is a pedagogical example, we will omit the details of the study (see Ping 1993 for a test of this model without an interaction). The unadjusted covariance matrix for these variables, along with the results from a measurement model of SAT, ALT, INV, SCT, and NEG are shown in Table 4. The spreadsheet calculations used to adjust the attenuated covariance matrix, plus the adjusted covariance matrix are also shown in Table 4. The resulting coefficient estimates for Equation 2 are shown in Table 1.

To produce the Table 1 estimates for LVR, first we verified that SAT, ALT, INV, SCT, and NEG were unidimensional using single construct (structural equation) measurement models (see Jöreskog 1993). Then we mean centered the indicators of SAT, ALT, INV, SCT, and NEG (s, a, i, sc, and n respectively in Table 4) by subtracting the mean of an indicator from its case values using SPSS. Mean centering produces indicators and constructs with zero means, and is required for LVR (and interaction estimation with structural equation analysis without an intercept term in Equation 2-- see Jöreskog and Yang 1996). Next, the mean centered indicators for each construct were summed for each case to form regression variables SAT, ALT, INV, SCT, and NEG, and these new variables were added to each case, again using SPSS. The interaction SxA (= SAT times ALT) was also added to each case using SPSS.

Then the unadjusted covariance matrix of SAT, ALT, INV, SCT, NEG, and SxA was produced using SPSS, and a measurement model for SAT, ALT, INV, SCT, and NEG was estimated using LISREL 8 and maximum likelihood. Measurement model parameters for SxA are not necessary because the covariance matrix entries involving an interaction are adjusted using the unadjusted interaction and the liner-terms-only measurement model (e.g., involving SAT, ALT, INV, SCT, and NEG-- see Equation 2). Next, the measurement model loadings and measurement errors were used to adjust the covariance matrix of SAT, ALT, INV, SCT, NEG, and SxA to produce an adjusted covariance matrix for SAT, ALT, INV, SCT, NEG, and SxA using an Excel spreadsheet available on the web site.

This adjusted covariance matrix for SAT, ALT, INV, SCT, NEG, and SxA was input to SPSS to produce i) LVR coefficient estimates and ii) an LVR standard error (RMSELVR). Next the unadjusted covariance matrix was input to SPSS to estimate iii) unadjusted coefficient standard errors (SEU) and iv) an unadjusted OLS regression standard error (RMSEU).

Then adjusted coefficient standard errors were calculated by multiplying the unadjusted coefficient standard errors (SEU-- result [iii]) by RMSEU (result [vi]) divided by RMSELVR (result [ii]). Finally, the significance of the LVR coefficients was estimated by dividing the LVR coefficients (result [i]) by the adjusted coefficient standard errors just calculated.

The LISREL 8 estimates shown in Table 1 were produced by first attempting to use the Kenny and Judd (1984) approach of itemizing the SXA interaction with all unique products of the indicators of SAT and ALT. The resulting itemization of SXA produced 25 product-indicators and the LISREL 8 structural model for Equation 2 did not fit the data. Next, we attempted to use the Jaccard and Wan (1995) approach of itemizing SXA with a consistent subset of its 25 product-indicators. However, while several consistent subsets of the product-indicators were found, none were judged to be content valid because none spanned the indicators of SAT and ALT (i.e., all the indicators of SAT and ALT were not represented in any of these subsets of product indicators). Finally, using the Ping (1995) approach of itemizing SXA with a single product indicator that is the sum of the SAT items times the sum of the ALT indicators, we were able to estimate the Equation 2 model.

Several comments may be of interest. The spreadsheet calculations involved multiplying the unadjusted covariances by functions of the number of items in the measures involved (e.g., G7, G8, etc. in Table 4). This was required because the unadjusted covariances in Table 4 were based on averaged, rather than summed, indicators. Multiplying each unadjusted covariance by functions of the number of items in its measures reverses the effect of averaging and produces usable variances and covariances.

Because of the number of steps involved, LVR is as tedious to use as other structural equation techniques for interactions. In addition, it cannot be used to jointly estimate multiple dependent variables as structural equation analysis can. Thus it appears to be no real threat to the popularity of LISREL, AMOS, EQS, etc.

