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ABSTRACT

An alternative estimation technique is proposed for interac​tion and quadratic latent variables in structural equation models using LISREL, EQS, and AMOS. The technique specifies these ​​variables with a single indica​tor. The loading and error terms for this single indicator can be speci​fied as con​stants in the structural model. The technique is shown to perform adequately using synthet​ic data sets.


INTRODUCTION

Opportunities for investigating interactions and quadratic variables are ubiquitous in Marketing theory (e.g., Walker, Chur​chill, and Ford 1977 and Weitz 1981 in the personal selling literature; Ajzen and Fishbein 1980, Engel, Blackwell and Kollat 1978, Howard 1977, and Howard and Sheth 1969 in the consumer behavior literature; Dwyer, Schurr and Oh 1987 and Stern and Reve 1980 in the channel literature; and Sherif and Hovland 1961 in the advertising literature). Interactions and quadratics are often encountered by survey researchers in Marketing (Howard 1989) (see for example Batra and Ray 1986, Heide and John 1992, Kohli 1989, Laroche and Howard 1980, and Teas 1981). In addition, research​ers have called for the in​vestiga​tion of interaction and quadratic variables in survey data to improve the interpre​tation of study results (see the citations in Aiken and West 1991, and Jaccard, Turrisi and Wan 1990 involving the social scienc​es, and Howard's 1989 remarks in Marketing). They point out that failing to consider the existence of interactions and quadratic variables in survey data increases the risk of misleading research findings, as it does in ANOVA studies.

However, researchers encounter major obstacles when they attempt to estimate interactions or quadratics in models involv​ing latent variables. The popular estimation methods for these nonlinear latent variables have theoretical or practical limitations. For example, the most popular estima​tion tech​nique, regres​sion, is known to produce coeffi​cient estimates that are biased and inefficient for variables measured with error such as latent variables (Busemeyer and Jones 1983). Ap​proach​es that involve sample splitting to detect these variables are criti​cized for their reduc​tion of statisti​cal power, and the resultant likeli​hood of false disconfirmation (Cohen and Cohen 1983, Jaccard, Turrisi and Wan 1990).

Structural equation analysis approaches are difficult to use (Aiken and West 1991), in part because, until recently, popular structural equation software packages (e.g., LISREL, EQS, etc.) were unable to properly specify interac​tion and quadratic latent vari​ables.

This article proposes an estima​tion tech​nique for interaction and quadratic latent variables that avoids many of these obstacles. The technique involves structural equation analysis, and it specifies ​an interac​tion or quadrat​ic latent variable with a single indicator. The loading and error term for this single indicator need not be estimated in the struc​tural model: they can be speci​fied as con​stants in that model. The efficacy of this tech​nique is investigated ​by recovering known coeffi​cients, detecting known significant effects, and gauging known model-to-data fits in synthetic data sets.


ESTIMATING INTERACTION AND QUADRATIC VARIABLES

While there are many proposed approaches to detecting interactions and quadratics (see Jaccard, Turrisi and Wan 1990 for a summary), there are three general catego​ries of ap​proaches to estimat​ing these variables involving ​latent vari​ables: regression analy​sis, subgroup analysis, and indicator-product structural equation analy​sis.

To use regression analysis with unobserved or latent variables, a dependent variable is re​gressed on independent vari​ables composed of summed indicators and products of these summed indicators (i.e, for the interactions or quadratics). Subgroup analysis involves dividing the study cases into subgroups of cases using, for example, the median of a suspect​ed interac​tion or quadratic vari​able, estimating the model using each sub​group of cases and regression or structural equation analysis, and then testing for signifi​cant coeffi​cient differ​ences between the sub​groups. To use structural equation analy​sis, quadratic and interaction latent vari​ables are specified in a structural equation model using products of indicators. Coeffi​cients are estimated ​either directly using software such as LISREL 8 or CALIS (available in SAS), or indirectly using software such as EQS AMOS, or earlier versions of LISREL.

Regression analysis, is generally recommended for continu​ous variables (Cohen and Cohen 1983, Jaccard, Turrisi and Wan 1990, Aiken and West 1991). However, for vari​ables measured with error such as latent variables, regres​sion is known to produce biased and inefficient coeffi​cient estimates (Buseme​yer and Jones 1983). While proposals to remedy this situation have been made (see Feucht 1989 for a summary), they are seldom seen in the social sciences, perhaps because they lack significance testing statistics (Bollen 1989). Authors have also commented on the loss of statistical power in regression as reliability declines (see Aiken and West 1991 for a summary). Finally, regres​sion limits the re​searcher to investi​gat​ing one dependent variable at time.

The second approach, subgroup analysis, is a preferred technique in some situations. Jaccard, Turrisi and Wan (1990) state that subgroup analysis may be appro​priate on theoreti​cal grounds: the model could be posited to be structurally different for differ​ent subject subgroups. They also point out that an interac​tion need not be of the form "X times Z" (the possibilities for the form of an interaction are infinite, Jaccard, Turrisi and Wan 1990), and that three group analysis may be more appro​pri​ate in these cases. Sharma, Durand and Gur-Arie (1981) recommend subgroup analysis to detect what they term a homologiz​er: a variable W, for example that affects the strength of the independent-dependent variable association, yet is not related to either of these variables.

However, the subgroup analysis approach of splitting the sample is criticized for its reduction of statistical power, and the resultant likeli​hood of false dis​​​​​​confirmation (Cohen and Cohen 1983, Jaccard, Turrisi and Wan 1990). This approach also reveals neither the magnitude nor the actual form of any significant interaction or quadratic.

The third approach, uses products of indicators to specify interac​tion and quadrat​ic variables in a structural equation model (Kenny and Judd 1984). For example, in the Figure 1 model that involves the latent vari​ables X, Z and Y, the latent variables XZ and XX have been added by specifying their indicators to be all possible unique products of the X and Z indicators. This product-indicator structural equation model is then analyzed using the full set of cases, and significant XZ or XX coefficients suggest the presence of an interaction or quadratic, respectively, and their form and magnitude.

