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X. OTHER HIGHER-ORDER LATENT VARIABLES
There are other higher-order latent variables besides interactions and quadratics that may be important in model tests with survey data. The following material addresses two of these, latent variable cubics and "Second-order" interactions. Specifically, it proposes specifications of these higher order latent variables and illustrates their use. The discussion begins with cubics.

LATENT VARIABLE CUBICS
When compared to interactions, related non-linear variables such as quadratics, XX and ZZ, and their cubic relatives, XXX and ZZZ, in

Y = β0 + β1X + β2Z + β3XX + β4XZ  + β5ZZ + β6XXX + β7ZZZ + ζY ,
(36

where β1 through β7 are unstandardized "regression" or structural coefficients (also termed associations or, occasionally, effects), β0 is an intercept, and ζY is the estimation or prediction error, also termed the structural disturbance term, have received little methodological attention in survey research (however, see Aiken and West 1991). Perhaps as a result quadratics and cubics are seldom investigated in theoretical models involving survey data. However, they have been proposed and investigated in several social science literatures (e.g., Bandura 1966, Homans 1974, Laroche and Howard 1980, Wheaton 1985, Yerkes and Dodson 1908).

Specifying and estimating a cubic with Ordinary Least Squares (OLS) regression is easily accomplished when X, Z and Y are measured without error (see for example, Cohen and Cohen 1983). Unfortunately when these variables are measured with error, the coefficient estimates from OLS regression in Equation 36 (i.e., the β's) will be biased in unknown directions, and they will be inefficient (i.e., they vary widely across replications) (Busemeyer and Jones 1983). Further, while approaches to estimating quadratics in latent variables have been proposed (e.g., Kenny and Judd 1984, Ping 1995), there is no guidance for estimating cubics involving latent variables.

The following sections will discuss the specification, estimation and interpretation of latent variable cubics. It will begin with a discussion of a proposed specification of cubics involving latent variables and it will conclude with a pedagogical example that illustrates their estimation and interpretation.

Specification
One approach to specifying a latent variable cubic such as XXX might be to use all unique products of the indicators of X (i.e., x1x1x1,  x1x1x2, ... , x1x1xn, x1x2x1,  x1x2x2, ... , x1x2xn, ... , xnxnx1,  xnxnx2, ... , xnxnxn). However this produces n3 indicators, which are likely to be inconsistent (i.e., their measurement model will not fit the data). An alternative approach might be to use the product of the sum of indicators such as x:x:x = (x1+x2+...+xn)(x1+x2+...+xn)(x1+x2+...+xn) to specify the latent variable cubic XXX. Under the Kenny and Judd (1984) normality assumptions the variance of three random variables is

Var(XYZ) = Var(X)Var(Y)Var(Z)+2Var(X)Cov(Y,Z)2 +2Var(Y)Cov(X,Z)2 

+2Var(Z)Cov(X,Y)2 +8Cov(X,Y)Cov(X,Z)Cov(Y,Z) ,

where Cov indicates covariance (Kendall and Stewart 1969). Thus the variance of XXX is

Var(XXX) = 15Var(X)3 = 15Var(x1+x2+...+xn)3 

      = 15Var(λx1x1+εx1+λx1x2+εx2+...+λxnxn+εxn)3
      = 15[ΛX2Var(X)+θX]3 = 15[(ΛX2VarX)3+3(ΛX2VarX)2θX+3ΛX2VarXθX2+θX3]

      = (ΛX3)2VarXXX+45ΛX4VarX2θX+45ΛX2VarXθX2+15θX3 ,

where VarX = Var(X) and VarXXX = Var(XXX). Thus the loading, ΛXXX, and error variance, θXXX, of a single (product) indicator specification of XXX are

ΛXXX = ΛX3
(37

and

θXXX = 45ΛX4VarX2θX+45ΛX2VarXθX2+15θX3 .
(37a

Factored Coefficients and Their Standard Errors
To review several earlier discussions, Equation 36 could be factored to produce a coefficient of Z due to the interaction XZ, i.e.,

Y = β1X + (β2+ β4X)Z  + β3XX + β5ZZ + β6XXX + β7ZZZ  + ζY .
(38

Similarly Equation 36 can be refactored to produce a coefficient of X due to the interaction XZ (i.e., [β1 + β4Z]X). When the XZ interaction in Equation 36 is significant (i.e., β4 is significant) the factored coefficient of Z, for example, in Equation 38 is not constant over the range of X in the study. Depending on the signs and magnitudes of β2 and β4, the (factored) coefficient of Z, (β2+ β4X), can be positive for X at one end of the range of X in the study, zero near the middle of the range of X, and negative at the other end of the range of X in the study.

The standard error of the factored coefficient of Z also varies over the range of X in the study. Determined by the square root of Var(β2+ β4X), where Var indicates variance, the standard error of the factored coefficient of Z is

[Var(β2) + X2Var(β4) + 2XCov(β2,β4)]1/2,
(39

where Cov indicates covariance (which is available from an output option in structural equation packages such as LISREL, EQS, etc.) and the exponents 2 and 1/2 indicate the square and the square root respectively (e.g., Jaccard, Turrisi and Wan 1990). In different words, the standard error of the factored coefficient of Z, (β2+ β4X), is a function of the standard errors and variances of β2, β4, and the value of X at which the coefficient is evaluated. Thus as we have seen, the factored coefficient of Z can not only vary with the values of X in the study, but it can also be significant for some X in the study but nonsignificant for other values of X in the study.

Other factored coefficients are obviously possible in Equation 36. For example it could be refactored to produce a factored coefficient of Z due to the quadratic ZZ (i.e., [β2 + β5Z]Z), and a factored coefficient of X due to the quadratic XX (i.e., [β1 + β3X]X). The factored coefficient of Z due to ZZ and ZZZ is [(β2 + (β5+ β7Z)Z]Z, and the factored coefficient of X due to XX and XXX is [(β1 + (β3 + β6X)X)]X.  Additional factorizations are also possible. For example, the coefficient of Z in Equation 36 is

[(β2 + β4X + (β5+ β7Z)Z)]Z,
(40

and the coefficient of X is [(β1 + β4Z + (β3 + β6X)X)]X In addition, each of these factored coefficients has a nonconstant standard error that is a function of the (constant) standard errors of the coefficients that comprise it (i.e., the β's) and values of the variables (e.g., X, Z, etc.) that also comprise it. For example, the standard error of this factored coefficient of Z, (β2 + β4X + (β5+ β7Z)Z), is 

[Var(β2 + β4X + (β5+ β7Z)Z)]1/2 = [Var(β2 + β4X + β5Z+ β7ZZ)]1/2
                = [Var(β2) + Var(β4X + β5Z+ β7ZZ) + 2Cov(β2,β4X 

+ β5Z+ β7ZZ)]1/2
                = [Var(β2) + X2Var(β4) + Var(β5Z+ β7ZZ) 

+ 2Cov(β4X,β5Z+ β7ZZ) + 2XCov(β2,β4)

+ 2ZCov(β2,β5) + 2ZZCov(β2,β7)]1/2
                = [Var(β2) + X2Var(β4) + Z2Var(β5) + (ZZ)2Var(β7) 

+ 2ZZZCov(β5,β7) + *2XZCov(β4,β5) + 2XZZCov(β4,β7)

+ 2XCov(β2,β4) + 2ZCov(β2,β5) + 2ZZCov(β2,β7)]1/2 ,
(41

where the exponent 1/2 indicates the square root. Thus the standard error of this  factored coefficient of Z, (β2 + β4X + (β5+ β7Z)Z), varies with X and Z, and the factored coefficient of Z could be negative and significant for some combination of X's and Z's, it could be nonsignificant for other combinations of X's and Z's, and the coefficient of Z could be positive and significant for still other combinations of X's and Z's in the study.

Interpretations
While Equation 36 may appear to be more complicated than a more traditional survey data model that ignores non-linear terms, its interpretation is simplified by the use of factored coefficients. We will illustrate this by interpreting an interaction, a quadratic, and two factored coefficients involving a cubic.

Interactions
For demonstration and emphasis purposes suppose that only X, Z and the interaction XZ were significant in Equation 36 (i.e., β3, β5, β6 and β7 were nonsignificant). In this case the factored coefficient of Z would be (β2 + β4X)Z. Table N, which is used for additional purposes, shows a similar situation, the factored coefficient of I due to the significant interaction AI, (-.191+.142A)I, at several different levels of A. When A was low in this study, for example equal to 1 in Column 1, the coefficient of the variable I was -.191+.142*(1 - 2.54)  -.411 (A had a mean of 2.54, and it was mean centered) (see Column 2 of Table N) (the Table N calculation of Column 3 involved β2 and β4 with more than 3 significant decimal digits). When A was higher, for example A = 2.54 in Column 1, the coefficient of the variable I was -.191+.142*(2.54 - 2.54) = 0, and when A was 5 the coefficient of the variable I was -.191+.142*(5 - 2.54) = .1583 (again the table value used β2 and β4 with more than 3 significant decimal digits). A summary statement for the variable coefficient results for the I-Y association shown in the left hand portion of Table N would be that when A was low in the study the variable I was negatively associated with Y. However, for A above study average the variable I was positively associated with Y.

In addition, because the standard error of the factored coefficient of I also varied with A, the variable I was significantly associated with Y for A's at the low end of the Column 1 range of A's in the study. However, the variable I was nonsignificantly associated with Y for A's above the study average.

In summary, when A was low in the study, the variable I was significantly and negatively associated with Y. However, for A above study average the variable I was not associated with Y.

Because β4 was significant, Equation 36 could be refactored to produce a factored coefficient of X, (β1 + β4Z)X. Table N shows a similar situation, a refactored coefficient of A, (+.191 + .142I )A. To summarize this portion of Table N, when the variable I was low in the study, the A-Y association was not significant. However, for I at or above the study average the A-Y association was positive and significant.

Note that Table N shows both uncentered and centered moderators, and in effect interprets uncentered variables. This underscores the utility of factored coefficients in the interpretation mean centered variables-- interpretation can take place using uncentered values.

Quadratics
Turning a quadratic, suppose in Equation 36 that only Z and ZZ were significant (i.e., β1, β3, β4, β6 and β7 are nonsignificant). In addition suppose that β2 in the resulting factored coefficient of Z, (β2 + β5Z)Z, was -.191 and β5 was -.092. Table O, which is also used for additional purposes, shows a similar situation, the resulting (different) factored coefficient of I due to the significant quadratic II, (-.191-.092I)I, at several different levels of I. When the level of I was high in Column 1 (e.g., I = 5) the coefficient of I was (-.191 - .092(5 - 3.8))  -.303 (the variable I had a mean of 3.8, and it was mean centered) (see Column 3 of Table O-- the calculation of Column 3 involved β2 and β4 with more than 3 significant decimal digits). Thus when the level of I was 5 in the study small changes in that level of I were negatively associated with Y. However when I was lower in the study, small changes in I were less strongly associated with Y, and when the level of I was below 2 in the study small changes in the variable I were positively associated with Y.

 
Because the standard error of the factored coefficient of I also varied with I, the variable I was significant for I's at the high end of the range of I's in the study, and I was nonsignificant for I's below the study average (see Column 5 of Table O).

Again note what amounts to the interpretation of uncentered variables in Table O.

Cubics
Turning at last to cubics, suppose in Equation 36 that only X and XXX were significant (i.e., β2, β3, β4, β5 and β7 are nonsignificant). In addition suppose β1 in the resulting factored coefficient of X, (β1 + β6XX)X, was .191 and β6 was .015. Table P, which is also used for additional purposes, shows a similar situation, the factored coefficient of A due to the significant cubic AAA, (.191+.015AA)A, at several different levels of AA. When the level of A (and thus AA) was low in Column 1 (e.g., A = 1) the coefficient of A was (.191 + .015(5 - 2.54)2)  .229 (A had a mean of 2.54, and it was mean centered) (see Columns 1 and 4 of Table O-- the calculation of Column 4 involved β2 and β6 with more than 3 significant decimal digits). Thus when the level of A was 1 in the study, small changes in that level of A (and thus AA) were positively associated with Y (see Column 4). However when the level of A increased in the study, the association between A and Y became weaker, then for A above the study average it became stronger again.

 
Because the standard error of the factored coefficient of A also varied slightly with A, the variable A was more significant at the extremes of the range of A in the study.

Combinations
Finally, suppose X, XZ and the cubic XXX were significant in Equation 36. Further suppose β1, β4 and β6 were the same as they were above, so that the factored coefficient of X was (.191+.142Z+.015XX)X. Table Q, again used for additional purposes, shows a similar situation, but is slightly different from Table N, O and P: it shows the results of the combined levels of the two moderating variables I and A (and thus AA). To interpret the factored coefficient of the variable I when the variables I and A (and thus AA) were low in the study (e.g., when they were both equal to 1, see Row 1 Column 3) the factored coefficient of A was (.191+.142*I+.015AA) = (.191+.142*(1-3.8)+.015*(1-2.54)2  -.173 (the variable I had a mean of 3.8 and A had a mean of 2.54, and both were mean centered) (the calculation involved β's that had more than 3 significant decimal digits). Thus when the variables I and A were low in the study, (small) changes in A were negatively (but nonsignificantly) associated with Y (see Column 3 Row 3). As the Column 1 level of the variable I increased in the study for a constant A (i.e., going down Columns 1 and 3), As association with Y weakened, until when the variable I was between 2 and 3 the A-Y association turned positive, and it became significant for values of the variable I just below the study average of I. For higher values of A in Columns 4 through 8 this pattern of nonsignificance for lower values of the variable I, and significance for higher values of the variable I was repeated.

The standard error of this factored coefficient is determined by its variance which can be derived by inspection from Equation 41:

[Var(β1 + β4Z + β6XX)]1/2 = [Var(β1) + Var(β4Z + β6XX) + 2Cov(β1,β4Z + β6XX)]1/2
          = [Var(β1) + Z2Var(β4) + XX2Var(β6) + 2Z*XX*Cov(β4,β6)

+ 2ZCov(β1,β4) + 2XXCov(β1,β6)]1/2
(41a

where the exponent 1/2 indicates the square root. Thus the standard error of the factored coefficient of A (= X in Equation 41a) varies with the existing levels of the variable I and A, and in Table Q the variable A was negative and nonsignificant for some combination of the existing levels of the variables I and A, and A was positive and significant for other combinations of the existing levels of the variables I and A.

An Example
For pedagogical purposes a real-world data set will be reanalyzed.
 The structural model

Y = b1S + b2A + b3I + b4C + b5AI + b6II + b7SS + b8AA + ζ
(42

was tested in response to hypotheses that postulated that S, A, I and C were associated with Y; that also postulated that the variable I moderated the A-Y association (thus the AI interaction), and that there were "diminishing returns-like" behavior in S, A and I (e.g., as S increased, it's association with, or its "effect" on, Y diminished-- thus the II, SS and AA quadratics).

Quadratics in S, A and the variable I were specified instead of cubics because the hypotheses (correctly) did not stipulate the form of the "diminishing returns-like" relationships between Y, and S, A and I, and quadratics are more familiar (and perhaps more parsimonious) that cubics.

Before specifying the nonlinear variables (i.e., AI, II, SS, and AA), the unidimensionality of the first-order latent variables (i.e., S, A, I, C and Y) was verified using LISREL 8 and Maximum Likelihood (ML) estimation. This was accomplished for the first-order latent variables by estimating a single construct measurement model for S, for example, and omitting the item with the largest sum of first derivatives without regard to sign.
 The single construct measurement model with the remaining indicators of S was then reestimated, and the indicator with the resulting largest sum of first derivatives without regard to sign was omitted. This process of omitting, reestimating, and then omitting the indicator with the resulting largest sum of first derivatives without regard to sign in each reestimation was repeated until the p-value for χ2 in the single construct measurement model for the remaining indicators of S became non zero. This process was repeated for the other first-order latent variables, and the resulting measures were judged to have acceptable reliability, and content, construct, convergent and discriminant validity.