However, since it does not involve specifying a structural equation model (e.g., LISREL) that involves an interaction (and experiencing estimation difficulties such as those described above), LVR might be useful to substantive researchers not interested in learning the intricacies of specifying and estimating interactions with structural equation analysis (e.g., LISREL). It may also be effective in estimating several interactions or probing for interactions to explain non-significant associations (a disordinal interaction can mask a significant association). The specification of several interactions noticeably increases the nonnormality of a structural equation model, and virtually guarantees unacceptable model-to-data fit; it can also increase structural model convergence and improper solution difficulties.
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Appendix A- Simulated Data Set Creation

To produce the Table 2 results, the model Y = b0 + b1X + b2Z + b3W + b4XZ + ζY was estimated using simulated data sets that met the Kenny and Judd (1984) normality assumptions (indicators are multivariate normal with mean zero and independent of their measurement errors, and measurement errors are independent of each other) with the  Table 3 population parameters. These parameters are the original Kenny and Judd (1984) values for the variances of X, Z, and W, and polar but plausible values for model validation studies. E.g., the loadings and measurement errors produce reliabilities of .7 and .9, and the structural parameters (i.e., bs and ζs) correspond to R2 's of .10 and .50.

X, Z, W, and their indicators x1, ... , x4, z1, ... , z4, w1, ..., w4 were created using PRELIS, and a normal random number generator. Each data set contained 100 or 300 cases and was replicated 100 times. For each of these data sets PRELIS and the Table 3 population parameters were used to generate Y and its single indicator y1, again using a normal random number generator. Next, the indicators x1, ... , x4, z1, ... , z4, w1, ..., w4 were summed to form X, Z and W, and these variables and Y (= y1) were mean centered by subtracting the mean of each variable from each case value for that variable to produce zero means for all variables. XZ (= X times Z) was added to the data set, and the attenuated covariance matrix for X, Z, W, Y and XZ was generated using SPSS. Then the raw data for x1, ... , x4, z1, ... , z4, w1, ..., w4, and y1 was used in a measurement model with LISREL 8 and maximum likelihood (ML) to produce the loadings and measurement errors for x1, ... , x4, z1, ... , z4, w1, ..., w4. Next these measurement parameters were used to adjust the attenuated covariance matrix, and the resulting adjusted covariance matrix was input to SPSSs matrix regression procedure to produce latent variable regression (LVR) structural coefficients, and an LVR Root Mean Squared Error (RMSE). Then the attenuated covariance matrix was input to SPSSs matrix regression procedure to produce unadjusted coefficient standard errors and an unadjusted RMSE. Finally the raw data was input to LISREL 8 to produce (ML) estimates for comparison purposes.

Table 1-- Coefficient Estimates for the Example
Latent Variable (OLS) Regression Results: Dependent Variable = NEG

                  Standardized      Unstandardized                                    

Variable      Coefficient          Coefficient          SEa   t-value (p-value)
   SAT
-.317 
-.279
.068
-4.05    (.000)

   ALT
.214
.147
.051
2.84    (.005)

   INV
-.217
-.168
.056
-2.98    (.003)

   SCT
.066
.044
.045
0.97    (.333)

   SxA
-.127
-.080
.050
-1.57    (.117)

Const.

.000
.035
0.00    (1.00)

LISREL 8 (GLS) Results: Endogenous Variable = NEG

                  Standardized     Unstandardized

Variable      Coefficient          Coefficient           SE       t-value
   SAT
 -.337
-.327

.088
-3.70

   ALT
.207
.143

.054
2.63

   INV
-.185
-.156

.071
-2.20

   SCT
.042
.028

.058
0.49

   SxA
-.108
-.072

.052
-1.37

χ2/df/p = 309/216/0.28E-4, GFI = .88, AGFI = .84, CFI = .99, RMSEA = .04

_______________

a Suggested coefficient standard errors (i.e., coefficient standard errors from unadjusted regression multiplied by the ratio of unadjusted regression Root Mean Squared Errors [RMSE] to adjusted regression RMSE).
Table 2-- Bias in Coefficient Standard Error (SE) and Significant Coefficient Counts for the Suggested Standard Errors (Sugg. SE) and LISREL 8 (L8)
        Biasa in SE       
      Significant Coefficients        
LVRb with