However, this approach has theoretical and practical limitations. For example it is inappropri​ate when the form of the interaction is other than the product of indepen​dent variables (e.g., the interaction could be of the form X/Z, Jaccard, Turrisi and Wan 1990). In addition, it is compli​cat​ed by the nonlinear form of the loadings and error terms of the product indicator (e.g., λx1z1 and εx1z1 in Figure 1). These nonlinear loadings and error terms cannot be specified in a straightforward manner in most structural equation analysis software (e.g., EQS, AMOS, etc.) (Hayduk 1987). For structural equation modeling software that provides straightforward specification of nonlinear loadings and error terms (e.g., LISREL 8), however, the mechanisms provided to accomplish are tedious to use. In addition, straightforward specification produces many additional variables that can produce problems with convergence and unacceptable solutions in larger models. Further, adding these nonlinear indicators (e.g., more than about 6) can produce model-to-data fit problems. Finally, signifi​cance tests and model fit statistics produced by popular estimators such as maximum likelihood are believed to be inappro​priate for models involving interactions and quadratics (Bollen 1989, see Hu, Bentler and Kano 1992).

Fortunately these matters are beginning to be addressed for product-indicator structural equation analysis (see Bollen 1989 for a summary). Because product-indicator analysis avoids the limitations of regression and subgroup analysis, the balance of the article will discuss product-indicator analysis.


PRODUCT-INDICATOR ANALYSIS TECHNIQUES

There are two published implementations of product-indicator analysis (when this article was published).
 The first was proposed by Kenny and Judd (1984), and the next was suggested by Hayduk (1987).

THE KENNY AND JUDD APPROACH

Kenny and Judd (1984) proposed that products of indicators would specify nonlinear latent variables. For example, in the Figure 1 model that involves the latent vari​ables X, Z and Y, the latent variables XX and XZ have been added by specifying their indicators to be all possible unique products of the X and Z indicators. In addition, they showed that under certain condi​tions, the variance of a product of indicators is deter​mined by the variance of their linear constituents. They showed for latent vari​ables X and Z, the variance of the indicator x1z1 is given by

Var(x1z1) = Var[(λx1X + εx1)(λz1Z + εz1)]

1)


 = λx12λz12Var(XZ) + λx12Var(X)θεz1 + λz12Var(Z)θεx1 + θεx1θεz1 .

when X and Z are independent of the error terms εx1 and εz1, the error terms are themselves mutually indepen​dent, the indicators (x1 and z1) have zero expected values, and X and Z along with εx1 and εz1 are nor​mally distributed. 

Then they specified latent variables such as XZ with indicators such as x1z1 by constraining the loading and the error term for x1z1 (λx1z1 and θεx1z1) to be the following nonlinear combinations of linear-terms-only model parame​ters

2)

 λx1z1 = λx1λz1 ,

and

3)

 θεx1z1 = λx12Var(X)θεz1 + λz12Var(Z)θεx1 + θεx1θεz1 .

They specified these directly using the structural equation package COSAN (now available in SAS as a subprocedure in the procedure CALIS), that accepts nonlin​ear con​straints such as the terms on the right‑hand sides of equations (2) and (3).

THE HAYDUK APPROACH

Hayduk demonstrated that the product indicators that Kenny and Judd proposed could be specified indirectly by adding additional "conve​nience" vari​ables to the Figure 1 model. For example, inserting a convenient latent variable η1 on the path between XZ and x1z1 in Figure 1 will specify the first term of equation (1) when the loading of this variable (λXZ,η1) is set equal to λx1, its loading on x1z1 (λη1,x1z1) is set equal to λz1, and its vari​ance is fixed at 1 (using the rules of path analysis: the variance of x1z1 is now the product of λXZ,η12 (= λx12), λη1,x1z12 (= λz12), and the variance of XZ). By creating addi​tion​al paths to x1z1 using more such η's with parameters fixed at the equation (1) values, the remain​ing three terms in equation (1) can be speci​fied (see Hayduk 1987 Chapter 7).

For a latent variable with many indicators, or for models with several interactions or quadratics, however, these approaches can become impractical: the volume of indicator product variables created using all pairwise products, and the number of "equation 2's and 3's" to be coded can create difficulties for the researcher, the computer estimation process, and model-to-data fit. This suggests the need for an ap​proach that does not require the use of numerous additional variables or numerous equation (2) and (3) specifica​tions.

The balance of this article describes an estimation approach that involves a single indicator per latent variable.


A PARSIMONIOUS ESTIMATION TECHNIQUE

In the regression literature Cohen and Cohen (1983) suggested the use of the product of summed indicators to estimate an interaction or quadratic variable. They proposed that, for example, the observed variables x = x1 + x2  and z = z1 + z2, when multiplied together as (x1 + x2)(z1 + z2), would specify an XZ interac​tion. Similarly this article proposes that a single indicator, for example x:z = (x1 + x2)(z1 + z2), could be used to specify the latent variable interac​tion XZ. In particular, the Figure 1 model could be respecified as the Figure 2 model in which the single indicators x:x (= [x1 +  x2][x1 + x2]) and x:z (= [x1 + x2][z1 + z2]) are used in place of the product indicators shown in the Figure 1 model.

The loadings and errors for the indicators x:z and x:x in Figure 2 are given by

4)

  λx:z = (λx1 + λx2)(λz1 + λz2)

5)  

 θεx:z = (λx1+λx2)2Var(X)(θεz1+θεz2) + (λz1+λz2)2Var(Z)(θεx1+θεx2) + (θεx1+θεx2)(θεz1+θεz2),

6)

  λx:x =  (λx1 + λx2)2,

and

7)

 θεx:x = 4(λx1+λx2)2Var(X)(θεx1+θεx2) + 2(θεx1+θεx2)2
(see Appendix A for details).

With these formulas for λx:z, θεx:z, λx:x, and θεx:x, CALIS, or LISREL 8 could be used to estimate the Figure 2 model directly. However, since esti​mates of the parameters on the right‑hand side of equations (4) through (7) are avail​able in the measurement model for Figure 2, we could further simplify matters by using measure​ment model parame​ter estimates.