To specify the non-linear variable (i.e., AI, II, SS, and AA), single indicators and Equations 9, 9a, 10 and 10a were used. First, the indicators of all the first-order latent variables were mean centered, including the dependent variable Y, by subtracting the indicators mean from its value in each of the cases (this reduces the correlation between A, for example, and its related second order variables AI, and AA). Then, the mean centered indicators of A were summed and multiplied by the mean centered and summed indicators of I in each case (i.e., to form (a1+a2+... )(i1+i2+...)). Similarly, the product indicators of II, SS and AA were formed in each case.

Next, the measurement model for a reduced Equation 42 that excluded AI, II, SS and AA was estimated. Using the resulting loadings and measurement error estimates for S, A, I, Equations 9, 9a, 10 and 10a were used to calculate the loadings and measurement error variances for the single indicators of AI, II, SS and AA.

Then, the (full) Equation 42 model was estimated using LISREL and Maximum Likelihood estimation by fixing the loadings and measurement error variances for the single indicators of AI, II, SS and AA at their Equations 9, 9a, 10 and 10a computed values (i.e., two step estimation was used). The resulting loadings and measurement error variances for S, A, I, C and Y in the structural model were judged sufficiently similar to those from the measurement model for S, A, I, C and Y, and that a second structural model estimation was not judged to be necessary.

While the results suggested that AI and II were significant, they also suggested that SS and AA were not significant (not shown), and SS and AA were replaced in the Equation 42 model with SSS and AAA to produce the structural model

Y = b1S + b2A + b3I + b4C + b5AI + b6II + b7'SSS + b8'AAA + ζ
(42a

This was deemed theoretically acceptable because the hypotheses did not stipulate the exact form of the "diminishing returns-like" association between Y, and S and A (recall that quadratics and cubics can behave similarly).

To specify the cubics in Equation 42a, their product indicators (s:s:s = (s1+s2+... )3 and a:a:a = (a1+a2+... )3) were formed in each case. Using the earlier first-order measurement model estimates for the loadings and measurement error variances, Equations 37 and 37a were used to compute the loadings and measurement error variances of SSS and AAA. Then the Equation 42a model was estimated using LISREL and Maximum Likelihood estimation by fixing the loadings and measurement error variances for AI, II, SSS and AAA at their Equations 9, 9a, 10, 10a, 31 and 31a computed values (i.e., two step estimation was used). Again, the resulting loadings and measurement error variances for S, A, I, C and Y in the structural model were judged acceptably similar to those from the measurement model for S, A, I, C and Y, and that a second structural model estimation was not necessary.

 
The results of the Maximum Likelihood estimation using LISREL are shown in Table M. In summary, the first-order variables were associated with Y as hypothesized, except for S. In addition, I moderated the A-Y association as hypothesized, and the Y associations with S, A and I had the potential of being of a "diminishing returns-like" nature (i.e., interpretation is needed).

Because of the significant non-linear terms, the coefficients of S, A and the variable I should be interpreted using factored coefficients. The interpretation for the factored coefficient for A ((b2+b5I+b8'AA)A) is shown in Table Q and was discussed earlier. The interpretation of the factored coefficient for I, (b3+b5A+b6I)I, is similar (not shown). The interpretation of the factored coefficient of S, (b1+b7'SS)S, is shown in Table R Part a. When the level of S (and thus SS) was low in Column 1 (e.g., S = 1) the coefficient of S was (-.061 - .020(1 - 4.16)2)  -.265 (S had a mean of 4.16, and it was mean centered) (see Columns 1 and 4 of Table R Part a-- the calculation of Column 4 involved β1 and β7' with more than 3 significant decimal digits). Thus when the level of S was 1 in the study, small changes in that level of S (and thus SS) were negatively associated with Y (see Columns 4 and 6). However when the level of S increased in the study, the association between S and Y became weaker, then for S above 2 the association between S and Y was non significant.

Since the Y associations with S A and I were hypothesized to exhibit "diminishing returns-like" behavior, graphs of Y versus S, Y versus A, and Y versus I could be used in order to verify this hypothesized behavior (see Tables R and S).

Comments
While it does not seem unreasonable to expect the Equation 37 and 37a specification of a cubic to be acceptably unbiased and consistent, stronger demonstrations of this possibility are required. Specifically, simulations involving artificial data sets should be used to investigate whether or not the Equation 37 and 37a specification of a cubic is acceptably unbiased and consistent, and this is an area that needs additional work.

It turns out with real world data that quadratics and cubics are frequently impossible to estimate together. Centering the first-order variables (e.g., X and Z) reduces collinearity between X, for example, and XX. However, centering X does not reduce collinearity between XX and XXX. In the above example, the dissattenuated (i.e., error-free) correlation between SS and SSS, for example, was almost 1, with or without mean centering S. Thus, the joint estimation of SS and SSS was impossible without using LISREL's Ridge Option, and without the attendant inflated structural coefficient estimates and standard errors. Such inflated estimates are inconsistent (i.e., they are likely to be very different in the next study), and thus typically of little use in theory testing. While there are several ways to center XX to reduce the collinearity between XX and XXX, they invariably increase the collinearity between X and XX, with or without mean centering X, which again produces inconsistent estimates. Thus, an estimation strategy such as that used for the overall F test, where everything of interest (e.g., SS and SSS) is specified jointly but with zero structural coefficients (i.e., b's) and modification indices of SS versus SSS, for example, are examined to see which is significant, may be impossible in real world survey data.

Some authors believe interactions and quadratics are more likely than their reported occurrence in published survey research suggests (e.g., Aiken and West 1991; Blalock 1965; Cohen 1968; Cohen and Cohen 1975, 1983; Darlington 1990; Friedrich 1982; Howard 1989; Jaccard, Kenny 1985; Neter, Wasserman and Kunter 1989; Pedhazur 1982; Turrisi and Wan 1990). My own experience, and the above and previous examples, suggest that quadratics and cubics may be more common that interactions in survey data (e.g., Howard 1989).

The other higher-order latent variable that may be important in model tests with survey data is a "Second-order" interaction, which is discussed next.

ESTIMATING INTERACTIONS INVOLVING A "SECOND-ORDER" LATENT VARIABLE
"Second-order" constructs were proposed by Jöreskog (1970). "Second-order" constructs are unobserved or latent variables that have other unobserved latent variables as their "indicators" (see Figure 6). Each of these "indicator" (first-order) latent variables has its respective observed indicators as usual.
 For example in Dwyer and Ohs (1987) study of environmental munificence and its hypothesized effects on relationship quality in interfirm relationships, the "Second-order" construct relationship quality had as its "indicators" the first-order latent variables Satisfaction, Trust, and Minimal Opportunism.

These "Second-order" latent variables have received attention recently (e.g., see Bagozzi 1981; Bagozzi and Heatherton 1994; Gerbing and Anderson 1984; Gerbing, Hamilton and Freeman 1994; Hunter and Gerbing 1982; and Rindskopf and Rose 1988). However, specifying and estimating these latent variables, although not difficult, is not a straightforward task using popular structural equation analysis such as LISREL, EQS, etc. In addition, there is no guidance for estimating an interaction involving a "Second-order" latent variable (e.g., XZ in

Y = β0 + β1X + β2Z + β3XZ + ζY ,
(43

where X or Z is a "Second-order" construct, β1 through β3 are unstandardized "regression" or structural coefficients [also termed associations or, occasionally, effects], β0 is an intercept, and ζY is the estimation or prediction error, also termed the structural disturbance term).

Because as stated previously, some authors believe interactions (presumably of all types) are more likely than their reported occurrence in published survey research suggests (e.g., Aiken and West 1991; Blalock 1965; Cohen 1968; Cohen and Cohen 1975, 1983; Darlington 1990; Friedrich 1982; Howard 1989; Jaccard, Kenny 1985; Neter, Wasserman and Kunter 1989; Pedhazur 1982; Turrisi and Wan 1990), this section discusses interactions involving "Second-order" constructs, specifically an interaction between a first-order latent variable and a "Second-order" latent variable. It begins with a discussion of "Second-order" constructs which leads to specification of an interaction between a first-order latent variable and a "Second-order" construct. It concludes with a pedagogical example that illustrates the estimation and interpretation of a "Second-order" interaction.

 However, and at the risk of overdoing it,
 in order to motivate the topic of "Second-order" interactions in theoretical model tests using survey data, it may be instructive to begin with a brief review of first-order latent variables and interactions that lays the groundwork for "Second-order" interactions.

First-order Latent Variables
As previously discussed, a first-order latent variable has observed variables (i.e., the items in its measure) as its indicators. The relationship between these indicators and their unobserved latent variable typically assumes the unobserved latent variable "drives" the indicators (i.e., the indicators are observable instances or manifestations of their unobservable latent variable, and thus changes in the unobserved variable are "indicated" by observable changes in the items in its measure). A diagram of this first-order latent variable and its indicators would show the latent variable specified or connected to its indicator variables with arrows from the latent variable to the indicators (a reflexive relationship see Bagozzi 1980, 1984 and Figure 6). Occasionally, the indicators "drive" the latent variable (i.e., the indicators define the latent variable rather than being various instances of the latent variable, and a diagram of the latent variable and its indicators would show the indicators connected to the latent variable with arrows from the indicators to the construct (a formative relationship, see Fornell and Bookstein 1982). Our interest will be in reflexive latent variables.

"Second-orders"
As stated earlier, a "Second-order" construct has first-order latent variables as their "indicators" (e.g., Figure 6/6a). A "Second-order" construct can be conceptualized as factors in an exploratory factor analysis (e.g., in Figure 6/6a F1=Z1, F2=Z2, F3=Z3) that are not particularly orthogonal. When the items in each of these factors are summed, an exploratory factor analysis of the resulting summed items is unidimensional.

As the Dwyer and Oh (1987) example suggests, a "Second-order" construct can be used to combine several related latent variables into a single higher-order construct to simplify a structural equation model (e.g., rather than investigating the separate dependent/endogenous variables Satisfaction, Trust, and Minimal Opportunism, the model investigated the single "Second-order" dependent/endogenous variable Relationship Quality).

A "Second-order" construct can also be used as an alternative to omitting items to obtain model-to-data fit in structural equation analysis. Omitted items can be specified as a second factor, and together with a factor composed of the items that were not omitted, the two factors can be used as the "indicators" of a "Second-order" construct. This can be useful in structural equation analysis that uses established measures that were developed before the advent of structural equation analysis, and which turn out to be either multi-dimensional or inconsistent (i.e., they are unidimensional in exploratory factor analysis but their confirmatory factor model does not fit the data, usually because there are too many items-- see Bagozzi and Heatherton 1994) (see Gerbing, Hamilton and Freeman, 1994). In addition, a "Second-order" construct can be used to account for types of error other than measurement error in structural equation analysis (see Gerbing and Anderson 1984).

Unidimensionality
As with other unobserved variables, a "Second-order" construct should be unidimensional, valid and reliable. While it is usually easy to demonstrate that the items in each first-order "indicator" latent variable (factor) are unidimensional, it may be difficult to demonstrate that their "Second-order" construct is unidimensional because "Second-order" constructs can be under or just-determined (i.e., have three or fewer factors). In order to demonstrate the unidimensionality of a "Second-order" construct it is usually sufficient to show that a measurement model containing just the "Second-order" construct, its "indicators" and the indicators of these "indicators" (i.e., omitting any first-order construct that is not an "indicator" of the "Second-order" construct) fits the data.

Reliability
The most frequently used formula for computing latent variable reliability is due to Werts, Linn and Jöreskog (1974). However, Gerbing and Anderson (1988) pointed out that for unidimensional measures there is little practical difference between coefficient alpha and Werts, Linn and Jöreskog's (1974) latent variable reliability. Thus to demonstrate the reliability of a "Second-order" construct, it may be sufficient to report the coefficient alpha of the set of its first-order summed "indicators" (i.e, for each first-order "indicator," sum its indicators, then determine the coefficient alpha of the resulting set of summed indicators).

Validity
Authors in the Social Sciences have long disagreed on what constitutes an adequate demonstration of validity (e.g., Bollen 1989; Campbell 1960; DeVellis 1991; Heeler and Ray 1972; Nunnally 1978; Peter 1981). Nevertheless, a reasonable demonstration of the validity of a "Second-order" construct would include the following criteria: content or face validity (how well items match their conceptual definition), criterion validity (measure correspondence with other known valid and reliable measures of the same construct), construct validity (measure correspondences with other constructs are consistent with theoretically derived predictions), and convergent and discriminant validity (e.g., Bollen 1989; DeVellis 1991; Nunnally 1978).

Convergent and discriminant validity are Campbell and Fiskes (1959) notions involving the measurement of multiple traits or constructs with multiple methods, and they are usually considered to be facets of construct validity in the Social Sciences. Convergent measures are highly correspondent (e.g., correlated) across different methods such as a survey and an experiment. Discriminant measures are internally convergent. However, convergent and discriminant validity are seldom assessed as Campbell and Fiske (1959) intended (i.e., using multiple traits and multiple methods-- see Bollen 1989; Heeler and Ray 1972). Perhaps because traits or constructs are typically measured with a single method (i.e., the study at hand), reliability is frequently substituted for convergent validity,
 and measure distinctness (i.e., low correlations with other measures) is substituted for discriminant validity.
 

Criterion validity concerns the correspondence of a measure with a criterion measure, a known and preferably standard measure of the same concept. It is typically established using correlations. However, there are no guidelines for adequate correlation between a measure and a criterion variable. In addition, for a new construct or a measure of an existing construct used in a new study context, a criterion measure may not be available. Perhaps for this latter reason criterion validity is infrequently assessed in the Social Sciences.

Construct validity is concerned in part with a measures correspondence with other (i.e., different, non criterion) constructs. To suggest construct validity, the measures of the other constructs in the study should be valid and reliable, and their correspondences with the target measure should be theoretically sound. Construct validity is typically suggested using correlations, and the correlations with the target measure and their plausibility (i.e., their significance, direction and magnitude) are argued to support or undermine its construct validity.

Thus a reasonable demonstration of the validity of a "Second-order" construct would include that it is content or face validity (i.e., each "indicator" construct of the "Second-order" construct is content or face valid, and the "Second-order" construct itself is itemized by "indicator" constructs whose conceptual definition "taps" or is an instance of the conceptual definition of the "Second-order" construct). It would also include that it is criterion valid (i.e., the "Second-order" construct's correspondence with other known valid and reliable measures of the same construct are comparatively large and positive), and that it is construct validity (i.e., the "Second-order" construct's correlations with other constructs in the model are consistent with theoretically derived predictions), and it is convergent and discriminant valid (e.g., Bollen 1989; DeVellis 1991; Nunnally 1978). Overall validity of the "Second-order" construct would then be qualitatively assessed considering its reliability and its performance over the above perhaps minimal set of validity criteria.

"Second-Order" Interaction Specification
The range of conceivable specifications for a "Second-order" by first-order interaction is considerable, but most of them are impractical. For example, any first-order latent variable X can be specified as a "Second-order" construct X specified with X as its single "indicator" (i.e., X has a loading on X of 1 and a measurement error of zero-- see Figure 6b) (see for example Hayduk 1987). Using this specification, the interaction of this contrived "Second-order" X and an actual "Second-order" construct Z (with, for example, 3 "indicator" constructs, Zi) could be specified using the interactions of X with each "indicator" construct of Z, Zi. These "indicators," XZi, could then be specified with Kenny and Judd (1984) indicators xjzi,k, where xj are the indicators of X and zi,k are the indicators of Zi. However specifying an interaction such as XZi with the resulting volume of indicators, xjzi,k, is rarely consistent (see Jaccard and Wan 1995 for evidence of this difficulty), and thus adding a first-order by "Second-order" interaction to a model, that otherwise fits the data, then specifying it this way will usually ruin model-to-data fit.

However, XZi could be specified with the indicators x:z1 = (x1+x2+...+xm)(z1,1+z1,2+...+z1,n), x:z2 = (x1+x2+...+xm)(z2,1+z2,2+...+z2,p), and x:z3 = (x1+x2+...+xm)(z3,1+z3,2+...+z3,q) (see Figure 6). These indicators have (fixed) Equation 9 and 9a loadings and measurement errors, and their observed values (x:zi = (x1+x2+...+xm)(zi,1+zi,2+...+zi,n)) can be computed in each case.