LVRb with

Sugg. SE
L8
Sugg. SE
L8
Difference


lsi100: b1,b2,b4c
0.831
0.881
110
82
28

b3
0.833
0.841
33
29
4

lsi300: b1,b2,b4
0.917
0.946
191
179
12

b3
0.818
0.823
55
54
1


lsn100: b1,b2,b4
0.878
0.941
106
73
33

b3
0.959
0.942
0
4
(4)

lsn300: b1,b2,b4
0.958
0.998
185
169
16

b3
0.913
0.924
25
21
4


lli100: b1,b2,b4
0.884
0.866
265
273
(8)

b3
0.837
0.825
96
99
(3)

lli300: b1,b2,b4
0.936
0.944
291
289
2

b3
0.810
0.814
100
100
0


lln100: b1,b2,b4
0.919
0.932
295
289
6

b3
0.932
0.944
8
4
4

lln300: b1,b2,b4
0.978
0.980
299
298
1

 
b3
0.918
0.908
27
28
(1)


hsi100: b1,b2,b4
0.929
0.918
80
81
(1)

b3
0.938
0.944
25
24
1

hsi300: b1,b2,b4
0.974
0.984
183
180
3

b3
0.891
0.885
53
56
(3)


hsn100: b1,b2,b4
0.978
0.983
81
80
1

b3
0.991
0.980
0
5
(5)

hsn300: b1,b2,b4
1.000
1.000
183
182
1

b3
0.938
0.923
23
27
(4)


hli100: b1,b2,b4
0.926
0.918
296
297
(1)

b3
0.930
0.931
100
100
0

hli300: b1,b2,b4
0.980
0.984
300
300
0

b3
0.880
0.883
100
100
0


hln100: b1,b2,b4
0.987
0.978
296
297
(1)

b3
0.982
0.972
0
4
(4)

hln300: b1,b2,b4
1.000
1.000
300
300
0

b3
0.929
0.905
19
27
(8)

_______________
a The average of the suggested coefficient standard errors divided by the root mean square difference of the coefficients from their population values. A bias less than 1 suggests the suggested standard error underestimates the actual coefficient variation (measured in this case the root mean square deviation from the population value).

b Latent Variable Regression.

c b1, b2, and b4 are the coefficients of X, Z, and W in 100 data sets with lower reliability, small coefficients, a population interaction, and a sample size of 100. The next line shows this information for the XZ coefficients. Subsequent lines show combinations that include high reliability, large coefficients, with no population interaction, and a sample size of 300. 

Table 3-- Population Parameters for Simulated Data Sets
          Population            
     Parametera
Variance 
Coefficient
All Data Sets:

X

2.15 



Z

1.60 



W

1.00

Corr(X,Z)

0.20

Corr(X,W)

0.20

Corr(Z,W)

0.20

λy


1.00



εy

0.00

b0


0.00

High Reliability Samples (ρ = .9):

λx1

1.00



λx2-λx4

0.90



λz1

1.00



λz2-λz4

0.90 



λw1

1.00



λw2-λw4

0.90 



εx1-εx4
0.82 



εz1-εz4
0.61 



εw1-εw4
0.38 



Low Reliability Samples (ρ = .7):

λx1

1.00



λx2-λx4

0.70



λz1

1.00



λz2-λz4

0.70 



λw1

1.00



λw2-λw4

0.70 



εx1-εx4
2.21 



εz1-εz4
1.65 



εw1-εw4
1.03 



Small Coefficients (R2 = .10)

ζY

1.6 



bY,X

-0.15 


bY,Z

0.17 


bY,W

 0.20

bY,XZ

 0.12 


Large Coefficients (R2 = .50):