Anderson and Gerbing (1988) recommended the use of a measure​ment model to separate measurement issues from model structure issues. Many researchers view a latent variable model as the synthe​sis of two models: the measure​ment model that specifies the rela​tion​ships between the latent vari​ables and the observed variables, and the struc​tur​al model that specifies the relation​ships among latent vari​ables (Anderson and Gerbing 1988, Bentler 1989, Bollen 1989, Jöreskog and Sörbom 1989). Anderson and Gerbing (1988) proposed specifying these two models separately, begin​ning with the measure​ment model, and using the measurement model to ensure the unidi​mensionality of the latent vari​ables. They argued that this avoids interpreta​tional con​found​ing (Burt, 1976), the interac​tion of the measurement and structural models, and the possibility of marked differences in the estimates of the parame​ters associ​ated with the observed vari​ables (i.e., λ's, θε's, and latent variable variances) between the measurement and structural models. 

Anderson and Gerbing (1988) added that with "accept​able unidimensional​ity" the measurement model parameter estimates should change trivial​ly, if at all, when the measurement submodel and alterna​tive struc​tur​al sub​models are simultaneously estimated (p. 418). As a result, I propose that as an alternative to specifying the interac​tion and quadrat​ic parame​ters (e.g., λx:z, θεx:z, λx:x, and θεx:x in Figure 2) as variables, they can be specified as constants in the structural model when X and Z are each acceptably unidimensional. Specifi​cally, parame​ter estimat​es from a linear-terms-only measurement model (e.g., involv​ing X and Z only) can be used to compute the values of λx:z, θεx:z, λx:x, and θεx:x in equa​tions (4) through (7), and these computed values can be specified as fixed loadings and errors for x:z and x:x in the Figure 2 structur​al model. The uni​di​men​sion​al​i​ty of X and Z in Figure 2 enables the omission of the nonlinear latent variables from the linear-terms-only measurement model: because X and Z are each unidimensional, their indicators are unaffected by the presence or absence of other latent variables in a measurement or structural model, in particular XX or XZ. Stated different​ly, this provides trivially dissimilar measure​ment parame​ter esti​mates between measurement and structural models, and enables the use of the equation (4) through (7) estimates as fixed values in the structural model.

To gauge the efficacy of this proposed approach with its two options for estimating equations (4) through (7) either as variables or as constants, known coefficients were recovered in synthetic data sets.


SYNTHETIC DATA SETS

Synthetic data sets were generated using known population parame​ters, and the proposed approach was used to estimate the population structural coeffi​cients. Using a normal random number genera​tor and the procedure described in Appendix B, data sets composed of 100 replica​tions of samples of 100, 200 or 300 cases were created.

We will describe the baseline simulation first: a data set containing 100 replications of a sample involving 200 cases. Each replication was generat​ed using the Table 1 popula​tion charac​teris​tics for x1, x2, z1, z2, t1, t2 and y in the Figure 3 model.

This model was estimated using the proposed technique on each replica​tion by (i) estimat​ing the measure​ment model parame​ters,
 (ii) calculat​ing the equations (4) through (7) values for the loadings and error variances of x:z and x:x (i.e., λx:z, θεx:z, λx:x, and θεx:x) using the measure​ment model parame​ter estimates,
 and (iii) estimat​ing the Figure 3 struc​tural model with fixed equation (4) through (7) values for λx:z, θεx:z, λx:x, and θεx:x as follows.

For each replication, the linear-terms-only measure​ment model associat​ed with the Figure 3 model was esti​mat​ed using maximum likelihood (ML) and LISREL 8. This produced estimates of the λ's, θε's, and latent variable varianc​es required in equa​tions (4) through (7). Then the struc​tur​al model for Figure 3 was speci​fied by fixing the values for the single indicator loadings (λx:z and λx:x) and error variances ( θεx:z and θεx:x) to the appro​priate equation (4) through (7) calculated values. The results of the subse​quent struc​tur​al model estimations of the Figure 3 β's using LISREL 8 and ML 
 are shown in Table 2 and titled "2 Step."

We also generated several additional estimates. These included LISREL 8 ML estimates of Figure 3 produced by specifying the equation (4) through (7) single indicator loadings (λx:z and λx:x) and error variances ( θεx:z and θεx:x) using LISREL 8's constraint equations (i.e., the proposed approach with free instead of fixed single indicator loadings and error variances) (these esti​mates are titled "LISREL 8" in Table 2). In addition, Kenny and Judd estimates were produced using a product indicator version of Figure 3 with XX and XZ speci​fied as they are in Figure 1, LISREL 8 with ML estimation, and con​straint equation specifications for the loadings and errors of the indicator products (i.e., x1z1, x1z2, x2z1, z2z2, x1x1, x1x2, and x2x2). Finally, regres​sion estimates were produced using ordinary least squares.

To gauge the effects of varying the simulation conditions, eight more data sets were generated. These variations in the simulation conditions reflected four indicators per linear latent variable, two levels of sample size (100 and 300), two levels of linear latent variable reliabili​ty (ρ=.6 and .9), and two levels of nonlinear coefficient size. Following the two step proce​dure de​scribed above using Figure 3, four indicators per linear latent variable, and the popula​tion parame​ters shown in Table 3; and 100 replica​tions, ML estimates, and EQS instead of LISREL 8, the results shown in Table 4 were obtained.

In order to assess significance and model fit in these eight data sets, Tables 5 and 6 summarize the observed incidence of nonsig​nifi​cant coeffi​cients (i.e., coeffi​cients with t-values less than 2) and lack of fit (i.e., a Comparative Fit Index (Bentler 1990) less than .9) produced by ML estimates, and two convenient less distributionally dependent estimators, the Robust estimator (Bentler and Dijkstra 1985), and the asymptotic distribution free (ADF) estimator (Browne 1982). These results, along with those shown in Tables 2 and 4, will be discussed next.