Alternatively, Z could be respecified as a first-order construct by replacing Z1 by a sum of the indicators of Z1, and doing the same for Z2 and Z3 (see Figure 6/6c). The respecification of a "Second-order" construct as a first-order construct using sums of indicators has been reported (e.g., Dwyer and Oh 1987). The resulting XZ interaction would then be a first-order by first-order interaction with the indicator x:z = (x1+x2+...+xm)(Σz1,j+Σz2,j+Σz3,j), where Σzi,j is the sum of the terms of Zi. This indicator has fixed Equation 9 and 9a loadings and measurement errors, and its observed values (i.e., (x1+x2+...+xm)(Σz1,j+Σz2,j+Σz3,j)) can be computed in each case.

A variation on this summing theme would be to specify Z as a first-order construct by replacing Z1 by its factor score, and do the same for Z2 and Z3. Factor scores are available in LISREL, and for Zi they are a weighted sum of all the indicators in a model (not simply the indicators of Zi), where the weights could be thought of as a type of "loading" of each indicator in the model on Zi (see Jöreskog and Sörbom 1996b, and Kim and Mueller 1978 for more on factor scores/scales).
 The resulting XZ interaction would then be a first-order by first-order interaction with the indicator x:z = (x1+x2+...+xm)(Σω1,idi+Σω2,idi+Σω3,idi), where di is the ith indicator in the measurement model corresponding to the structural model of interest (i.e., x1, x2, ... xm, z1,1, z1,2, ... z1,q, z2,1, z2,2, ... z2,q, z3,1, z3,2, ... z1,q, and all the other indicators of the exogenous and endogenous variables in the model such as W and Y in Figure 6), ω1,i is the factor score weight or coefficient for Z1 and indicator di, ω2,i is the factor score weight/coefficient for Z2 and indicator di, etc. This x:z indicator has fixed Equation 9 and 9a loadings and measurement errors, and its observed values (i.e., (x1+x2+...+xm)(Σω1,idi+Σω2,idi+Σω3,idi)) can be computed in each case.

The following pedagogical example will illustrate the use of these specifications.

An Example
For pedagogical purposes a real-world data set will be reanalyzed.
 A survey involving the Figure 7 model and the first-order latent variables U, V, W, the "Second-order" construct T, and the interaction UxT, produced more than 200 usable responses.

Unidimensionality
The unidimensionality of the first-order latent variables (i.e., U, V and W) was verified using LISREL 8 and Maximum Likelihood (ML) estimation. This was accomplished for the first-order latent variables by estimating a single construct measurement model for U, for example, and omitting the item with the largest sum of first derivatives without regard to sign, as previously discussed.
 In summary, the single construct measurement model with the remaining indicators of U was then re-estimated, and the indicator with the resulting largest sum of first derivatives without regard to sign was omitted. This process of omitting, re-estimating, and then omitting the indicator with the resulting largest sum of first derivatives without regard to sign in each re-estimation was repeated until the p-value for χ2 in the single construct measurement model for the remaining indicators of U became non zero. This process was repeated for the other first-order latent variables.

The unidimensionality of the (first-order) "indicator" variables of T was also verified using the above process. Then the unidimensionality of T was verified using a measurement model that excluded all the model variables except T, its "indicators," and the indicators of these "indicators" (see Figure 7a). Based primarily on RMSEA (Steiger 1990),
 this model was judged to (just) fit the data (χ2/df = 366/116, GFI = .84, AGFI = .79, CFI = .92, RMSEA = .08) (2ndorde3), and thus T was judged to be unidimensional.
0

The investigation of the unidimensionality of the specification of UxT with Kenny and Judd-like indicators (e.g., u1:a = u1[a1+a2+a3+a4], u2:a, ... , u5:a, u1:i, u2:i, ... , u5:i, ... , u5c) required that the measurement model for UxT also include T and U because the constraint equations for the loadings and errors of UxT were functions of T and U (see Equations 9 and 9a, and Jöreskog and Yang 1996). However, this MM did not fit the data (χ2/df = 3400/453, GFI = .44, AGFI = .39, CFI = .56, RMSEA = .17) (2ndord9a). Since both T and U were previously judged to be unidimensional, the lack of fit for the measurement model for UxT was attributed to the specification of UxT with 15 indicators (as previously mentioned, six seems to be about the maximum for any construct with real-world data-- see Bagozzi and Heatherton 1994, and see Jaccard and Wan 1995 for evidence).

Respecification of T
To investigate the specification of T as a first-order construct each "indicator" of T was first summed and a measurement model corresponding to Figure 7/7b was estimated. In order for this alternative specification of T to be equivalent to its "Second-order" specification for these purposes it is reasonable to expect the estimated variance of the (first-order) summed specification to be equivalent to that produced by the "Second-order" specification. However, the summed (then averaged) first-order specification of T over-estimated the variance of T produced by "Second-order" specification (see Table U portions (1) and (2)).

Next, each summed (then averaged) "indicator" of T were replaced by a weighted average of all the indicators in the "Second-order" model without the XZ interaction. The weights were the factor score coefficients, discussed earlier, produced in the measurement model corresponding to Figure 7 without the XZ interaction present, and with the Figure 7a "Second-order" specification of T (i.e., T was specified with the factor scores for A, I and C as indicators-- see Figure 7c). These factor scores were computed in each case for A, for example, by adding the factor score involving u1, ωA,1u1, to the factor score involving u2, ωA,2u2, then adding the factor score involving u3, ωA,3u3, to that sum, and repeating this process for each factor score involving the other model indicators (i.e., u4, a1, a2, ... , a4, i1, ... , i4, c1, ... , c4, v1, ... , v4, w1, ... , w4). For the variable I the factor score for u1, ωI,1u1, was added to the factor score for u2, ωI,2u2, then the factor score for u3, ωI,3u3, was added to that sum, and this process was repeated for each of the other model indicators. The factor scores for C were computed similarly. The measurement model corresponding to Figure 7 without the XZ interaction, and with the Figure 7c factor-score specification of T was then estimated, and the estimated covariance matrix of this model was compared to that produced by the "Second-order" specification. The covariance matrix produced by the first-order/factor-scored specification of T was judged to be equivalent to that produced by "Second-order" specification using visual inspection, χ2 tests, etc. (see Table U portions (1) and (3)). This specification of T of course was (trivially) unidimensional (i.e., it fit the data exactly), as was the specification of the interaction UxT with a single indicator comprised of factors scores for T (u:t = [u1+u2+...+u5][Σωa,jaj+Σωi,jij+Σωc,jcj]).

Reliability
Then the reliability of the latent variables was gauged. Since as Anderson and Gerbing (1988) pointed out, for unidimensional measures there is little practical difference between coefficient alpha and latent variable reliability, coefficient alpha was calculated for each first-order variable (including T in its first-order specification using factor scores), these variables were judged to be reliable. Because the reliability of the interaction UxT is not its coefficient alpha (see Bohrnstedt and Marwell 1978), the reliability of UxT was calculated using the Busemeyer and Jones (1983) formula
 with T in its first-order/factor-score specification and coefficient alphas in place of latent variable reliabilities, and UxT was judged to be acceptably reliable for this demonstration.

Mean Centering
At this point each indicator of the independent and dependent variables should be mean centered by subtracting the indicators average from its value in each case. As previously mentioned, mean centering independent variables is important to reduce collinearity, and centering dependent variables is important to compensate for not estimating intercepts (see Jöreskog and Yang, 1996). However, because factor scores were computed, the indicators were mean centered earlier, before the factor scores were estimated (mean centering does not alter unidimensionality, reliability or validity). Parenthetically, factor scores determined using indicators with means of zero also have means of zero and thus they are mean centered.

Interaction Specification
Next, the Figure 7/7c first-orders-only measurement model (i.e., without UxT and with the first-order/factor-scored T) was re-examined for model-to-data fit in order to use its parameters in Equation 9 and 9a for the specification of UxT. This measurement model was judged to fit the data (χ2/df = 168/98, GFI = .91, AGFI = .88, CFI = .96, RMSEA = .05) (2ordint_).

Next, UxT was specified using scaled versions of Equations 9 and 9a because it was composed of 1) averaged indicators (to reduce the magnitude of the variance of UxT, and any attendant estimation problems),

λx:z = ΛXΛZ/(mn)
(44

and

θεx:z = [ΛX2Var(ξX)θZ + ΛZ2Var(ξZ)θX + θXθZ]/[(mn)2] ,
(44a

where m and n are the number of indicators of X and Z respectively, and 2) the first-orders-only measurement model parameter estimates (i.e., with first-order/factor-scored T). Then, the (full) measurement model corresponding to Figure 7/7c (i.e., including UxT) was estimated to verify the external consistency of the latent variables T, U, V, W and UxT (see Anderson and Gerbing 1988). To accomplish this, starting values for the model parameters, especially the covariances of the latent variables (e.g., the PHI matrix in LISREL), are sometimes required, and they were specified in the measurement model using the first-orders-only measurement model parameter estimates along with attenuated (e.g., SAS, SPSS, etc.) variance and covariance estimates for UxT. This measurement model was judged to fit the data (χ2/df = 186/111, GFI = .91, AGFI = .88, CFI = .96, RMSEA = .05)(2ordinta). 

Validity
Then, using the (dissattenuated) correlations among T, U, V, W and UxT from the full measurement model (i.e., including UxT), discriminant validities of T, U, V, W and UxT were judged to be acceptable. Using this same model and average extracted variances (Fornell and Larker 1981), the convergent validities of U, V and W were judged to be adequate (i.e., .5 or above). However, the convergent validities of T and UxT were low.

Interaction Estimation
Despite the difficulties with the reliability of UxT and the convergent validities of T and UxT,
 the Figure 7/7c structural model was specified. As with the full measurement model discussed above, starting values for the model parameters were specified using a combination of full measurement model parameter estimates, and structural coefficient estimates (i.e., the β's in Equation 43) and structural disturbance terms (e.g., ζ in Equation 43) from OLS regression estimates of the β's and ζ's (ζV and ζW can be estimated using 1-RV2 and 1-RW2, respectively). The structural model was judged to fit the data, and the results using LISREL and Maximum Likelihood estimation are summarized in Table T1.

For emphasis, the Table T1 results reflect U specified as a first-order construct with its multiple indicators, T specified as a first-order construct with factor scored coefficients as indicators, and UxT specified with a single product-of-sums indicator (see Figure 7/7c), and the estimation used the Ping (1995) "2-step" approach.

For completeness three additional estimations are reported. The Table T2 results reflect a specification that was identical to the Table T1 specification except that Ping (1995) direct estimation was used (see Appendix AC for Ping 1995 direct estimation LISREL 8 commands). The resulting model was judged to fit the data, and the results were trivially different from the 2 step estimates shown in Table T1.

The Table T3 results reflect U specified as before, but T specified as a "Second-order" construct with first-order constructs as "indicators" (each in turn with their respective observed indicators), and UxT specified the Kenny and Judd (1984) approach of specifying UxT with all possible unique products of the indicators of U and T. Since T was a "Second-order" construct, this involved products of the indicators of U and the indicators of the first-order constructs comprising T. Because there were 5 indicators for U, and T had three first-order constructs each with four indicators, this produced 60 product indicators for UxT. The resulting model did not fit the data, probably because of the 60 indicators of UxT. Parenthetically, no difficulty was encountered in estimating this model, aside from the comparatively longer execution time.

The Table T4 results reflect T and U specified as before, but UxT was specified using the Kenny and Judd (1984) approach of using all possible unique products of the indicators of U and T. Since T was a first-order construct, this involved products of each of the 5 indicators of U with the 3 factor-scored indicators of T, for a total of 15 Kenny and Judd (1984) product indicators. Not surprisingly, the resulting structural model did not fit the data (as previously discussed a measurement model with UxT specified in this manner also did not fit the data). Parenthetically, no difficulty was encountered in estimating this model.

Discussion
In summary, the first-order/factor-scored specification of T adequately reproduced the covariance matrix from the "Second-order" specification of T, while a first-order specification of T using sums of indicators did not (see Table U). Additional criteria for the equivalence of the first-order/factor-scored T with T specified as a "Second-order" construct could be imposed. The reliabilities and convergent validities were judged to be equivalent (ρfactor-scored T = 0.699, ρ2nd Order T = 0.675, AVEfactor-scored T = 0.439, and AVE2nd Order T = 0.412). In addition the correlation matrices with the other model constructs suggested the two specifications had equivalent discriminant validities (see Table U).

This suggests that a Ping (1995) single product indicator for a "Second-order" by first-order interaction such as UxT could use the sum of T's factor scores, regardless of how T is specified (i.e., either as a "Second-order" construct or as a first-order with factor-scores).

The above example, of course, simply hints that a "Second-order" interaction could be adequately specified by replacing the "Second-order" construct's "indicators" by their factor-scores. Because Maximum Likelihood factor scores are known to be approximate, simulations involving combinations of data conditions that are encountered in real-world surveys (e.g., various reliabilities, intercorrelations, sample sizes, etc.) would be required to suggest that factor scores provide unbiased estimates of "indicator" constructs (although it is widely believed among applied social science researchers that factor scores can be used to adequately represent constructs
). Simulations are also required to demonstrate that a first-order by "Second-order" interaction specified using a Ping (1995) single-indicator with a factor scored specification for T produces unbiased estimates (although this is likely because factor score indicators are simply linear combinations of observed variables, and the resulting "observed" variables/indicators do not violate the assumptions underlying the Ping 1995 technique any more or less than any other observed indicators).

The interpretation of the UxT interaction is presented in Table V. In summary, the T-V and U-V associations, while not significant in Table T1, were significant at lower levels of U, and at levels of T away from the study average of T, respectively.

Kenny and Judd (1984) suggested constraining the variance of UxT, for example, to its Kendall and Stewart (1958) first-order equivalent of Var(T)Var(U)+Cov 2(T,U). This constraint is reasonable because it is used to derive the UxT interaction loadings and measurement errors. However, its use can produce measurement/structural models that will not converge. When this happens the constraint is dropped (i.e., Var[UxT] is allowed to be free in the model). This was not the case in the example (i.e., the measurement and structural models did converge with the variance of UxT constrained to equal Var[T]Var[U]+Cov2[T,U]). The procedure followed was to estimate each model with Var(UxT) free to obtain convergence, then constrain Var(UxT) to see if it still converged. Parenthetically, the Table T1 and T2 results with Var(UxT) unconstrained were trivially different from the Table T1 and T2 results (see Table T6), but this equivalence of course does not hold when the constrained estimate does not converge.

Factor scores for A, for example, in each case are typically computed for each case using the factor weights for A, ωA,i , and the following equation

fA = ωA,1x1+ωA,2 x2+ ... +ωA,5 x16 ,
(45

where the x's are (all) the indicators in the measurement model that excludes the interaction. For a "Second-order" construct such as T that has three "indicator" constructs (and thus three factor score equations, one for each construct) and sixteen indicators in the model (sans the interaction), writing the Equation 45 commands in SIMPLIS, SPSS, SAS, etc. for the three factor scores in each case is tedious (the LISREL file output options are not particularly helpful in this case). Thus three shortcuts could be employed. First, just the indicators of A, for example, could be used in Equation 45, instead of all the model indicators, in order to reduce the number of terms in Equation 45. However as mentioned in Footnote 20, it is easy to show that the resulting factor-scores may not adequately reproduce the "Second-order" covariance matrix.

In addition, the weights (the ω's in Equation 45) can be used "as is" (which means, because these weights produced by Maximum Likelihood do not add to unity, that each indicator could be viewed as slightly over- or under-weighted). To ensure that each factor's weights summed to unity in the example, the factor scoring equation for A, for example, was

 
fA = ωA,1 x1+ωA,2 x2+ ... +ωA,5 x16 /SA ,
(46

where SA is the sum of the ωA,i's, which guarantees that fA is one .