ζY

0.8 



bY,X

-0.35 


bY,Z

0.37 


bY,W

 0.40

bY,XZ

0.30 


─────────────────────────────────
a Y = bY,XX + bY,ZZ + bY,WW  + bY,XZXZ + ζY
  xi = λxiX + εxi
  zi = λziZ + εzi
 wi = λwiW + εwi
Table 4-- Unadjusted Covariances and Measurement Model Results for the Example
               [Col A]            [Col B]             [Col C]              [Col D]             [Col E]              [Col F]               [Col G]

Unadjusted Covariances:

                 SAT                ALT                   INV                  SCT                  NEG                  SxA

Row 1]
SAT
0.4440214

Row 2]
ALT
‑0.2986497 
 0.7387649

Row 3]
INV
0.1690241 
‑0.1894359 
 0.6089392

Row 4]
SCT
0.1703342 
‑0.3365397 
 0.4214534 
0.9570907

Row 5]
NEG
‑0.0053209 
 0.0034348 
‑0.0116940 
0.0833171 
0.5073915

Row 6]
SxA
0.2559515 
‑0.2630964 
‑0.0110285 
0.0544937 
0.0775070 
0.6710534 

Loadings:

                    1                       2                      3                        4                        5                     Sum              # of Indicators

Row 7]
s
0.8020420 
0.8935347 
1 
0.8880973 
0.93956542 
4.52323953 
5

Row 8]
a
0.9388913 
0.9082904 
1 
0.7782776 

3.62545943
4

Row 9]
i
0.8971429 
0.9864732 
1 
0.9910887 
0.75174001 
4.62644498
5

Row 10]
sc
0.9298091 
1.0108595 
1 
1.0286587 

3.96932738
4

Row 11]
n
1.2562465 
1.4469622 
1 
0.9756666 

4.67887537
4

Measurement Errors:

                    1                       2                      3                        4                        5                     Sum

Row 12]
s
0.16497635 
0.1304105 
0.09750127 
0.11863208 
0.10498881
0.61650901

Row 13]
a
0.26669386 
0.2477777 
0.08196178 
0.23768765 

0.83412104

Row 14]
i
0.44856484 
0.1266073 
0.09591831 
0.11563109 
0.44733779 
1.23405942

Row 15]
sc
0.29333068 
0.2127870 
0.17113061 
0.21136906 

0.88861735

Row 16]
n
0.23881176 
0.0646641 
0.58677303 
0.67803413 

1.56828306

Adjusted Covariance Matrix:a
                     SAT                  ALT                   INV                   SCT                   NEG                  SxA
Row 17]
SAT
0.512423355 (= [G7^2*A1-F12]/F7^2)b
Row 18]
ALT
‑0.364233127 
 0.83583034 (= [G8^2*B2-F13]/F8^2)
Row 19]
INV
0.201925726 
‑0.22588210 
 0.653589285 (= [G9^2*C3-F14]/F9^2)
Row 20]
SCT
0.189742817 
‑0.37417633 
 0.459002695 
 0.915539276 (= [G10^2*D4-F15]/F10^2)
Row 21]
NEG
‑0.005028333 
 0.00323979 
‑0.010804488 
 0.083317100 
 0.299196894 (= [G11^2*E5-F16]/F11^2)
Row 22]
SxA
0.345060666 
‑0.35402114 
‑0.014536385 
 0.066974076 
 0.080812176 
 0.93852398 (= [G7^2*G8^2*F6
              (=G7^2*G8*A6/[F7^2*F8])                                                                                                                            -F7^2*A17*F13

                                           (=G8^2*G7*B6/[F8^2*F7])                                                                                               -F8^2*B18*F12

                                                                        (=G7*G8*G9*C6/[F7*F8*F9])                                                             -F12*F13]/F7^2*F8^2)

                                                                                                    (=G7*G8*G10*D6/[F7*F8*F10])

                                                                                                                                 (=G7*G8*G11*E6/[F7*F8*F11])

             Cov(SAT,ALT) = G7*G8*A2/[F7*F8]. Italicized adjusted covariances are similar

_________________

a SPSS requires a square matrix as input to matrix regression.

b Spreadsheet formula for covariance matrix entry.