RESULTS

Based on the estimation results, the detection of signifi​cant effects, and model-to-data fit the proposed approach performed adequately. For example, the proposed approach with fixed or free single indicator loadings and error variances produced average coeffi​cient values (E(β)'s in Table 2) that were within a few points of the popula​tion values. It also had a bias or distance from the population value of these averages equiva​lent to the Kenny and Judd esti​mates,
 and less than the regression estimates, except for T.

The mean squared differences between the estimated coefficient and the population value (MSE in Table 2) for the proposed approach were equivalent overall to those from the Kenny and Judd approach, but larger than they were for regres​sion for the linear vari​ables.
 For the nonlinear vari​ables, the situation was re​versed with respect to regression, and overall, the tech​niques all produced approxi​mate​ly the same average varia​tion around the population value.

The variance of the coefficient esti​mates for the proposed approach was equiva​lent to the Kenny and Judd approach ​(see Table 2). In comparison, the variances for the proposed approach were larger than those for regression and the linear vari​ables (see Footnote 6), but smaller than regression for the nonlinear variables. Overall, the variances for the proposed approach were smaller than those for regres​sion.

The eight additional simulation results shown in Table 4 paral​leled the baseline simula​tion results shown in Table 2: the coefficient estimate averages were within a few points of the population values, the biases were small and they appeared to be random, and the varia​tions of estimates around the population and average values were consis​tent with the baseline simula​tion. The low-reliability-100-case samples (SβLρ100 and LβLρ100) produced the worst effectiveness measures, while the high-reli​abil​i​ty-300-case samples (SβHρ300 and LβHρ300) produced the best. For the low-reliability-100-case samples, however, the effective​ness measures did not appear to be unaccept​able. For example, the distance of the coeffi​cient averages from the popula​tion value (Bias) ranged from 2.29 to 8.67%. In addition, the mean squared differ​enc​es between the estimated coefficient and the population value varia​tions (MSE), and the variance of the coefficient esti​mates (Var(β)), ranged between .05 and .07 .

Turning to the detection of significant effects, the proposed approach performed acceptably (see Table 5). However, the incidence of false negative signifi​cance tests was sensitive to reliabili​ty, sample size, and population coefficient size. In general, smaller popula​tion coeffi​cients in the 100 case samples with low (.6) reliabilities produced false negative significance tests at a level well above that of chance (10%). As coefficient and sample size increased and reliability improved, however, the incidence of false negatives declined to chance levels. The relative effects of increasing reliability and larger samples were slightly different: selectively raising reliability decreased the incidence of false negatives more than selectively increasing sample size. In particular, at low reliability the larger sample size reduced the incidence of false negatives to near chance levels. But at the smaller sample size, increased reliability reduced the incidence of false negatives to zero. Overall, these results were consistent with previous studies (see Aiken and West 1991 for a summary), which suggest that increased sample size, reliability and population coefficient size increase the likelihood of detecting a nonlinear effect.

The incidence of false negatives was generally the same using ML, ML-Robust, and ADF ​estimators (see Table 5). This result was unexpected because it is believed that standard errors associated with ML estimates are not robust to departures from normality (see for example Bentler 1989, Bollen 1989, and Jöreskog and Sörbom 1989). Since the simulations involved the specifica​tion of two nonlinear indicators in a model involving more than a dozen indicators that were generated to be normally distributed, it is possible that the proposed approach's addition of relatively few nonlinear indicators retains some robustness with ML estimation.

The proposed approach also performed satisfactorily in assessing model fit. Table 6 shows the incidence of replications in which the population model did not fit the data using the Comparative Fit Index (Bentler 1990) resulting from ML, ML-Robust, and ADF ​estimators. While there is little agreement on indices of model fit (see Bollen and Long 1993), the Compara​tive Fit Index is commonly reported in Marketing studies, it is available in EQS, LISREL 8, and CALIS, and it ranges in value between 0 and 1 (values above .9 suggest adequate fit (Bollen 1990)). Since each replica​tion was generated using the model being fitted, lack of fit (a Comparative Fit Index value less than .9) should have occurred at a chance level (in 10% or fewer replications). For reference purposes, model fit is also shown for a structur​al model involving only the linear terms. Replica​tions involving this linear-terms-only model were generated in an identical manner as the Figure 3 replications, except that XX and XZ were not generated, and Y did not depend on XX or XZ in the population. Since these linear-terms-only replica​tions were multivariate normal, their model fit results serve as a baseline "best case" to which to compare the Figure 3 model fit results. The results suggest that the proposed approach failed to fit the population model with generally the same incidence as the linear-terms-only replications. This result was also unexpect​ed because it is believed that the χ2 statistic (upon which the Compara​tive Fit Index is based) associat​ed with ML ​estimates is not robust to departures from normality (see Bentler 1989, Bollen 1989, and Jöreskog and Sörbom 1989), and as a result, the incidence of lack of fit for the ML estimates should be different between the linear-terms-only replica​tions and the proposed approach. Again, since the Figure 3 model produced by the proposed approach involved compara​tively few non normal indicators, it is possible that the proposed approach's addition of relatively few nonlinear indicators to an otherwise normal model retains some robust​ness when ML estimates are used.

There were, however, differences between the ML, ML-​Robust and ADF estimator results for model fit (see Table 6). The ML estimator rejected the Figure 3 population model at a chance rate. The ADF ​estimates, on the other hand, rejected the Figure 3 population model at rates that were considerably above chance in all the simulation condi​tions. For the low reliability, small sample condition, the Robust estimator rejected the model at rates that were slightly above chance. These results are generally consistent with those reported in Hu, Bentler and Kano (1992), where the ML and ML-Robust estimators performed about the same, and ADF ​estimates appeared to be sensitive to smaller sample sizes (i.e., less than 1000).