The third shortcut would be to specify UxT with u:t =(u1+u2+...+u5)(Σaj+Σij+Σcj) (i.e., with sums of indicators for A, I and C instead of a sum of factor scores). This specification produced structural coefficient estimates that were interpretationally equivalent (i.e., the t-values were equivalent) to T specified with factor-scores (i.e., the Tables T1 and T2 results) (see Table T5). Thus, in the present study the tedious factor scores could have been avoided by specifying T as a "Second-order" construct and computing u:t using sums of indicators (u:t = [u1+u2+...+u5][Σaj+Σij+Σcj]). However this may have been circumstantial, and simulations are needed to investigate whether or not a first-order by "Second-order" interaction specified using a Ping (1995) single-indicator with a summed indicator specification for T produces unbiased estimates (the outcome of such simulations is not obvious because the summed indicator specification of T did not adequately represent the "Second-order" T-- see Table U). Perhaps a compromise would be to estimate a first-order by "Second-order" interaction model such as UxT by specifying T as a "Second-order" interaction (e.g., Figure 7a) and specifying u:t with sums of indicators (i.e., u:t = [u1+u2+...+u5][Σaj+Σij+Σcj]) to reduce the estimation effort involved in using factor-scores. However, if the Table T5 t-value of the UxT structural coefficient had been in the neighborhood of 2 (i.e., 2.01), the factor-score version of u:t would have been required to have confidence in the t-value for the coefficient of UxT when its significance is borderline.

Neither of the Kenny and Judd (1984) specifications of UxT fit the data. This difficulty has been encountered before (e.g., Jaccard and Wan 1995), but it does not seem to have anything to do with the form of the indicators. Rather it seems to be related to the large number of indicators (see the comments in Gerbing and Anderson 1993).

Other structural model specification and estimation results could have been presented (e.g., T specified as a full "Second-order" with 2-step estimation or direct estimation-- betas and structural disturbances in the "Second-order" T would have been used for the loadings and measurement errors of the "indicators" of T). However, these results were trivially different from those presented in Tables T1 and T2, and they were not reported.


XI. NEEDED RESEARCH ON  LATENT VARIABLE INTERACTION


AND QUADRATIC ESTIMATION
As suggested in several places in this monograph, there are areas where additional work on latent variable interactions and quadratics is needed. The following summarizes these areas in no particular order of importance. In several cases I have provided remarks to suggest possible avenues of addressing these uninvestigated matters.

INTERPRETATION OF LATENT VARIABLE INTERACTIONS AND QUADRATICS
In the interpretation of significant interactions/quadratics it was suggested that the indicator of X, for example, that has its loading fixed at one (e.g., xm) provides the metric for X, and in effect the range of xm suggests the range of the unobserved variable X for the purposes of interpretation. However, if there is no indicator of the latent variable X that has its loading fixed at 1 (e.g., the latent variable X has its variance fixed at 1), it is not obvious which observed variable (i.e., indicator) could be used to suggest the range of the unobserved variable X.

One approach that suggests itself in this case would be to use the observed indicator x' that has the largest loading and adjust the coefficients in the factored coefficient. The coefficient bz for example in the factored coefficient bz + bxzZ could be multiplied by Var(Y)/Var(Z), where Var is the dissattenuated variance available in the structural model estimation output. Similarly the coefficient bxz could be multiplied by Var(Y)/Var(XZ), where Var is the dissattenuated variance available in the structural equation output. However, if X is not the only latent variable with no loading equal to 1, it is tempting to try standardizing the indicator x'.

Another approach might be to use the range of x' divided by the loading of x' (or the square of that loading), or to use a factored coefficient that involves standardized coefficients.

The obvious drawbacks to these approaches include that the factored coefficients are no longer those that were estimated. In addition, I will suggest later that the whole matter of interactions/quadratics that involve latent variables with variances equal to 1 needs additional work.

LATENT VARIABLE REGRESSION
Latent variable regression was proposed to address difficulties that may occur when many interactions and/or quadratics are to be evaluated in larger models. For example, when all possible interactions and quadratics are added to a large model to perform the suggested overall F test, the resulting covariance matrix may have more elements than there are cases. This in turn raises questions about whether or not the so called input covariance matrix is even approximately asymptotically correct. Because latent variable regression involves summed indicators, the size of the resulting input covariance matrix is substantially reduced. However, latent variable regression was proposed for latent variable interactions only. Although Ping (1996c) derived the adjustment equations for latent variable quadratics (see Appendix AG), the performance of latent variable regression has yet to be formally evaluated with quadratics (i.e., is it unbiased and is it consistent with latent variable quadratics?). However, I have used latent variable regression with quadratics and the results appear to be equivalent to Ping (1995) two-step estimates using generalized least squares. This hints that the adjustment in Ping (1996c) and the proposed standard error in Ping (2001) might be adequate to estimate latent variable quadratics, but this should obviously be formally investigated.

In addition, latent variable regression does not accommodate latent variables with correlated measurement errors. While the adjustment for interactions and quadratics given earlier apply to latent variable regression, the adjustments for the balance of the input covariance matrix were not shown. While it should be a comparatively straight forward matter to derive the additional adjustments, with multiple interactions/quadratics there are quite a few combinations to consider (see Appendix AF).

Further, not only were the regression coefficients for interactions such as XZ, for example, judged to perform adequately using latent variable regression (i.e., they were judged to be unbiased and efficient), the regression coefficients for the latent variables that made up these interactions (e.g., X and Z) were also judged to perform adequately. While this hints that latent variable regression might also be used in structural models that do not contain interactions, models without interactions have yet to be formally evaluated except in connection with interactions (i.e., models without interactions should be evaluated).

Further, if there are multiple endogenous/dependent variables in the model (e.g., as in Equation 33 and 33a) latent variable regression is inappropriate because Ordinary Least Squares regression cannot provide joint estimates of multiple endogenous/dependent variables. While a possible solution is to use the adjusted covariance matrix as input to a "regression specification" structural equation model (i.e., each latent variable has one summed indicator that has a loading of 1 and a measurement error of zero), the resulting standard errors appear to be incorrect. Since there is no RMSSE in structural equation analysis, an appropriate adjustment for the standard error is not immediately obvious.

PSEUDO LATENT VARIABLE REGRESSION
The situation surrounding pseudo latent variable regression is similar to that of latent variable regression. For example, not only were the regression coefficients for interactions such as XZ, for example, judged to perform adequately using latent variable regression (i.e., they were judged to be unbiased and efficient), the regression coefficients for the latent variables that made up these interactions (e.g., X and Z) were also judged to perform adequately. This hints that pseudo latent variable regression could also be used in structural models that do not contain interactions, but this has yet to be formally evaluated except in connection with interactions (i.e., models without interactions should be evaluated).

In addition, pseudo latent variable analysis was proposed only for latent variable interactions. However, I have also used pseudo latent variable regression with quadratics and the results appear to be equivalent to Ping (1995) two-step estimates using generalized least squares. This also hints that it might be adequate to estimate latent variable quadratics, but again this needs formal evaluation.

Further, if there are multiple endogenous/dependent variables in the model (e.g., as in Equation 33 and 33a) latent variable regression is inappropriate because Ordinary Least Squares regression cannot provide joint estimates of multiple endogenous/dependent variables. While a possible solution is to use the adjusted covariance matrix as input to a "regression specification" structural equation model (i.e., each latent variable has one summed indicator that has a loading of 1 and a measurement error of zero), the resulting standard errors appear to be incorrect. Since there is no RMSSE in structural equation analysis, an appropriate adjustment for the standard error is not immediately obvious.

However, unlike latent variable regression the loadings and errors in pseudo latent variable regression were approximations, yet Ping's (2003) results suggested that these approximations produced structural coefficients that were judged to "perform adequately" (i.e., they were judged to be unbiased and efficient) (e.g., see Tables E and G). Nevertheless, it would be interesting to replicate these results.

Finally, as previously mentioned, Pseudo Latent Variable Regression (and Latent Variable Regression) could be used for the suggested overall F test, and in post hoc probing. However, they are tedious to use, and automation of the process of adjusting the covariance matrix would be helpful.

INTERACTION/QUADRATIC DETECTION AND NONNORMALITY
In the discussion of research design and the detection of interactions and/or quadratics it was mentioned that increasing nonnormality in the data should improve the likelihood of detecting hypothesized interactions (and possibly quadratics). For example, McClelland and Judd (1993) suggested that in order to improve the likelihood of detecting a population interaction using a field study the extremes or poles of the scales should be over-sampled. However, it is not immediately clear what, if anything, this suggestion does to the detection of quadratics. Stated differently, since an interaction can be mistaken for a quadratic (see Lubinsky and Humphreys 1990), does deliberately introducing nonormality produce a theory test that favors interactions over quadratics?

It was also suggested that, since scales with fewer scale points produce a frequency distribution that less closely approximates a mound-shaped, and thus a normal distribution, they should detect interactions more effectively than scales with more points. In particular, a rating scales with, for example, 10 points should be less likely to detect a population interaction than, for example, a Likert scale with 5 points. Nevertheless, as far as I know, the sensitivity of interaction detection to the number of scale points has not been formally explored. In addition, since an interaction can be mistaken for a quadratic, does increasing nonormality with fewer scale points also produce a theory test that favors interactions over quadratics?

NEEDED EXAMPLES
The examples of latent variable interaction and quadratic estimation used input command files for LISREL and EQS. However, there were no examples using AMOS or CALIS, or other structural equation software (e.g., LINCS, etc.). Because AMOS or CALIS are available in the two most popular statistical software systems, SPSS and SAS, respectively, examples using AMOS and CALIS would obviously be helpful.

It is also unfortunate that the monograph does not provide an example involving Pseudo Latent Variable Regression estimation.

ENDOGENOUS INTERACTIONS/QUADRATICS
When a structural model contains more than one endogenous or dependent variables, specifying interactions and quadratics involving these endogenous variables should be done with care. As discussed earlier TU was added to Equation 33, however I suggested that it should not be added to Equation 33a. Adding TU to Equation 33a changes the form of the factored coefficients. For example with TU added to Equation 33a, it becomes U = b5T + b6W + b11TU + ζU , which LISREL, EQS, etc. will estimate, producing a significant b11 (= -.179, t = -2.10). However assuming 1-b11T is nonzero, this factors into U = b5T/(1-b11T) + b6W/(1-b11T), which becomes difficult to interpret for b11T near 1 (where 1-b11T is near zero and where b5/[1-b11T] and  b6/[1-b11T] can be arbitrarily large). In addition, it is not immediately clear what the formula for the standard errors of the factored coefficients b5/[1-b11T] and  b6/[1-b11T] is. While this occurs for T outside the range of T in the example study, this may not be the case for all studies involving such models.

While this topic may be interesting to some because of unaddressed interpretation and standard error matters, it also has practical consequences. Specifically, adding TU to Equation 33a produced a significant b11 coefficient, which in turn contributes to an overall F test and model fit. Stated differently, not including TU in Equation 33a when it is significant will reduce both the significance of the overall F test and model fit. Thus, additional guidance in this area would be useful.

OVERALL F TEST
As previously mentioned, the amount of specification work required to perform the suggested F test is considerable. Laroche (1985) proposed a test for nonlinearities (i.e., interactions or quadratics) in survey data that I have not investigated, but which may be useful in this regard. It would be interesting to investigate the possibility that other, and possibly simpler, tests might substitute for the proposed overall F-test.

Also mentioned earlier was the possibility that interactions and quadratics might be replaced by fewer variables that are related to the sum of the independent variables (e.g., for overall F test purposes XX, XZ and ZZ might be replaced by (X+Z)2) and the resulting fewer single latent variables could be tested in order to reduce the amount of specification effort for the F test. Thus, there may be simpler specifications of "all possible interactions and quadratics" for use in an overall F-test.

In the Table I example (Equations 33 and 33a), the suggested overall F test was significant when there were no significant interactions and quadratics in the set of all possible interactions and quadratics used to produce the F statistic. However, subsequent probing suggested that there was at least one set of significant interactions and quadratics. (i.e., the proposed F statistic was not falsely positive). It also seems possible that other combinations of an F statistic and an empty or non empty  set of significant interactions and quadratics are possible. For example, it would be interesting to know how often the F test produces a false negative (i.e., F is nonsignificant when there are significant interactions/quadratics). My experience is that the suggested overall F test is very sensitive to sample size, while the significance of an individual interaction/quadratics is less so (i.e., N reduces the standard error of an interaction/quadratic by approximately its square root, while it increases the proposed F-statistic by a function of N). Thus it is possible that for smaller samples F could be nonsignificant while the stepwise-one-at-a-time technique could identify significant interactions/quadratics.

THE STEPWISE-ONE-AT-A-TIME TECHNIQUE
My own experience with the suggested stepwise-one-at-a-time technique suggests that the interactions and/or quadratics it identifies are likely to be significant in replications. I have also observed that each of the interactions and/or quadratics it identifies is less likely to be mistaken for a related quadratic or interaction, and they are comparatively independent of the other significant interactions and quadratic (i.e., if one or more is nonsignificant in subsequent tests that is likely to have minimal impact on the remaining interactions and/or quadratics). However, these statements amount to conjectures (i.e., empirical statements) that have yet to be formally investigated.

Occasionally the stepwise-one-at-a-time technique produces a jointly significant interaction and quadratic (i.e., both are significant when they are specified together). In this case I suggested that the hypothesized association should be selected over an unhypothesized association, or that the largest association should be selected in post hoc probing. However, in the case of post hoc probing, determining which association is actually larger in the population could be complicated. One approach would be to compare two nested models, one with the two competing coefficients constrained to be equal. Another would be to simply test the coefficients for equality using a t-test. Because the former approach is preferred (see Jöreskog and Sörbom 1996b), but obviously requires considerably more specification and estimation effort, it would be interesting to investigate whether or not a simple t-test would be sufficient under most circumstances.

QUADRATICS
Lubinski and Humphreys (1990) observed that an interaction can be mistaken for a quadratic. The examples, which involved real world data, produced about as many significant quadratics as they did significant interactions. Other authors' comments on their substantive experience (e.g., Howard 1989: 319 and Lillian and Kotler 1983: 128) suggest that quadratics may be more common than their reported frequency in survey model tests suggest. However, these observations and statements are also empirical, and they have yet to be formally investigated.

My own experience with the stepwise-one-at-a-time technique suggests that it is more likely to identify significant quadratics than it is to identify interactions. Viewed differently, Lubinski and Humphreys (1990) reported essentially the same experience, and the post hoc probing example in which each interaction was tested with its related quadratics identified only significant quadratics. Further, while it may or may not be relevant, the Appendix AH example, in which multiple subsets of significant interactions and quadratics were identified, identified significant interactions and quadratics in about equal numbers. Thus, not only may quadratics be considerably more common than their reported frequency in survey model tests suggest, they may be as common as interactions. nevertheless, it would be interesting to explore the frequency of interactions and quadratics in other previously estimated data sets as Podsakoff, Tudor, and Huber (1984) did (with proper specification of interactions/quadratics, however).

Although Lubinsky and Humphrey's (1990) results do not imply this, my own experience suggests that a quadratic might be mistaken for an interaction (see Table X). Stated differently, hypothesizing a quadratic might require the specification of its related interactions, which would then might require the specification of all the other interactions and quadratics in the model. For example in Equation 33 hypothesizing a significant TT might require the specification of TU, TV, and TW. However, as Lubinski and Humphreys (1990) suggest, testing these quadratics should be done in the presence of the remaining quadratics UU, VV and WW. But, these quadratics might be mistaken for the interactions UV, UW or VW, so they may require inclusion in the model. Because this has implications for the proposed stepwise-one-at-a-time technique, it would be interesting to know how often a quadratic might be mistaken for an interaction in simulated and/or real world data.

LUBINSKI AND HUMPHREY'S RESULTS
As just mentioned, Lubinski and Humphreys (1990) observed that an interaction can be mistaken for a quadratic. However, their results did not involve structural equation analysis, and it is not immediately obvious what data conditions will produce this result in a structural equation model. Thus, it would be interesting to know how often an interaction is mistaken for a quadratic with latent variables, and what conditions lead to this result in structural equation analysis.

HIGHER ORDER INTERACTIONS/QUADRATICS
As previously mentioned, higher-order multiplicative interactions and quadratics (e.g., cubics such as XXX, three way interactions such as WXZ, combinations of interactions and quadratics such as XXZ, etc.) are sometimes important in model tests involving survey data. However, except for the suggestions in this monograph regrading cubics, there is no guidance for the proper specification of these variables using structural equation analysis, and I suggested using OLS regression if these variables are of interest. While Aiken and West (1991) and Cohen and Cohen (1983) provide excellent discussions of regression estimation of these variables when they do not contain measurement error, unresolved matters for latent variables include their structural equation analysis specification, how factored coefficients involving these variables should be interpreted, what the formula for the standard error of these coefficients is, are these variables also implicated in Lubinski and Hymphreys (1990) -like impersonations, etc.?

CORRELATIONS AND STANDARDIZED VARIABLES
As discussed earlier, Equations 17-18a, which involve reliability loadings and errors, are no longer approximate if the variance of X is one. However, this seems to me to be equivalent to analyzing correlations which is believed to produce false positive and/or false negative interaction or quadratic coefficients (because the standard errors are incorrect when correlations are analyzed-- see Jöreskog and Sörbom 1996) (however, Jaccard, Turissi and Wan imply that the standard errors in OLS regression are correct). My own experience with real world data suggests that while analyzing a full correlation matrix or variables with variances equal to 1 may produce formally incorrect chi-square and standard error statistics, survey models with real-world data appear to be robust to the violation of assumption that the estimation involves covariances. Specifically, strategies such as fixing the variance(s) of variables to 1, and standardized indicators do not seem to affect the interpretation of interactions/quadratics. However, these matters have not received formal attention.

APPROXIMATE LOADINGS AND ERRORS
Equations 17-18a, which involve reliability loadings and measurement errors, are approximations, as previously mentioned. As a result R22, F, and the results of post hoc probing using these reliability loadings and errors should also be considered approximations. Specifically, I suggested that if the p-value of F is approximately .05, the model should be reestimated using loadings and errors based on measurement model parameter estimates (i.e., Equations 17-18a) in order to remove any doubts about the estimated statistics. In addition, I suggested that if the t-value of any interaction or quadratic specified with reliability loadings and measurement errors is near 2, it should also be reestimated using loadings and errors based on measurement model parameter estimates. However, as the Table J estimation results (weakly) suggest, my experience suggests that with real-world data reliability estimates based on Equations 17-18a are interpretationally equivalent to those from Equations 8a, 9a, 10 and 10a. Nevertheless, this matter has not received formal attention.

Similarly, in Equations 35 and 35a, which involved further simplifications of Equations 17 and 18, I stated that for X and Z that are highly correlated and have low reliability, the calculated loadings and structural coefficients are reduced by as much as .16 and .04 in absolute value from their Equations 17-18a values, respectively, but the standard errors are unchanged. However, my experience with real world data has been that only when the F's and t's that these approximations produce are borderline significant or nonsignificant are these approximations suspect. Nevertheless, more specific guidance is lacking and this is an area that might benefit from more work.

APPROXIMATE MODELS
As previously mentioned, in the stepwise-one-at-a-time probing example, the full F test model was used, and interactions and quadratics were not actually removed from the model. Instead, the path from any interaction or quadratic to its dependent variable that was to be "removed" from the model was fixed at zero. I subsequently stated that this procedure could produce significances that are different from those produced if the structural coefficient estimates were from a model that physically excludes these variables, and suggested that t-values near 2 should be verified using more precise loadings and measurement error variances. However, my experience with real world data is that it is difficult to demonstrate that the "zero path" model is "worse" than the equivalent model with the zero paths removed. In addition, the estimates produced by the two models are statistically indistinguishable, even one may be "just insignificant" while the other is "just significant." Thus, given the amount of effort required to respecify a model to exclude all the zero paths, it would be helpful to know for what values of t this is desirable.

UNCENTERED DATA
Based on the e-mail inquiries I have received, the assumption made by most latent variable interaction and quadratic estimation approaches that the indicators are zero or mean centered is the source of some frustration (e.g., for ratio scaled data), and more work in this area would be helpful.

Hayduk (1987) and Wong and Long (1987) appear not to make this assumption, and neither does Jöreskog and Yang (1996). However, their approaches are very tedious to use and they have all the drawbacks of the Kenny and Judd (1984) approach, primarily model to data fit difficulties for more than about six Kenny and Judd (1984) indicators.

Ping (1996c) in proposing Latent Variable Regression discussed uncentered variables, but he provides no guidance on how to use Latent Variable Regression with uncentered variables. 
Although I have seen proposals to use an input correlation matrix to avoid centering variables, correlational structural analysis is believed to alter the model structure, change model‑to‑data fit, and produce incorrect standard errors (e.g., see Jöreskog and Sörbom 1996b).

As an alternative, I have found that it is occasionally possible with real‑word data to not mean‑center one or more variables, and still be able to estimate an interaction involving the uncentered variable using structural equation analysis (I have not tried quadratics yet). Success obviously depends on the collinearity between the uncentered variable and the interaction. If this collinearity is high, successful estimation is frequently impossible and/or the structural coefficient(s) are impossibly large.

Another alternative is to use median splits of the data to detect an interaction or a quadratic with uncentered data. As previously mentioned however, this approach is highly criticized because it can produce false negative or false positive interactions. nevertheless, the results reported in Ping (1996b) suggest that for sufficiently reliable latent variables, median splits may be relied upon when the differences across the split are sufficiently significant. My experience to date suggests that to use this approach reliability should be as high as possible and probably above .8, and significance should be high and probably above t = 2.5 (or very low and below t = 1).

There may also be alternatives to mean centering that might be useful for data that should not be mean centered. For example Lance (1988) proposed a technique which he termed residual centering that might be adapted for use in structural equation analysis. In addition, the adjustment equations in Latent Variable Regression might be adapted for use with uncentered variables.

INTERACTIONS AND NONNORMALITY
I have always been impressed by the apparent fact that interaction detection is primarily dependent on nonnormality in the data (see McClelland and Judd 1993). While Kendall and Stewart's (1969) results that odd moments (e.g., the covariance of XZ with Y) vanish in multivariate normal data seem to imply that nonnormality produces interactions, it is possible that things work the other way around: interactions may produce nonnormality. As a result, it would be interesting to investigate this latter possibility.

INTERACTIONS AS CONSTRUCTS?
Occasionally I meet researchers who believe that all latent variables, including interactions/quadratics, should be mental constructs, and thus they should have observable indicators. Because latent variable interactions/quadratics obviously do not have (directly) observable indicators per se, these researchers tend to ignore interactions/quadratics (see for example Howard 1989:319). While it may be sufficient to point out that a latent variable interaction/quadratic has indicators that are the product of observable indicators, it would be interesting to explore what amounts to the metaphysics of interactions/quadratics.

INTERACTION/QUADRATIC CONSISTENCY
As previously discussed, the Kenny and Judd (1984) approach usually produces an inconsistent set of indicators for interactions/quadratics, and I suggested an item weeding strategy involving summed first derivatives without regard to sign to produce a consistent subset of product indicators (i.e., a set of product indicators that will fit the data). I further suggested that this consistent subset of product indicators "span" the indicators of X and Z, for example (i.e., each indicator of X and Z, for example, appears at least once in the subset of product indicators for XZ), in order to improve the face or construct validity of the resulting set of product indicators. While the estimation results in Table E suggested that this approach might be unbiased and consistent it might be interesting and substantively useful to investigate this formally with simulated data sets.

AUTOMATION
I have been informed that the documentation for SAS states that the CALIS procedure now will automatically generate and test interactions in survey data models. While I have been unable to find this capability in the current SAS documentation, this and similar capabilities that in effect automate all or parts of the currently tedious process of specifying and testing interactions/quadratics would obviously be very helpful. While the EXCEL spreadsheet templates discussed later and available on the author's web site are step in that direction, they too are tedious to use, and more automation is sorely needed.

Excel spreadsheets for the calculation of loadings and measurement errors for several estimation techniques are available on the author's website. However, these spreadsheets do not address correlated measurement errors, and additional spreadsheets that provide assistance with the calculation of the measurement errors and covariances associated with correlated measurement errors would be useful.

VIOLATIONS OF ASSUMPTIONS
The estimation of latent variable interactions/quadratics using popular estimators such as maximum likelihood is well known to violate the assumption of multivariate normality underlying most of these estimators or their software implementations (e.g., Generalized Least Squares). Concern over the violation of this assumption has prompted suggestions that distribution free estimators be used, but maximum likelihood estimation continues to be the estimator of choice. While the results from Jaccard and Wan (1995) and Ping (1995, 1996a) suggest that maximum likelihood estimation may be robust to the nonnormality introduced by an interaction, these research designs could be improved upon in several ways. Instead of adding an interaction to a data set that was generated using a (pseudo) normal random number generator, the base data should be more nearly representative of nonnormal survey data (i.e., nonnormal, truncated and categorical). In addition, quadratics should be addressed (Jaccard and Wan 1995 addressed only interactions), interactions and quadratics should be intermingled as they seem to occur in real world survey models, and more than one interaction should be estimated. The ideal results would be an estimate of the effects of adding, for example, all possible interactions and quadratics, on maximum likelihood estimation. A byproduct that would also be useful would be maximum likelihood's performance with more realistic linear-terms-only survey data-like models, and their performance with the addition of the nonlinear terms.

Structural parameter estimates (e.g., b3, b4 and/or b5 in Equation 2) from a model involving an unconstrained variance of XZ, for example, may or may not always be interpretationally equivalent (i.e., a (non)significant b from one is also (non)significant in the other, except for a t-value near 2 where one might be slightly significant and the other slightly non significant) to those from a model involving a constrained variance of XZ, especially when constrained estimates are not available because of estimation problems. This seemingly intractable problem of comparing estimates that are not available to those that are might be addressed by creating artificial data sets and investigating whether or not unconstrained Var(XZ) estimates "converge" to their population value.

INDIRECT AND TOTAL EFFECTS
As far as I know indirect and total effects involving latent variable interactions/quadratics have not been addressed. In addition, it would be interesting to investigate indirect and total effects involving the factored coefficients that result with significant interactions/quadratics.

RELIABILITY AND AVERAGE VARIANCE EXTRACTED
As Bohrnstedt and Marwell (1978) demonstrated, the reliability of an interaction cannot be determined by the covariance matrix of its indicators (i.e., its coefficient alpha). The reliability of interaction/quadratics involves the coefficient alphas of its constituent variables and their intercorrelation. However, the formula for Average Variance Extracted (AVE), a measure of the percentage error variance in a measure, and thus its convergent and discriminant validity (see Fornell and Larker 1981), is unknown for latent variable interactions and quadratics.

In addition, the formulas for the reliability and AVE of a cubic are unknown.

FORMATIVE VARIABLES AND OTHER MODELS
Formative variables have their indicator paths reversed (i.e., they are from the indicators to the unmeasured variables, instead of from the unmeasured variable to the indicators-- which could be termed reflexive variables), and other estimation techniques have been proposed for their estimation (see Fornell and Bookstein 1982, Wold 1982). Fornell and Bookstein (1982), among others, have argued that they are related to latent variables. However, as far as I know interactions/quadratics have not been addressed for formative variables. It would also be interesting to investigate mixed formative-reflexive models, and interactions/quadratics involving formative and reflexive variables.


XII. FREQUENTLY ASKED QUESTIONS ABOUT

LATENT VARIABLE INTERACTION AND QUADRATIC ESTIMATION
The following are some of the questions about latent variable interactions and quadratics that I am frequently asked, with answers. This material summarizes or references material that is in this monograph, and this material also appears on my website.

FREQUENTLY ASKED QUESTIONS AND ANSWERS:
A. What are the available latent variable interaction and quadratic estimation techniques?
The available latent variable interaction and quadratic estimation techniques include:

1) Kenny and Judd (1984), which specifies an interaction using indicators that are the unique cross products of the indicators of the first order latent variables involved. E.g., for X and Z with indicators x1, x2, ... , xn and z1, z2, ... , zm , XZ is specified with n times m product indicators, x1z1, x1z2, ... , x1zm, x2z1, x2z2, ... , x2zm, ... , xnz1, xnz2, ... , xnzm.

2) Bollen (1995)-- XZ is specified with Kenny and Judd (1984) product indicators, and 2 stage least squares estimation is used.

3) Jöreskog and Yang (1996), which uses the Kenny and Judd (1984) product indicators and LISREL 8, and produces intercepts for the structural equations.

4) Ping (1995)-- XZ is specified with a single indicator x:z = (x1 + x2 + ...  + xn)(z1 + z2 + ...  + zm). x:z can be specified with a either a free, but constrained, loading and error term (direct estimation), or a previously calculated and fixed loading and error term (2-step estimation).

5) Ping (1996a)-- XZ is specified with the Kenny and Judd product indicators. Coefficients are estimated using 2-step estimation.

6) Ping (1996c)-- which uses an adjusted covariance matrix and OLS regression to estimate the coefficient(s) of interactions.

7) Jaccard and Wan (1995)-- XZ was specified with a 4-indicator subset of the Kenny and Judd (1984) product indicators.

Other techniques include Hayduk (1987) and Wong and Long (1987) that require dummy variables to estimate a latent variable interaction. Wall and Amemiya (2000) have suggested an interesting errors-in-variables approach that I have not tried.

B. What are the differences among them?

Techniques (1), (2), (3), and (5) use the Kenny and Judd (1984) product indicators and thus require n times m of these indicator products. Technique (7) uses a subset of the Kenny and Judd indicators, while (4) requires 1 indicator, x:z. Techniques (1), (3), (7) and the direct estimation version of (4) require the nonlinear constraint equations (e.g., available in LISREL 8 and SAS's 'Proc Calis,' but not available in EQS or AMOS). Techniques (2), (5), (6) and the 2-step version of (4) can be used with EQS and AMOS, as well as LISREL 8 and Calis.

Technique (2) does not assume x1, x2, ... , xn and z1, z2, ... , zm are multivariate normal; the rest do make this assumption. As a result, technique (2) requires the use of the 2 Stage Least Squares estimator (the customary Maximum Likelihood estimator can not be used). Technique (6) can be used with OLS Regression.

Technique (3) does not require zero or mean centered indicators of X and Z, and will produce intercept(s) for the structural equation(s) (a zero or mean centered indicator has a mean of zero, and is created by subtracting the indicator's mean from the indicator in each case in the data set). The other techniques assume the indicators of all the latent variables in the model, including the dependent variable(s), are zero or mean centered.

Technique (6) was proposed for interactions only, and with no standard error term (however, Ping 2001 has proposed a standard error term).

C. Which one should be used?
Obviously, it depends. My experience after many attempts to use these techniques with interesting models (i.e., models with more than 3 constructs), over-determined X and Z (i.e., X and Z with more than 3 indicators), and real world survey data, has been that most of these techniques will produce interpretationally equivalent results. That is, coefficient t-values and standardized coefficients produce the same interpretation (obviously unstandardized coefficients will vary among these techniques because various estimators are used, and techniques (3) and (6) produce intercepts which will change the unstandardized coefficients).

However, techniques (1), (2), (3) and (5) frequently produce models that do not fit real world survey data, and thus these techniques do not always produce interpretationally equivalent results. Techniques (4) and (6) produce a structural model that usually fits real-world data. Technique (7) can be made to fit the data by using a subset of the Kenny and Judd (1984) product indicators. However, Jaccard and Wan (1995) provided no rationale or guidance for choosing a subset of product indicators, and my experience is that the structural coefficient of XZ varies somewhat with the subset of product indicators chosen. Nevertheless, Ping (2003:Chapter VIII, Latent Variable Interactions..., on my website) proposes using a consistent "spanning" subset of indicators that may preserve the face or content validity of an interaction/quadratic.