DISCUSSION

The assumption of normality for the linear indicators made in the proposed and the Kenny and Judd ap​​​​​​proaches ​enabled the simplifi​cation of the variance calculations in these approaches, and this assump​tion cannot be relaxed for either approach. Consequently, the assessment of linear indicator normality is an important step in the use of these approaches. A reviewer suggested using the skewness and kurtosis tests in discussed in Bollen (1989, p. 418) to assess linear indicator normali​ty. These tests are available in PRELIS (available with LISREL) and EQS, and involve determining the degree of skewness and kurtosis in the linear indicators singly and jointly (see Jöreskog and Sörbom 1993 p. 23, Bentler 1989 p. 227). To correct for linear indicator nonnormality, Bollen (1989) suggests transformation of the data (p. 425) (see Neter, Wasserman and Kunter 1988 for alternatives to the loge transformation), and Bentler (1989) discusses the deletion of cases that contribute to non​normality (p. 228). Bollen (1995) suggested using 2 stage least squares estimation, which does not assume multivariate normality.

However, the assumption of independent error terms for the indicators could be relaxed. The derivations in Appendix A would be changed by the addition of Cov(εxi,εzj) and Cov(εxk,εxm) terms, and the resulting covariance parameters could be estimat​ed in a measure​ment model specifying correlated error terms.

In addition, the assumption of unidimensionality in the latent vari​ables could be relaxed.
 For constructs that are not sufficient​ly unidimensional to produce measurement parameter estimates for the linear latent variables that are "trivially different" between the measurement and structural models (e.g., different in the third decimal place), an iterative approach could be used. In this approach, the nonlinear loadings and error variances are recomputed using the structural model estimates of the equation (4) through (7) parameters and equations (4) through (7), and the structural model is reestimated. One to three of these iterations involving recomputation of equation (4) through (7) values using the latest structural equation estimates of the equation (4) through (7) parameters should be sufficient to produce exact effect estimates (i.e., equal to direct LISREL 8 estimates). 

The strongest limitation of the proposed approach is shared with the Kenny and Judd, and Hayduk ap​​​proaches: nonlinear indicators are not normal (Kenny and Judd 1984, Bollen 1989). This renders popular estimators such as ML and generalized least squares formally inappropriate because these estimators assume indicator normality. However, ML ​(and general​ized least squares) estimates appear to be robust against depar​tures from normality by the indicators (see Footnote 5). The results of the present study support this: the simulations involved indicators that were formally not normal, yet both the proposed approach and the Kenny and Judd approach recovered the popula​tion coeffi​cients (Kenny and Judd 1984 and Hayduk 1987 reported similar findings).

The strongest limitation of the article is that a pedagogical example was not provided. The web site provides a pedagogical example in "Interactions and Quadratics in Latent Variable Associations: a Sourcebook for Advanced Survey Researchers," and an EXCEL spreadsheet for calculating single indicator values is available on the web site.

For emphasis, the proposed technique could be utilized in two ways. The baseline simula​tions were estimated using the proposed product indicators and LISREL 8 with and without constraint equations. This suggests that equations (4) and (5), or (6) and (7) could be specified as constants in a structural model using the two step technique. Alternatively, using the nonlinear constraint capabilities available in LISREL 8 and CALIS, these equations could be specified as variables in a structural model and estimated directly. Specifically, the loading of a product indicator in a latent variable model could be specified as a variable to be estimated, rather than  specified as fixed, using equations (4) or (6) and a nonlinear constraint equation. The error term could also be specified as a variable to be estimated in a similar manner using equation (5) or (7). In this way, the proposed technique could be used with or without the two step approach as a parsimonious specification alternative for interaction and quadratic latent variables in situations where researchers in Marketing desired fewer indicators and constraint equations than required by the Kenny and Judd technique.


APPENDIX A- Var(x:z) and Var(x:x) Derivations

The variance of X = x1 + x2 , where X is indepen​dent of εx1 and εx2, εx1 and εx2 are independent of each other, and X is multi​variate normal with zero mean, is given by the following:

Var(X) = Var(x1 + x2) = Var[(λx1X + εx1) + (λx2X + εx2)]

             = Var((λx1 + λx2)X) + Var(εx1) + Var(εx2) 

             = Var(ΓXX) + θX = ΓX2Var(X) + θX,

where ΓX = λx1 + λx2, θX = Var(εx1) + Var(εx2). By induction, Var(X) = ΓX2Var(X) + θX, where Var(X) is the variance of the latent variable X, ΓX = λx1 + λx2 +...+  λzm, θX = Var(εx1) + Var(εx2) +...+ Var(εxm), and m is the number of indicators of X.

Since Var(X*X) = 2Var(X)2 and Var(X*Z) = Var(X)Var(Z) + Cov(X,Z)2 under the above assumptions (Kenny and Judd 1984),

Var(x:x) = Var(X*X) = 2Var(X)2 = 2[ΓX2Var(X) + θX]2
= Γx4Var(XX) + 4Γx2Var(X)x θX + 2θX2 

= λx:x2Var(X2) + 2θεx:x ,

where λx:x = Γx2 and θεx:x = 4Γx2Var(X)x θX + θX2 .

Similarly for Z meeting the same assumptions as X,

Var(x:z) =  Var(X)Var(Z) + Cov(X,Z)2
= [ΓX2Var(X)+θX][ΓZ2Var(Z)+θZ] + [ΓXΓZCov(X,Z)]2
= ΓX2ΓZ2[Var(X)Var(Z)+Cov(X,Z)2] + ΓX2Var(X)θZ + ΓZ2Var(Z)θX + θXθZ
= ΓX2ΓZ2Var(XZ) + ΓX2Var(X)θZ + ΓZ2Var(Z)θX + θXθZ
= λx:z2Var(XZ) + θx:z ,

where λx:z = ΓXΓZ , and θx:z = ΓX2Var(X)θZ + ΓZ2Var(Z)θX + θXθZ .