Unfortunately, I have found that they are all tedious to use. Technique (3) is probably the most tedious, and it has convergence problems even with under-determined X and Z (i.e., with an XZ having fewer than about 6 indicators) (however Algina and Moulder 2001 have suggested an alternative procedure).

Personally, I am drawn to the Kenny and Judd (1984) product indicator approaches, and thus techniques (1), (2), (3) (5) and (7). The Kenny and Judd (1984) product indicators are mathematically elegant and intuitively appealing. However, with real-world data and just- or over-identified X and Z (i.e., with 3 or more indicators each), XZ specified with the full set of Kenny and Judd (1984) product indicators will usually be inconsistent with real-world data, as previously mentioned (i.e., XZ will not fit the data and the structural model will usually exhibit unacceptable model-to-data fit). As a result, I have found that the Kenny and Judd (1984) product indicators (and thus techniques (1), (2), (3), and (5)), despite their appeal, are not particularly useful with real-world data and interesting structural models. I am usually slow to use technique (7) because it is tedious to find a consistent "spanning" subset of the Kenny and Judd (1984) product indicators (i.e., one with acceptable model-to-data fit) that also appears to retain the content or face validity of XZ (see Ping 2003:Chapter VIII, Latent Variable Interactions..., on my website).

This leaves technique (4), and technique (6) (with the standard error term suggested in Ping 2001), for most real-world survey model tests using latent variables. However, if X or Z cannot be mean or zero centered, neither technique (4) nor (6) will currently work (I have seen proposals to use an input correlation matrix to avoid zero or mean centering, but unfortunately correlational structural analysis can alter the model structure, and it will change model-to-data fit and produce incorrect standard errors-- see Jöreskog 1996b). If the data is badly non normal, the 2-step version of technique (4) with EQS's 'Robust' ML estimator can be used to obtain better estimates of the coefficient standard errors (non-robust ML coefficient estimates appear to be robust to departures from normality but coefficient standard errors may not be). Parenthetically, the simulation results reported in Ping (1995) and my own experience with real-world data sets suggest that neither the indicators of X nor the indicators of Z are required to have equal loadings to use techniques (4) or (6). If maximum likelihood estimation is preferred and/or more than one dependent or endogenous variable is specified in the structural model, technique (6) cannot be used. If multiple interactions or quadratics are of interest, technique (6) or the 2-step version of (4) could be used. If direct estimation (i.e., not involving "2-step" estimation) is desired for one or two interactions/quadratics, techniques (4) or (6) could be used. If direct estimation is desired for more than two interactions/quadratics, technique (6) could be used. 

D. How does one test an hypothesized interaction(s) and/or quadratic(s)?
Unfortunately the answer is, with considerable effort when latent variables are involved. To understand why, some background is desirable (as a less desirable alternative you could skip down to the "In summary..." paragraph below). The biggest barrier to latent variable interaction/quadratic estimation in my opinion is the amount of work involved for even a single interaction. While this may change (e.g., I have been informed that SAS states that its CALIS now will automatically test interactions-- however, I cannot find this in the current SAS documentation), in LISREL for example, SIMPLIS cannot be used. In addition, the data must be mean centered, staring values must be provided even though LISREL provides starting values, and more.

The next biggest barrier to latent variable interaction/quadratic estimation with real world data seems to be model-to-data fit. The unidimensionality of the set of indicators of a construct is either required or very desirable with the techniques mentioned in FAQ (A). A necessary condition for unidimensionality is that a single construct measurement model (i.e., one involving only the construct and its indicators) fit the data "well" (e.g., the p-value of chi square should be non zero). Thus for independent latent variables X, Z, and XZ, and the dependent latent variable Y, for example, the single construct measurement model for each of these variables should fit the data well.

Without good single construct measurement model fits, the structural model fit will be degraded, and adding interactions/quadratics frequently makes things worse.

To obtain good single construct measurement model fit, several approaches are suggested (e.g., Jöreskog 1993). However, none of the recommended approaches appear to be particularly efficient or effective in this application. As a result, Ping (1999b) proposed using partial derivatives of the likelihood function with respect to the measurement error terms (these are termed "First Derivatives" in LISREL 8). The interested reader is directed to that paper or Ping 2003:Chapter VIII[First Derivatives], Latent Variable Interactions..., on my website) for details.

Adding an indicator for an interaction that is the product of other indicators does not improve model to data fit because products of indicators are non normal. In fact, with more than about 6 Kenny and Judd (1984) product indicators, model fit becomes unacceptable for reasons that I do not fully understand yet (see Gerbing and Anderson 1993 for one explanation). It is probably not from nonnormality: as Bagozzi and Heatherton 1994 point out, the same "about 6 items" limit also seems to apply to the items of X, Z, etc. This usually means that a model that includes an interaction or quadratic specified with more than about 6 product indicators will not fit the data without somehow reducing the number of product indicators.

Although I do not believe they intended their approach as an interaction estimation technique, Jaccard and Wan (1995) addressed such model fit problems by "weeding" or deleting Kenny and Judd (1984) indicators as one does to attain a consistent X or Z (i.e., to attain acceptable model-to-data fit). However, my experience is that this can produce different structural coefficient results depending on the subset of product indicators used (although asymptotically the Jaccard and Wan 1995 results were unbiased). It could also be argued that XZ is no longer content or face valid when most of its items are omitted. For these reasons, I suggested using technique (4) or (6) in Frequently Asked Question (FAQ) C (above).

Model-to-data fit is usually degraded as more latent variables, XZ or otherwise, are added to a model (see Anderson and Gerbing 1988). Correlating measurement errors in the indicators of X, Z or XZ simply to improve model fit is incorrect: None of the techniques discussed in FAQ C (above) are valid if this is done (however, see Ping 2003:Chapter VIII[Intercorrelations], Latent Variable Interactions..., on my website for corrections to the specifications with correlated measurement errors). Correlating structural disturbances (i.e., the estimation error(s) for the dependent or endogenous variable(s)) may or may not be a good idea to improve model fit, depending on the substantive theory behind the model. Data transformations to improve model fit make coefficient interpretation difficult.

Model fit will also be degraded by interaction or quadratic specification errors. For example, the variance of the interaction XZ should be constrained to the Kenny and Judd (1984) value Var[X]*Var[Z]+Cov[X,Z]^2, where ^ indicates "raised to the power." However, this can produce terrible model fit and/or serious convergence problems with real world data. This can occur because constraining the variance of XZ to Var[X]*Var[Z]+Cov[X,Z]^2 assumes the data is multivariate normal, which is seldom true in survey data, and when these problems occur variance of the interaction XZ should not be constrained to the Kenny and Judd (1984) value Var[X]*Var[Z]+Cov[X,Z]^2.

Another common error that I see with interactions and survey data, which degrades model fit, is not freeing the intercorrelations among XZ, X and Z. Although the correlation of XZ with X or Z, should be zero in multivariate normal data (see Kenny and Judd 1984), in real-world data X and Z are seldom sufficiently multivariate normal to not be correlated with XZ, and XZ should be free to intercorrelate with and X and Z in their structural model to avoid model fit problems.

The most common error I see in interaction/quadratic model specifications with survey data is failure to mean center all the variables (i.e., subtract from each variable its mean in each case), including the endogenous or dependent variables. Kenny and Judd (1984) clearly stated that all variables should be mean centered, but for some reason many people mean center only the exogenous or independent variables. The result of failing to mean center the endogenous variables is the structural coefficients can be biased, as Jöreskog and Yang (1996) appear to suggest.

Returning to more barriers, next comes difficulties with structural model convergence. Lack of convergence (i.e., no admissible estimates are produced because the iteration limit is always exceeded) and, improper solutions can be frequent and serious problems in estimating latent variable interactions or quadratics. To avoid these problems, a structural model with an interaction(s) and/or quadratic(s) will usually need input starting values for the interaction/quadratic parameters (i.e., loadings, measurement error variances, and interaction/quadratic variances/covariances). It may also need starting values for all the path coefficients, and the structural disturbance(s). While this is annoying, starting values for path coefficients and structural disturbance(s) can be obtained using OLS regression (the structural disturbance, e, for Y in Y = b1X + b2Z + ... + bnW + e is estimated by Var(Y)(1-R2), where Var(Y) is the SPSS, SAS, etc. variance of Y, and R2 is from the OLS regression of Y on its independent variables). a starting value for the variance of XZ, Var(XZ), is approximately the SPSS, SAS, etc. variance of XZ, Var(XZ). Starting values for the loadings of XZ can be computed using measurement model parameter estimates and/or reliabilities.

In addition, the covariance matrix used to estimate the model should contain variances and covariances that are about equal 1. The numerically large variances produced in the input data, or in an input covariance matrix, for an interaction/quadratic can produce a large determinant of the input covariance matrix, and the reciprocal of this determinant is used to estimate the model. If this determinant is large, its reciprocal is a number that is too small, and the model may be empirically not identified and thus it may not converge.

So, if convergence is still a problem after providing good starting values for every estimated parameter in the model, try scaling down any unusually large indicator variances. The variances of indicators of a latent variable should be approximately the same if they are congeneric. If not, check for input errors (e.g., "1" keyed as "10," etc.). Next, scale a few of the large (first order, e.g., X, Z, etc.) indicator variances (interaction and quadratic variance are scaled indirectly as will be explained later). Although there is not much useful guidance for scaling in this situation, I find it useful to think of scaling as recoding a variable from cents to dollars; from a Likert scale of 1, 2, 3, 4, 5 to a scale of .2, .4, .6, .8, 1; etc. The effect of a scaling factor is squared in the resulting variance, so if you need to reduce variance by a factor of 10, divide each case value by the square root of 10. Further, interactions and quadratics should not be scaled directly. Scale their constituent variables instead-- scaling X and Z, for example will automatically scale XZ by the product of the squares of the scaling factors for X and Z. Finally, be sure that all the indicators of a construct have about the same scaled variance, and start by scaling the largest variance in the input covariance matrix (the entire matrix does not have to be scaled). In addition to changing variances, scaling will change indicator loadings, and scaling will usually affect unstandardized structural coefficients in the model (standardized coefficients should be unchanged).

Occasionally, I see a correlational matrix, rather than a covariance matrix, used as the matrix to be analyzed. Despite what the user manuals state, LISREL, EQS, AMOS, etc. all appear to assume that a covariance matrix is to be analyzed, and analyzing a correlation matrix usually changes model-to-data fit (chi-square is typically incorrect), and it produces incorrect standard errors (which introduces Type I and Type II errors-- see Cudeck 1989, Jöreskog and Sörbom 1996b). If for some reason correlation matrix must be analyzed, I would suggest comparing the results with those from a covariance matrix estimation. If both models fit the data and they are interpretationally equivalent (i.e, the set of significant variables and their interpretations are the same in both estimations), then the use of correlations is probably OK.

Finally, if more than one interaction or quadratic is to be estimated, they should all be estimated together in one model, and technique (6) or the 2-step version of technique (4) discussed in FAQ C above should be used. Otherwise the constraint equations will usually overwhelm the model and estimation problems will usually occur.

In summary, to test one or more hypothesized latent variable interactions or quadratics, chose an estimation technique that uses a popular estimator (Maximum Likelihood is generally preferred in the Social Sciences), and one that is likely to converge and produce not only acceptable or admissible parameter estimated, but also produce adequate model-to-data fit. At the risk of appearing self promotional, the 2-step version of technique (4) meets these criteria.

Although it was not mentioned above because it is seldom done, consider not deleting cases to reduce nonnormality-- a necessary condition for interactions is nonnormality in the data. Then, mean or zero-center all the structural model variables, even the dependent/endogenous variables (e.g., Y) by subtracting each indicator's mean from its value in each of the cases.

Next, for technique (4) create the single indicators of the interaction(s)/quadratic(s). If direct estimation using technique (4) is to be used, the single indicator should not be formed using averages of X and Z, for example, because averaging seems to produce estimation problems. Otherwise summed or averaged product indicators could be used for the 2-step version of technique (4), and summed indicators should be used for latent variable regression to be consistent with the EXCEL template on my website, and the examples in Ping (2003, Latent Variable Interactions...), which is also on my website. However, averaged single indicators are preferred because they produce interactions/quadratics variances that do not overwhelm the input covariance matrix (which can produce estimation problems).

Next, compute starting values for all the interaction(s) and/or quadratic(s) parameters-- this includes estimates of all the free covariances with the other latent variables in the model-- and specify these in the structural model. Be certain to estimate starting values consistently using summed indicators or averaged indications (e.g., do not used summed starting values with averaged indicators). If raw data or a covariance matrix is to be used as input to the structural model estimation, consider analyzing a covariance matrix-- analyzing correlation matrices should probably be avoided. Avoid letting indicator measurement errors intercorrelate in the structural model-- this violates the assumptions in all of the latent variable interaction and quadratics estimation approaches and, although corrected specification equations are available (see Ping 2003:Chapter VIII[Intercorrelations], Latent Variable Interactions..., on my website), interaction/quadratic specification is much more complicated.

Allow the interaction(s) and/or quadratic(s) to intercorrelate by freeing the correlational paths between them. Also allow the interaction(s) and/or quadratic(s) to correlate with the other latent variables in the model by freeing the correlational paths between them (e.g., XZ should be correlated with X, Z and the other model latent variables). If there are large variances in the input covariance matrix or the covariance matrix implied by the raw input data (i.e., the variances are not homogeneous-- there are both large variances and small variances), scale these large variances or the raw data to lessen the chance of estimation difficulties.

For every interaction (e.g., XZ) to be estimated, consider also estimating the two related quadratics (XX and ZZ). An interaction can be mistaken for a quadratic (see Lubinski and Humphreys 1990) (and vice versa, see Ping 2003, Latent Variable Interactions..., on my website), and Lubinski and Humphreys (1990) recommend estimating XZ in the presence of XX and ZZ as a stronger test of an hypothesized interaction (i.e., in competition with its related quadratics).

Once the model is estimated, check the model fit, and the standardized structural coefficient estimates. Also check the error terms of the structural equations (i.e., structural disturbances), and the estimated variances of the model constructs. Model fit should be acceptable using RMSEA (i.e., .05 or less suggests close fit, .051-.08 suggests acceptable fit-- see Brown and Cudeck 1993, Jöreskog 1993). The standardized structural coefficient estimates should be between -1 and +1, and the structural disturbances should all be positive or zero. The estimated variances of the model constructs should be positive and larger than their error-attenuated (i.e., SAS, SPSS, etc.) counterparts. In addition, the error variances should all be positive or zero.

If the model estimation fails to pass one or more of these checks, the problem is almost always one of four things: multicollinearity, misspecification, incorrect starting values, and empirical underidentification. First, verify mean centering: were the indicators mean centered before the interaction/quadratic indicator(s) were formed in the data set? Try mean centering all the indicators in the model, even those not involved in the interactions/quadratics. Next, check model specification and verify everything, especially indicator loadings (e.g., multiple indicators fixed at one? no indicator fixed at one? etc.), conflicts between latent variable intercorrelations (e.g., PHI's in LISREL) and path coefficients (e.g., betas). Then check to see that all the starting values for the structural coefficients are non zero, and none of the variances and covariances of the constructs (e.g., PHI's in LISREL) are zero. If the variance of XZ and/or XX is constrained, try freeing them. If direct estimation is being used, try using 2-Step estimation. If there are large variances in the indicator covariance matrix try scaling them. If none of these work, please send me an e-mail.

If 2-step estimation is used, the measurement parameter estimates for the calculated interaction(s) and/or quadratic(s)' loadings and measurement errors from the measurement model should be very similar to their counterparts in the structural model (i.e., the same out to 2 decimal digits). If they are not, the structural model should be reestimated using calculated loadings and measurement errors from the measurement parameter estimates in the structural model.

If XZ is estimated with its related quadratics XX and ZZ, do this in two model estimations. In the first estimation, constrain the interactions/quadratics' structural coefficients to zero, and examine their resulting modification indices (LMTEST in EQS) for the largest one (i.e., a modification index above about 3.8, which roughly corresponds to a path coefficient t-value of 2 with 1 degree of freedom). For emphasis, do not jointly free the XZ-Y,  XX-Y, and ZZ-Y paths-- the frequent result is that all three paths are nonsignificant (because they are usually highly intercorrelated). If the modification index for the hypothesized XZ-Y path, for example, is significant, free the XZ-Y path in a second model estimation, which is then used for interpretation. Even if, for example, the modification indices for the XX-Y and/or the ZZ-Y paths are also significant (and/or larger), your theory supports the XZ-Y path, and the XX-Y and/or the ZZ-Y paths may be significant by chance. If, however, the hypothesized XZ-Y path is nonsignificant, any significant XX-Y and/or the ZZ-Y paths could be used to revise your theory.

Occasionally in the second estimation of XZ with its related quadratics XX and ZZ, there are significances that are close to t = 2 in the model (e.g., t between 1.9 and 2.1 in absolute value). To verify that these are not the result of the zeroed paths, the model should reestimated with the quadratics removed.

Consider analyzing a covariance matrix-- if correlations cannot be avoided, compare the results with a covariance estimate to verify significances. 

If an hypothesized interaction and/or quadratic is nonsignificant, it is usually because its reliability is too low, the data set is too small, lack of nonnormality in the data, the inclusion of other interactions/quadratics, and/or they hypothesized moderated relationship is actually quadratic/cubic. The interested reader is directed to Netemeyer, Johnson and Burton (1990) for an approach to increasing reliability. An alternative to a second wave of data gathering, is to bootstrap or jacknife the indicator covariance matrix and declare a larger N (sample size) for the structural model estimation using the bootstraped/jacknifed covariance matrix (however, reviewers will probably not applaud this). To increase nonnormality, Ping (2003:Chapter IX, Latent Variable Interactions..., on my web site) discusses using scenario analysis. Occasionally, a non significant hypothesized interaction/quadratic is the result of the inclusion of other hypothesized interactions and/or quadratics-- interactions and quadratics can be highly intercorrelated. If this is the case try constraining the interactions/quadratics' structural coefficients to zero, and examine their resulting modification indices (LMTEST in EQS) for the largest one (i.e., a modification index above about 3.8, which roughly corresponds to a path coefficient t-value of 2 with 1 degree of freedom). Then free this structural coefficient and examine the resulting modification indices for the unfreed interaction/quadratic paths. This process of examining modification indices, freeing interaction/quadratic paths, and reexamining modification indices should identify the interaction/quadratic that is "suppressing" all the others.

E. What about the assumptions behind these techniques, and violations of these assumptions in real-world data?

All the techniques just discussed in FAQ (C) above, except for (2) which assumes 2-stage least square estimation, assume that the indicators of X and Z are multivariate normal. All but technique (3) assume each latent variable indicator in the structural model is mean or zero centered (i.e., the latent variables each have a mean of zero). They all assume that indicator measurement errors are not correlated (however, see Ping 2003:Chapter VIII[Intercorrelations], Latent Variable Interactions... on my website for corrected specifications in the presence of correlated measurement errors). These assumptions were made to simplify the algebra used to derive each technique. This creates several real or apparent problems. Technique (2) requires the use of two-stage least squares estimation, instead of the customary maximum likelihood estimation. In defense of this approach, until Structural Equation Modeling came along, substantive researchers seemed to be quite happy with least squares estimation (i.e., using OLS Regression).

Further, because survey data is almost never multivariate normal, the multivariate normal assumption behind the majority of the latent variable interaction/quadratic specification techniques is seldom met. Thus, coefficient estimates and their standard errors may be incorrect using real-world data. However, substantive researchers have generally ignored this same assumption behind OLS Regression for years (the implementation of OLS Regression in SAS, SPSS, etc. standard errors assume the variables are normal). Nevertheless, my experience suggests that coefficient estimates from these latent variable interaction/quadratic estimation techniques are robust to the departures from normality in survey data, and the coefficient standard errors can be slightly under- or overstated in survey data. In situations where a coefficient has a t-value in a neighborhood of 2, EQS's ROBUST Maximum Likelihood estimator, which is less distributionally dependent, can be used with technique (4) (see FAQ (C)) to shed more light on the matter of significance.

The mean or zero centering assumption, however, can present a real problem. Technique (3) does not make this assumption, but it almost never converges to produce coefficient estimates with real-world data (however, Algina and Moulder 2001 have suggested an alternative, which I have not tried, that may mitigate this problem). Technique (6) discusses uncentered variables, but no guidance on how to use (6) with uncentered variables is provided. Although I have seen proposals to use an input correlation matrix to avoid zero or mean centering, correlational structural analysis can alter the model structure, change model-to-data fit, and produce incorrect standard errors-- see Jöreskog (1996b).

I have found that it is sometimes possible with real-word data to not mean-center one or more variables, and still be able to estimate an interaction involving the uncentered variable (I have not tried quadratics yet). In this case success appears to depend on the amount of collinearity between the uncentered variable and the interaction. If this collinearity is high, as it usually is, successful estimation is frequently impossible and/or the structural coefficient(s) are impossibly large.

However, there may be another alternative to mean centering, which is to use median splits of the data to detect an interaction or a quadratic with uncentered data. This approach is highly criticized because it can produce false negative or, occasionally, false positive interactions. However, the results reported in Ping (1996b) (see the Bibliography) suggest that for sufficiently reliable latent variables, median splits may be relied upon when the differences across the split are sufficiently significant. There are no hard and fast rules, but reliability should be as high as possible and probably above .8, and significance should be high and probably above t = 2.5 (or very low and below t = 1).

F. What if one or more measures have a natural zero point and mean or zero centering is inappropriate?

It is occasionally possible with real-word data to not mean-center one or more variables, and still be able to estimate an interaction involving the uncentered variable (I have not tried quadratics yet). However, success appears to depend on the amount of collinearity between an uncentered variable and its related interaction (e.g., X and XZ). If this collinearity is high, successful estimation is frequently impossible using the techniques discussed in FAQ A above, and/or the structural coefficient(s) are impossibly large. Alternatives to mean centering are discussed in Paragraph 3 of FAQ (E) above and in Ping (2003:Chapter VIII[Mean Centering], Latent Variable Interactions, on my website).

G. How does one test for unhypothesized interactions or quadratics as experimental researchers do in ANOVA?
To test for unhypothesized interactions or quadratics as experimental researchers do in ANOVA, first add to the model all the interactions among the predictors in the structural model and the unique quadratics in these predictors and perform an overall F test (see Ping 2003, Latent Variable Interactions... on my website). For emphasis, do not leave out any of the quadratics in the variables in the interactions. For more on the overall F test and details on post-hoc probing for significant interactions/quadratics the interested reader is directed to Ping (2003:[Chapter IX], Latent Variable Interactions..., on my website).

H. How does one interpret a significant interaction or quadratic?
Interpretation approaches such as graphing, which is popular with ANOVA and categorical data, should probably not be used with interactions/quadratics in survey data. Instead, because the data are more finely grained, factored coefficients (e.g., the structural equation Y = b1X + b2Z + b3XZ can be factored into Y = b2Z + (b1 + b3Z)X, and the factored coefficient of X is (b1 + b3Z)) should be interpreted. For more, the interested reader is directed to the paper "Interpreting Latent Variable Interactions" on my web page, and Chapter III of Ping (2003, Latent Variable Interactions... also on my website).

I. Can these interaction and quadratic estimation techniques be used with all of the popular SEM software packages?
With one exception, yes. Direct estimation using LISREL's constraint equations or the CALIS equivalent can be used only with those software packages. The 2-step techniques can be used with any of the popular structural equation software packages (e.g., LISREL, EQS, CALIS, AMOS, etc.). AMOS is currently having difficulty calculating some model fit indices with mean-centered data. Specifically, some AMOS fit indices are incorrect (too large) with mean centered data, which may erroneously suggest lack of fit. However, RMSEA and CFI appear to be OK, as do the model parameter estimates (e.g., loadings, errors, structural coefficients, etc.).

J. How should reviewer comments regarding interactions and/or quadratics be handled?
Reviewers sometimes (correctly) ask, "are there any unhypothesized significant interactions (and/or quadratics)?" This is a reasonable question that is routinely asked in experimental studies analyzed with ANOVA. The procedure for answering this question is to specify all possible interactions and quadratics and perform an overall F test on any change in R2 that results from adding them to the structural model. Unfortunately this cannot be done automatically as it is in ANOVA, and the procedure is discussed further in FAQ G above.

K. How does one investigate the possibility that a significant but unmodeled interaction or quadratic might be responsible for a nonsignificant hypothesized association?
If the Z-Y association in Y = b1X + b2Z  + b3W is hypothesized to be significant (i.e., b2 should be significant) but it turned out to be non significant, one could ask, is there an interaction or quadratic suppressing b2 (i.e., XZ, ZZ or ZW-- a relevant suppressor of b2 will involve Z)? This occurs more often than substantive researchers realize, and it is one explanation for an hypothesized association being significant in one study and not significant or with the opposite sign in another study (i.e., inconsistent results across studies).

To investigate the possibility of unhypothesized but significant interactions and/or quadratics, several non equivalent approaches could be taken. One approach would be to perform the overall F test described in FAQ G and then examine the  interactions and quadratics used for this F test for significant relevant suppressor(s). However it is very likely in real world data that there will be no significant interactions or quadratics in the set of interactions and quadratics that were involved in estimating this F. It is also likely that any significant suppressors in this set will become nonsignificant when the other nonsignificant interactions and quadratics are trimmed. Further, if any significant suppressors remain after trimming, it is also likely that one or more of them can become nonsignificant if a significant interaction or quadratic is temporarily removed (i.e., significance depends on the presence of other interactions or quadratics).

Another approach would be to use the technique discussed in Ping (2003:Chapter IX, Latent Variable Interactions..., on my website) on the "relevant suppressors" (i.e., each nonsignificant association in the model could be probed for moderation-- is it being suppressed?). The interested reader is directed to Ping (2003:Chapter IX, Latent Variable Interactions..., on my website) for the details.

L. What about Latent Variable Cubics?
There are other higher-order latent variables besides interactions and quadratics that may be important in model tests with survey data and I received the first request for specification of a cubic in 2003. When compared to interactions, related non-linear variables such as quadratics, XX and ZZ, and their cubic relatives, XXX and ZZZ, in

Y = â0 + â1X + â2Z + â3XX + â4XZ  + â5ZZ + â6XXX + â7ZZZ + æY ,

where â1 through â7 are unstandardized "regression" or structural coefficients (also termed associations or, occasionally, effects), â0 is an intercept, and æY is the estimation or prediction error, also termed the structural disturbance term, have received little methodological attention in survey research (however, see Aiken and West 1991). Perhaps as a result quadratics and cubics are seldom investigated in theoretical models involving survey data. However, they have been proposed and investigated in several social science literatures.

Specifying and estimating a cubic with Ordinary Least Squares (OLS) regression is easily accomplished when X, Z and Y are measured without error. Unfortunately when these variables are measured with error, the coefficient estimates from OLS regression in Equation 36 (i.e., the â's) will be biased in unknown directions, and they will be inefficient (i.e., they vary widely across replications) (Busemeyer and Jones 1983). Further, while approaches to estimating quadratics in latent variables have been proposed (e.g., Kenny and Judd 1984, Ping 1995), there is no guidance for estimating cubics involving latent variables.

Ping (2003:Chapter X, Latent Variable Interactions..., on my website) discusses the specification, estimation and interpretation of latent variable cubics. It proposes a latent variable specification of cubics involving latent variables and it concludes with a pedagogical example that illustrates their estimation and interpretation.

M. How Is a "Second-order" Interaction Specified?
"Second-order" constructs were proposed by Jöreskog (1970). "Second-order" constructs are unobserved or latent variables that have other unobserved latent variables as their "indicators". Each of these "indicator" (first-order) latent variables has its respective observed indicators as usual.

These "Second-order" latent variables have received attention recently, and "Second order" interactions have been of (some) interest since at least 1997 (see Ping 1997). However, specifying and estimating these latent variables, although not difficult, is not a straightforward task using popular structural equation analysis such as LISREL, EQS, etc. In addition, there is no guidance for estimating an interaction involving a "Second-order" latent variable (e.g., XZ in

          Y = â0 + â1X + â2Z + â3XZ + æY ,
(43

where X or Z is a "Second-order" construct, â1 through â3 are unstandardized "regression" or structural coefficients [also termed associations or, occasionally, effects], â0 is an intercept, and æY is the estimation or prediction error, also termed the structural disturbance term).

Because some authors believe interactions (presumably of all types) are more likely than their reported occurrence in published survey research suggests (see the citations in Ping 2003:Chapter X, Latent Variable Interactions..., on my website) Ping (2003:Chapter X, Latent Variable Interactions..., on my website) discusses interactions involving "Second-order" constructs, specifically an interaction between a first-order latent variable and a "Second-order" latent variable. It discusses the specification of these latent variables and it provides a pedagogical example that illustrates the estimation and interpretation of a "Second-order" interaction.


XIII. SUGGESTIONS FOR USING THIS MONOGRAPH IN THE CLASSROOM
Since theory tests typically involve either analysis of variance or structural equation modeling, portions of this monograph might be appropriate as supplemental material in either a theory testing course, or a structural equation modeling course. After students have studied the basics of structural equation modeling, they could be assigned Chapters I-VI as readings that introduce the subject of latent variable interactions and quadratics. If estimation practice is desired, a first estimation assignment could use both Chapter VIII and the program code in Table AC and/or Table AD as guides, along with a data set generated from the Table D covariance matrix to reproduce the Tables E, F and/or G results. Instead or as a second estimation assignment, students could use Chapters VII and IX, along the with the Table D data set, to probe for interactions and quadratics.

To generate a data set from Table D, the Table D matrix could either be scanned from hard copy and converted into an text file using Optical Character Recognition (OCR), or it could be copied from the WORD download and pasted into an text file. The resulting text file could then be used in either of two ways: as an input covariance matrix for LISREL, EQS, AMOS, etc. measurement and structural models using their matrix-data input option. Alternatively the text file could be used as input to PRELIS or EQS to generate a set of cases using their (raw) data set generation capabilities (i.e., create a data set that reproduces approximately the Table D covariance matrix). The resulting raw data will not reproduce the Table D covariance matrix exactly, however, which may be a plus for pedagogical purposes. An EQS program to generate raw data sets that will reproduce approximately the Table D covariance matrix is shown in Table L.


XIV. DATA AND PROGRAM LISTINGS
The following tables contain data or program listings.  All are presented in the section titled FIGURES, TABLES AND APPENDICES AA through AH).

Table D- An Input Covariance Matrix

Table AA (in Appendix AA)- LISREL 8 Program (sax(all).eqs)for the Table E Line 1 SxA Interaction Estimate Using a 6 Indicator "Spanning" Subset of Product Indicators 

Table AB2 (in Appendix AB)- EQS Program (sax(all).eqs)for the Table E Line 2 SxA Interaction Estimate Using a 6 Indicator "Spanning" Subset of Product Indicators 

Table AD (in Appendix AD)- EQS Program for Estimating SxA (saxsxieq.eqs)Using a Single Indicator Composed of All Product Indicators

Table AE1 (in Appendix AE)- Unadjusted Covariances for S, A, I, C, L, SxA, SxI, SxC, AxI, AxC, and IxC 

Table AE2 (in Appendix AE)- Adjusted Covariances for S, A, I, C, L, SxA, SxI, SxC, AxI, AxC, and IxC 


XV. EXCEL TEMPLATES FOR COMPUTING STARTING OR FIXED VALUES


FOR LATENT VARIABLE INTERACTIONS AND QUADRATICS,


OR FOR ADJUSTING A COVARIANCE MATRIX
This section discusses the EXCEL interaction/quadratic spreadsheets that are on my web site. They can be variously used to calculate starting values, or fixed values, for latent variable (LV) interaction/quadratic loadings and measurement error variances. In one case they could be used to produce an adjusted covariance matrix for latent variable regression. They could also be used as another type of illustration of the composition and calculation of interaction/quadratic loadings, measurement error variances, etc. for several of the techniques discussed in this monograph.