APPENDIX B- Synthetic Data Set Creation

The data for equation (8) was generated as follows. Let M be an n X 1 vector of random normal variates with mean 0 and variance 1, where n is the number of cases. The n X 3 matrix P with columns that were the population values for the n X 1 vectors X, Z, and T were determined by P = M(1 1 1)C', where (1 1 1) is a 1 X 3 unit vector and C is a lower triangular matrix such that

┌


VX


┐
CC' =
│
r(VZVX)    VZ


│
│
r(VTVX) r(VTVZ)  VT

│
└






┘
where V* is the variance of *, and r is the correlation between X, Z and T. The n X 4 matrices of observed values x, z and t for the population vectors X, Z and T, respectively, (an n X 2 matrix was used in the baseline simulation) were given by x = (.6P(1 0 0) + N(0,θεx))(1 1 1 1) , z = (.6P(0 1 0) + N(0,θεz))(1 1 1 1) and t = (.6P(0 0 1) + N(0,θεt))(1 1 1 1), where (1 0 0), (0 1 0), (0 0 1), and (1 1 1 1) are vectors of 1's, and the N(0,θε*)'s are n X 1 vectors of random normal variates with mean 0 and variance θε* ((1 1 1 1) was replaced by (1 1) in the baseline simulation). The values for the n X 1 vector for dependent variable Y was determined by

Y = bXX + bZZ + bTT + bXXXX + bXZXZ + ζY ,

where the b*'s are the scalar effects of * on Y, and ζY is an n X 1 vector of random normal variates with mean 0 and variance equal to .16 .
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Table 1


BASELINE SIMULATION POPULATION CHARACTERISTICS 
       Population                 Population          

      Vari- Coeffi-              Vari- Coeffi-       

Parameter   ance   cient   Parameter    ance  cient  
X

2.15         
ζY

 0.16 



Z

1.60         
λx1


1.00
 

T

1.00         
λx2


0.60
 

Corr(X,Z)

0.60  
λz1


1.00


Corr(X,T)

0.60  
λz2


0.60 


Corr(T,Z)

0.60  
λt1


1.00


εx1

0.36  
λt2


0.60 


εx2

0.81  
βY,X


-0.15 


εz1

0.49  
βY,Z


0.35 


εz2

0.64  
βY,T

 
0.25 


εt1

0.15  
βY,XZ


0.70 


εt2

0.55  
βY,XX


-0.50  



Table 2


BASELINE SIMULATION ESTIMATION SUMMARY
          Estimation            Biasc    
 Variable Techniquea   E(β)b  Amount    %    MSEd   Var(β)e
    X     Pop. Value ‑0.150

          2 Step     ‑0.142  0.008   -5.3  0.016   0.02

          LISREL 8   ‑0.140  0.010   -6.7  0.017   0.02

          K&Judd     ‑0.145  0.005   -3.3  0.014   0.01

          Regression ‑0.083  0.067  -44.7  0.010   0.01

    Z     Pop. Value  0.350

          2 Step      0.334 -0.016   -4.6  0.014   0.01

          LISREL 8    0.339 -0.011   -3.1  0.015   0.01

          K&Judd      0.338 -0.012   -3.4  0.015   0.01

          Regression  0.301 ‑0.049  -14.0  0.009   0.01

    T     Pop. Value  0.250

          2 Step      0.241 -0.009   -3.6  0.019   0.02

          LISREL 8    0.247 -0.003   -1.2  0.020   0.02

          K&Judd      0.252  0.002    0.8  0.020   0.02

          Regression  0.250  0.000    0.0  0.008   0.02

    XZ    Pop. Value  0.700

          2 Step      0.718  0.018    2.6  0.012   0.01

          LISREL 8    0.715  0.015    2.1  0.011   0.01

          K&Judd      0.709  0.009    1.3  0.013   0.01

          Regression  0.540 -0.160  -22.9  0.026   0.00

    XX    Pop. Value ‑0.500

          2 Step     ‑0.513 -0.013    2.6  0.009   0.01

          LISREL 8   ‑0.508 -0.008    1.6  0.009   0.01

          K&Judd     ‑0.516 -0.016    3.2  0.008   0.01

          Regression ‑0.370  0.130  -26.0  0.019   0.00

  All     2 Step             0.013         0.014   0.01

   Coeff. LISREL 8           0.010         0.014   0.01

          K&Judd             0.010         0.014   0.01

          Regression         0.099         0.014   0.01

  Non-    2 Step             0.016         0.011   0.01

   Lin.   LISREL             0.012         0.010   0.01

   Coeff. K&Judd             0.013         0.011   0.01

          Regression         0.146         0.023   0.00

                             (RMS)f        (Avg)g  (Avg)g
_______________________

a 2 Step = LISREL 8 estimates using the proposed two step approach. LISREL 8 = LISREL 8 estimates using the pro​posed single indicator specification and LISREL 8 con​straint equations. K&Judd = LISREL 8 estimates using a Kenny and Judd (1984) specification and constraint equations.

b Average of coefficient estimates across all data sets.

c E(β) minus the population value.

d Mean Square Error =  (population value - estimated value)2/n .

e Variance of β = (E(β) - estimated value)2/n .

f RMS of column entries.

g Average of column entries.

Table 3


VARYING CONDITIONS SIMULATIONS POPULATION CHARACTERISTICS 
   Population  
   Vari- Coeffi-  

Parametera   ance   cient 


All Data Sets:

X

2.15 



Z

1.60 



T

1.00

Corr(X,Z)

0.60

Corr(X,T)

0.60

Corr(T,Z)

0.60

ζY

0.16 



βY,X

-0.15 


βY,Z

0.35 


βY,T

 0.25 


High Reliability Samples:

λx1


1.00



λx2-λx4

0.90



λz1


1.00



λz2-λz4

0.90 



λt1


1.00



λt2-λt4

0.90 



εx1-εx4
0.82 



εz1-εz4
0.61 



εt1-εt4
0.38 



Low Reliability Samples:

λx1


1.00



λx2-λx4

0.60



λz1


1.00



λz2-λz4

0.60 



λt1


1.00



λt2-λt4

0.60 



εx1-εx4
2.81 



εz1-εz4
2.09 



εt1-εt4
1.31 



Small Nonlinear Coefficients:

βY,XZ

-0.25 


βY,XX

0.15  


Large Nonlinear Coefficients:

βY,XZ

0.70 


βY,XX

-0.50  


_______________

a Y = βY,XX + βY,ZZ + βY,TT  + βY,XZXZ + βY,XXXX + ζY
  xi = λxiX + εxi (i=1,4)

  zj = λzjZ + εzj (j=1,4)

  tk = λtkT + εtk (k=1,4) .


Table 4


COEFFICIENT ESTIMATION SUMMARY FOR VARYING CONDITIONS SIMULATIONS
                                 Coefficient Estimate             

Simulation  Variable/                 Biasc    

Conditiona  Coefficient   E(β)b  Amount     %      MSEd   Var(β)e
SβLρ100
X
‑0.15
‑0.160
‑0.010
  6.67%
0.057
0.05

LβLρ100
X
‑0.15
‑0.161
‑0.011
  7.33%
0.063
0.06

SβLρ100
Z
 0.35
 0.330
‑0.020
 ‑5.71%
0.051
0.05

LβLρ100
Z
 0.35
 0.335
‑0.015
 ‑4.29%
0.055
0.05

SβLρ100
T
 0.25
 0.268
 0.018
  7.20%
0.061
0.06

LβLρ100
T
 0.25
 0.235
‑0.015
 ‑6.00%
0.056
0.05

LβLρ100
XZ
 0.70
 0.684
‑0.016
 ‑2.29%
0.054
0.05

SβLρ100
XZ
‑0.25
‑0.237
 0.013
 ‑5.20%
0.059
0.05

LβLρ100
XX
‑0.50
‑0.481
 0.019
 ‑3.80%
0.051
0.05

SβLρ100
XX
 0.15
 0.134
‑0.013
 ‑8.67%
0.060
0.06

SβHρ100
X
‑0.15
‑0.148
 0.002
 ‑1.33%
0.003
0.00

LβHρ100
X
‑0.15
‑0.154
‑0.004
  2.67%
0.004
0.00

SβHρ100
Z
 0.35
 0.349
‑0.001
 ‑0.29%
0.006
0.00

LβHρ100
Z
 0.35
 0.353
 0.003
  0.86%
0.002
0.00

SβHρ100
T
 0.25
 0.248
‑0.002
 ‑0.80%
0.003
0.00

LβHρ100
T
 0.25
 0.252
 0.002
  0.80%
0.002
0.00

LβHρ100
XZ
 0.70
 0.697
‑0.003
 ‑0.43%
0.005
0.00

SβHρ100
XZ
‑0.25
‑0.254
‑0.004
  1.60%
0.004
0.00

LβHρ100
XX
‑0.50
‑0.497
 0.003
 ‑0.60%
0.002
0.00

SβHρ100
XX
 0.15
 0.152
 0.002
  1.33%
0.003
0.00

SβLρ300
X
‑0.15
‑0.145
 0.005
 ‑3.33%
0.013
0.01

LβLρ300
X
‑0.15
‑0.153
‑0.003
  2.00%
0.012
0.01

SβLρ300
Z
 0.35
 0.360
 0.010
  2.86%
0.019
0.01

LβLρ300
Z
 0.35
 0.343
‑0.007
 ‑2.00%
0.015
0.01

SβLρ300
T
 0.25
 0.245
‑0.005
 ‑2.00%
0.009
0.00

LβLρ300
T
 0.25
 0.246
‑0.004
 ‑1.60%
0.011
0.01

LβLρ300
XZ
 0.70
 0.703
 0.003
  0.43%
0.012
0.01

SβLρ300
XZ
‑0.25
‑0.248
 0.002
 ‑0.80%
0.015
0.01

LβLρ300
XX
‑0.50
‑0.505
‑0.005
  1.00%
0.012
0.01

SβLρ300
XX
 0.15
 0.148
‑0.002
 ‑1.33%
0.012
0.01

SβHρ300
X
‑0.15
‑0.149
 0.001
 ‑0.67%
0.002
0.00

LβHρ300
X
‑0.15
‑0.150
 0.000
  0.00%
0.001
0.00

SβHρ300
Z
 0.35
 0.350
 0.000
  0.00%
0.001
0.00

LβHρ300
Z
 0.35
 0.349
‑0.001
 ‑0.29%
0.001
0.00

SβHρ300
T
 0.25
 0.249
‑0.001
 ‑0.40%
0.001
0.00

LβHρ300
T
 0.25
 0.251
 0.001
  0.40%
0.002
0.00

LβHρ300
XZ
 0.70
 0.700
 0.000
  0.00%
0.002
0.00

SβHρ300
XZ
‑0.25
‑0.249
 0.001
 ‑0.40%
0.001
0.00

LβHρ300
XX
‑0.50
‑0.500
 0.000
  0.00%
0.002
0.00

SβHρ300
XX
 0.15
 0.149
‑0.001
 ‑0.67%
0.001
0.00

_____________________

a SβLρ100 = Small nonlinear β's, Low reliability (ρ), 100 case sample, LβHρ300 = Large nonlinear β's, High reliability (ρ), 300 case sample, etc.

b Average of coefficient estimates across all data sets.

c E(β) minus the population value.

d Mean Square Error =  (population value - estimated value)2/n .

e Variance of β = (E(β) - estimated value)2/n .

Table 5


STANDARD ERROR SUMMARY FOR VARYING CONDITIONS SIMULATIONS
Simulation  Variable/   % False Negativesb 
Conditiona  Coefficient   ML  ML/ROBUST ADF
SβLρ100
X
-0.15
83%
74%
 c
LβLρ100
X
-0.15
81%
73%