EXCEL TEMPLATES ON THE AUTHOR'S WEB SITE:
(Titled:) FOR A SINGLE INDICATOR SPECIFICATION AND DIRECT (LISREL 8) OR 2‑STEP ESTIMATION USING LISREL, EQS, AMOS, ETC. (i.e., PING 1995, JMR)

This EXCEL spreadsheet is intended to assist in the specification of the single interaction/quadratic indicators,  x:z, x:x and z:z (i.e., Ping 1995 single indicators), using measurement model parameter estimates for the loadings, measurement error variances and variances associated with the latent variables X and Z, and the SAS, SPSS, etc. covariances among X, Z, XZ, XX and ZZ. The spreadsheet assumes that X and Z are unidimensional (i.e., consistent-- they fit the data) with mean centered indicators, and it assumes that there are no correlated measurement errors involving X or Z.

To use this spreadsheet, estimate a measurement model containing at least X and Z (a larger or a full model measurement model could be used as long as the model latent variables are all unidimensional). If starting values for the PHI's associated with XX, XZ and ZZ are desired, also obtain SAS, SPSS, etc. estimates of the covariance matrix for X, Z, XX, XZ and ZZ, in that order  (i.e., if starting values for XX, XZ and/or  ZZ are not required the SAS, SPSS, etc. covariance estimates are not required). Then, the bold entries and the italicized entries on the spreadsheet should be deleted (to avoid mixing old data with new data), and the result should be error messages or zeroes in most of the non blank areas of the spreadsheet (that should correct themselves once new data is entered on the spreadsheet). Next, the measurement model loadings, measurement error variances, and variances for X and Z should be entered (or copied and pasted) into the appropriate locations on the spreadsheet (i.e., loadings go in the "lambda" lines, measurement error variances go in the "theta" lines, and measurement model variances/covariances for X and Z go in the "Phi" matrix). These entries will all appear on the EXCEL spreadsheet in bold font-- unbolded cells are unrelated to entering measurement model parameter estimates). At this point the loadings (lambda) and measurement error variances (theta) for XX, XZ and ZZ will be available near the bottom of the spreadsheet.

If starting values for the PHI matrix are desired, also enter the SAS, SPSS, etc. covariances for X, Z, XX, XZ, and ZZ in the "Error Attenuated Cov's" matrix. These entries will all appear on the EXCEL spreadsheet in italicized font. Once this is accomplished the rest of the covariances in the "Phi" matrix should be nonzero.

Obviously deleting old data is important to using this spreadsheet, and it is probably a good idea to always delete the "Error Attenuated Cov's" entries even if starting values for the balance of the "Phi's" are not desired.

For emphasis, when this spreadsheet (and the others) are visible on a local computer, it can be saved on that computer for later use (i.e., without going back on line). Thus, it is possible to save a copy of the on line version of the EXCEL spreadsheet locally to be used as a "master copy" for modification, subsequent calculations, saving modified copies, etc.

There is also a spredsheet for use with Kenny and Judd (1984) product indicators, which is discussed next.

(Titled:) FOR KENNY AND JUDD (1984) MULTIPLE INDICATOR SPECIFICATION AND LISREL, EQS, AMOS, ETC. (i.e., Ping 1996, Psych. Bull.)
This EXCEL spreadsheet is intended to assist with the specification of Kenny and Judd (1984) product indicators for the interactions/quadratics, XX, XZ and ZZ, using measurement model parameter estimates for the loadings, measurement error variances and variances associated with the latent variables X and Z, and SAS, SPSS, etc. covariances among X, Z, XZ, XX znd ZZ. The spreadsheet assumes that X and Z are unidimensional (i.e., consistent-- they fit the data) with mean centered indicators, and that there are no correlated measurement errors involving X or Z. 

To use the spreadsheet, estimate a measurement model containing at least X and Z (a larger or a full model measurement model could be used as long as all the model latent variables are unidmensional). If starting values for the PHI's associated with XX, XZ and ZZ are desired, also obtain SAS, SPSS, etc. estimates of the covariance matrix for X, Z, XX, ZX and XX, in that order (i.e., if starting values for XX, XZ and/or  ZZ are not required, skip the SAS, SPSS, etc. estimates). Next, the bold entries and the italicized entries on the spreadsheet should be deleted to avoid mixing old data with new data, and the result should be error messages or zeroes in most of the non blank areas of the spreadsheet (that should correct themselves once new data is entered). Then the measurement model loadings, measurement error variances, and variances for X and Z should be entered into the appropriate locations on the spreadsheet (i.e., loadings go in the "lambda" lines, measurement error variances go in the "theta" lines, and measurement model variances/covariances for X and Z go in the "Phi" matrix). These entries will all appear in bold font-- unbolded cells are unrelated to entering measurement model parameter estimates). At this point the loadings (lambda) and measurement error variances (theta) for XX, XZ and ZZ will be available near the bottom of the spreadsheet.

If starting values for for the PHI matrix are desired, also enter the SAS, SPSS, etc. covariances for X, Z, XX, XZ, and ZZ in the "Error Attenuated Cov's" matrix. These entries will all appear on the EXCEL spreadsheet in italicized font. Once this is accomplished the rest of the covariances in the "Phi" matrix should be nonzero.

Obviously deleting old data is important to using this spreadsheet, and it is probably a good idea to always delete the "Error Attenuated Cov's" entries even if starting values for the balance of the "Phi's" are not desired.

For emphasis, when this spreadsheet (and the others) are visible on a local computer, it can be saved on that computer for later use (i.e., without going back on line). Thus, it is possible to save a copy of the on line version of the EXCEL spreadsheet locally to be used as a "master copy" for modification, subsequent calculations, saving modified copies, etc.

Additionally, there is a spredsheet for use with latent variable regression, which is discussed next.

(Titled:) FOR LATENT VARIABLE REGRESSION (i.e., Ping 1996, MVBR)

This EXCEL spreadsheet is intended to assist with the adjustment of a covariance matrix from SAS, SPSS involving the latent variable Y, a set of up to 5 latent variables, A through E, and all possible interactions and quadratics involving A through E (i.e., AA, BB, AB, CC, AC, BC, DD, AD, BD, CD, EE, AE, BE, CE, DE) for use in latent variable regression using measurement model parameter estimates for the loadings, measurement error variances and variances associated with the latent variables A through E. The spreadsheet assumes that Y, and A through E are unidimensional (i.e., consistent-- they fit the data) with mean centered indicators, and that there are no correlated measurement errors involving any of the latent variables A through E.

To use the spreadsheet, estimate a measurement model containing Y, and up to five latent variables of interest. Next, the bold entries and the italicized entries on the spreadsheet should be deleted to avoid mixing old data with new data, and the result should be zeroes in most of the non blank areas of the spreadsheet (that should correct themselves once new data is entered). Then the covariance matrix to be adjusted should be created using SAS, SPSS, etc. and the variables of interest. Note that this covariance matrix should be created with Y, the dependent/endogenous variable named first. Next, the measurement model loadings, measurement error variances, and variances for Y and the variables of interest should be entered into the appropriate locations on the spreadsheet (i.e., loadings go in the "lambda" lines, measurement error variances go in the "theta" lines, and measurement model variances/covariances for X and Z go in the "Phi" matrix). These entries will all appear in bold font-- unbolded cells are unrelated to entering measurement model parameter estimates). At this point the adjusted covariance matrix will be available beneath the covariance matrix to be adjusted in the middle of the spreadsheet.

Several comments may be of interest. Obviously deleting old data is important to using this spreadsheet. For emphasis, when this spreadsheet (and the others) are visible on a local computer, it can be saved on that computer for later use (i.e., without going back on line). Thus, it is possible to save a copy of the on line version of the EXCEL spreadsheet locally to be used as a "master copy" for modification, subsequent calculations, saving modified copies, etc. The data that appears in the website version of this speadsheet is also shown in Tables AE1 and AE2, in a reordered form. Several entries in Table AE2 are slightly different from the spreadsheet "Adjusted Covariance Matrix..." entries (e.g., Var(SxA) which is Var(AB) in the "Adjusted Covariance Matrix..." of the spreadsheet) for unknown reasons (possibly transcription errors from the spreadsheet to the Table AE2 matrix-- however, the Table AE2 matrix was used to create the latent variable regression results shown in Tables E, G and H, not the spreadsheet).

(end of download)

� Again the variable names have been disguised to skirt non pedagogical issues such as the theory behind the model, etc.


� As previously stated, omitting an item must be done with concern that the omitted item does not degrade content or face validity.


� As previously discussed, content validity was evaluated by a panel of experts (i.e., each measure's items appeared to be instances of, or "tap," their theoretical construct, as it was defined in its construct definition), and construct validity was established by evaluating the error dissattenuated (i.e., measurement model) correlations among the constructs (i.e., each construct should correlate in theoretically predicted and/or sound directions with the other constructs). Convergent and discriminant validities were established using Average Variance Extracted (AVE, see Fornell and Larker 1981). Convergent validity was suggested by the AVE of each construct exceeding .5, and discriminant validity was suggested by the square of the measurement model correlation between each pair of constructs (i.e., common or shared variance which contributes to lack of distinctness) being less than the AVE's (i.e., unique or unshared variance, which contributes to distinctness) of either construct (see Fornell and Larker 1981). These matters are discussed further for "Second-order" constructs.


� The term second-order latent variable has been used in this monograph to describe latent variable interactions and quadratics. In this section the term "Second-order" latent variable refers to latent variables with first-order indicator latent variables, and we will use the terms "Second-order latent variable" and "second-order construct" interchangeably in referring to these variables.


� Many individuals who have read this book reported that they did not read it in a sequential fashion. Thus, it is possible that this material could be new to some readers, even though it has appeared previously in the monograph.


� Because there is no universally acceptable index of model-to-data fit (see Bollen and Long 1993), several, frequently conflicting, indexes (i.e., some suggesting model-to-data fit and some suggesting lack of fit) are typically reported in model tests involving survey data. These indices usually include the Chi-Square value and degrees of freedom, the Goodness of Fit Index, the Adjusted Goodness of Fit Index, the Comparative Fit Index, and several other indices. Unfortunately, for a "Second-order" construct many fit indices will suggest lack of fit (e.g., GFI and AGFI-- see Anderson and Gerbing 1984). Thus an appropriate gauge of fit for "Second-order" constructs may be Steiger's (1990) Root Mean Squared Error of Approximation with values of .08 or less (see Brown and Cudeck 1993, Jöreskog 1993).


� Average Variance Extracted (AVE) (Fornell and Larker 1981) is also used to gauge convergent validity. Fornell and Larker (1981) suggested that adequately convergent measures should contain less than 50% error variance (i.e., AVE should be .5 or above) (also see Dillon and Goldstein 1984). Unfortunately, acceptably reliable measures can contain more than 50% error. Thus a measures reliability should probably be higher than Nunnallys (1978) suggestion of .7 to avoid an AVE below .5. While there is no firm rule, measure reliability should probably be .8 or more, to avoid these difficulties. However, a more convincing demonstration of convergent validity would be reliability of .7 or above and AVE of .5 or above.


� Although there is no firm rule for demonstrating measure distinctness, correlations with other measures below |.7| are usually accepted as evidence of discriminant validity. A larger correlation can be tested by examining its confidence interval to see if it includes 1 (see Anderson and Gerbing 1988). It can also be tested by using a single-degree-of-freedom test that compares two structural equation measurement models, one with the target correlation fixed at 1, and a second with this correlation free (see Bagozzi and Phillips, 1982). If the difference in resulting chi-squares is significant, this suggests the correlation is not 1, and this implies the constructs involved in the correlation are distinct. AVE can also be used to gauge measure distinctness. If the squared (disattenuated or measurement model) correlation between constructs is less than either of their individual AVEs, this suggests the constructs each have more error-free (i.e., extracted) variance than variance shared with other construct. In different words, they are more internally correlated than they are correlated with other constructs. This in turn suggests discriminant validity.


� However, as with first-order latent variables and their indicators, the first-order "indicators" of a "Second-order" construct should be highly correlated with their "Second-order" construct (they should still be distinct from each other however).


� Factor scores are not commonly used in theoretical model tests. However, just as (the factor) Z1 could be replaced by the sum or average of its indicators, it could also be replaced by its factor scores (sometimes called a factor scale) which, as just mentioned, is a weighted sum or weighted average of all the model indicators. This obtains because one of the assumptions of factor analysis, either exploratory or confirmatory, is that a factor such as Z1 can be expressed as a linear combination of all the indicators in a model. The weights in the weighted average are the coefficients in this linear combination, and they are approximate for Maximum Likelihood estimation.


� The variable names have been disguised to skirt non pedagogical issues such as the theory behind the model, etc.


� Omitting an item from a measure must be done with concern that the omitted item does not degrade content or face validity of that measure.


� An RMSEA of .05 or less suggests close fit, .051-.08 suggests acceptable fit (Browne and Cudeck 1993, Jöreskog 1993).


� The logic of this judgement was as follows: The "indicators" of T were unidimensional using the sum-of-first-derivatives-without-regard-to-sign procedure just discussed. These "indicators" were then specified as unidimensional with regard to T (i.e., having only one underlying construct, T-- Aker and Bagozzi 1979; Anderson and Gerbing 1988; Burt 1973; Gerbing and Anderson 1988; Hattie 1985; Jöreskog 1970 and 1971; McDonald 1981) in the "Second-order" measurement model. This (unidimensional) model fit the data. Had this measurement model not fit the data, the sum-of-first-derivatives-without-regard-to-sign procedure could have been used on the "Second-order" measurement model to delete the typically one or two indicators contributing most to lack of "Second-order" measurement model fit. Parenthetically, while a portion of the Figure 7a model appears to be just-determined (i.e., T has three "indicators"), such "Second-order" models do not automatically fit the data (exactly) as a first-order model with three indicators would.


� The Busemeyer and Jones (1983) formula for the reliability of an interaction XZ is ρXZ = (rXZ2 + ρXρZ)/ rXZ2 + 1, as we have seen, where ρ indicates latent variable reliability (for unidimensional measures coefficient alpha can be used instead-- see Anderson and Gerbing 1988) and rXZ2 is the square of the correlation between X and Z. Parenthetically, the reliability of an interaction is independent of alternative specifications.


� The reliability of U was .943 but the reliability of T was low (.700). Because the correlation between T and U was also small (.276), the reliability of UxT was .68 (= .2762+.943*.7]/[.2762+1]), which in many disciplines, including my own, would be considered unreliable. Parenthetically, my own experience with real world survey data suggests that "Second-order" constructs frequently exhibit marginal reliability when their "indicator" constructs are highly consistent.


� This obtains as a result of an abbreviated version of the process suggested by Jöreskog (1993): With sufficient unidimensionality for each measure using the sum-of-first-derivatives-without-regard-to-sign procedure (i.e., with p-values of about .001 or larger), a full measurement model containing these measures will usually fit the data. However, had this measurement model not fit the data, the sum-of-first-derivatives-without-regard-to-sign procedure could have been used on the full measurement model first derivatives to delete the typically one or two indicators contributing most to lack of full measurement model fit.


� The average extracted variance of T was .44 , which is below the cutoff suggested by Fornell and Larker (1981) for acceptable convergent validity. The formula for the average variance extracted for an interaction is not known. However, the average variance extracted of a latent variable is always less than the reliability of that variable, and frequently it is less than the square of the reliability of that variable. Thus the average variance extracted of UxT was likely to have been less than .5.


� Strictly speaking T and UxT would probably be judged to be unsuitable for a proper test of any theoretical model in the Social Sciences. However, I will continue with the pedagogical example because reduced reliability and impaired convergent validity will not affect its illustrative purposes.


�However, this applies only when all the model indicators are used to compute the factor scores. Factor scores do not adequately represent constructs when a subset of the model indicators (e.g., the indicators of the target construct) is used to compute factor scores.
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