SβLρ100
Z
 0.35
70%
71%

LβLρ100
Z
 0.35
72%
72%

SβLρ100
T
 0.25
74%
77%

LβLρ100
T
 0.25
75%
79%

LβLρ100
XZ
 0.70
17%
16%

SβLρ100
XZ
-0.25
41%
31%

LβLρ100
XX
-0.50
26%
28%

SβLρ100
XX
 0.15
66%
59%

SβHρ100
X
-0.15
14%
12%
 c
LβHρ100
X
-0.15
15%
13%

SβHρ100
Z
 0.35
11%
10%

LβHρ100
Z
 0.35
10%
10%

SβHρ100
T
 0.25
10%
10%

LβHρ100
T
 0.25
10%
11%

LβHρ100
XZ
 0.70
00%
00%

SβHρ100
XZ
-0.25
00%
00%

LβHρ100
XX
-0.50
00%
00%

SβHρ100
XX
 0.15
00%
00%

SβLρ300
X
-0.15
31%
29%
30%

LβLρ300
X
-0.15
32%
27%
29%

SβLρ300
Z
 0.35
28%
20%
23%

LβLρ300
Z
 0.35
26%
22%
22%

SβLρ300
T
 0.25
35%
33%
32%

LβLρ300
T
 0.25
36%
31%
30%

LβLρ300
XZ
 0.70
00%
00%
00%

SβLρ300
XZ
-0.25
27%
28%
25%

LβLρ300
XX
-0.50
00%
00%
00%

SβLρ300
XX
 0.15
31%
27%
26%

SβHρ300
X
-0.15
00%
00%
00%

LβHρ300
X
-0.15
00%
00%
00%

SβHρ300
Z
 0.35
00%
00%
00%

LβHρ300
Z
 0.35
00%
00%
00%

SβHρ300
T
 0.25
00%
00%
00%

LβHρ300
T
 0.25
00%
00%
00%

LβHρ300
XZ
 0.70
00%
00%
00%

SβHρ300
XZ
-0.25
00%
00%
00%

LβHρ300
XX
-0.50
00%
00%
00%

SβHρ300
XX
 0.15
00%
00%
00%

______________________

a SβLρ100 = Small nonlinear β's, Low reliability (ρ), 100 case sample, LβHρ300 = Large nonlinear β's, High reli​ability (ρ), 300 case sample.

b Percent NS coefficient estimates based on t2.

c Not available in EQS when the sample size is less than the number of unique elements in the sample covariance matrix.

Table 6


MODEL FIT SUMMARY FOR VARYING CONDITIONS SIMULATIONS
             Percent Rejected Models Based on CFI Statisticb      
             Linear-terms-only Model          Figure 3 Model      
              CFI<.9        CFI<.95       CFI<.9       CFI<.95    
Simulation     ML/           ML/           ML/           ML/

Conditiona ML Robust ADF ML Robust ADF  ML Robust ADF ML Robust ADF
SβLρ100
3
9
c
11
21
c
1
13
c
15
17
c
SβHρ100
1
3
c
2
4
c
1
2
c
4
1
c
SβLρ300
2
3
59
3
1
90
2
2
57
2
4
94

SβHρ300
3
1
30
3
2
78
2
2
35
3
4
82

LβLρ100
1
11
c
8
20
c
3
12
c
17
22
c
LβHρ100
2
2
c
3
2
c
1
1
c
1
3
c
LβLρ300
2
3
55
4
2
85
1
2
61
2
2
91

LβHρ300
2
1
34
2
3
74
2
2
26
4
3
79

__________________

a SβLρ100 = Small nonlinear β's, Low reliability (ρ), 100 case sample,  LβHρ300 = Large nonlinear β's, High reliability (ρ), 300 case sample.

b Percent of replications in which the model did not fit the data, based on the CFI (Bentler 1990) statistic (lack of fit= the CFI value was < .9 or < .95).

c Not available in EQS when the sample size is less than the number of unique elements in the sample covariance matrix.
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A PRODUCT INDICATOR INTERACTION AND QUADRATIC MODEL
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Figure 2

A SINGLE PRODUCT INDICATOR INTERACTION AND QUADRATIC MODEL
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Figure 3

SYNTHETIC DATA STRUCTURAL MODEL

(Click here to view Figure 3)

ENDNOTES













�. There are now several more, and most of them are refinements of the Kenny and Judd (1984) approach (which will be described next). Bollen 1995 proposed using a two-stage least squares estimator. Jöreskog and Yang (1996) provided additional details for the Kenny and Judd approach. Jaccard and Wan (1995) suggested using a subset of the Kenny and Judd indicators. Ping (1996a) suggested a two step refinement of the Kenny and Judd approach, and Ping (1996b) suggested an errors-in-variables regression approach.


�.The number of replications was a compromise between practicality and a very large number of replications. The simulations could not be automated, and each replication required the equivalent of three computer runs punctuated with manual coding activities.


�. The X, Z and con�structs were generated to be unidimen�sional, and the indicators were created to meet the Kenny and Judd normality conditions.


�. EXCEL templates are available from the author (see the web site) to accomplish the equation (4) through (7) calculations.


�. Product indicators are not multivariate normal (Bollen 1989, Kenny and Judd 1984), and ML �and generalized least squares estima�tes are not formal�ly appro�pri�ate in this application because they assume multivariate normality (Bollen 1989). However, ML and generalized least squares estimates appear to be robust to departures from normali�ty (Anderson and Amemiya 1985, 1986; Bollen 1989; Boomsma 1983; Browne 1987; Harlow 1985; Sharma, Durvasula and Dillon 1989; Tanaka 1984).


�. These results provide an empirical demonstration of the efficacy of the Kenny and Judd technique. As far as I know (in 1993) the only other evidence is provided by two data sets reported in Kenny and Judd's original article (Jaccard and Wan 1995 also demonstrated the efficacy of the Kenny and Judd technique).


�. The unbiased regression estimates for T appear to be the result of a chance combination of the population intercorrelations among X, Z and T and lack of sample intercorrelations with XX and XZ.


�. (In 1993) As far as I know this study provides first direct comparison of regression and structural equation estimates for models with nonlinear variables (Jaccard and Wan 1995 also compared regression and Kenny and Judd estimates). While regression estimates are known to be inefficient for vari�ables measured with error, based on these results they may nevertheless be less variable than structural equation estimates for linear variables under these conditions. 


�. Procedures for obtaining unidimensionality are suggested in Anderson and Gerbing 1982 p. 454, Gerbing and Anderson 1988, and Jöreskog 1993 p. 313 (see the discussion of the need for unidimensionality in Anderson and Gerbing 1988, Burt 1976, and Jöreskog 1993).





