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VIII. ESTIMATING LATENT VARIABLE INTERACTIONS AND QUADRATICS

Each of the approaches just discussed can detect or estimate latent variable interactions or quadratics, but the choice of which to use with real-world survey data depends on several factors. For example and as previously discussed, subgroup analysis, dummy variable regression, ANOVA and especially the Chow test may not be the best choices for latent variable interactions for several reasons, including that they may miss a population interaction, and they do not provide an interaction coefficient estimate that can be used for interpretation. However if they detect an interaction, it may be unlikely that it is spurious. Product-term regression may be a better choice than subgroup analysis, dummy variable regression, ANOVA or the Chow test, and it provides an interaction coefficient estimate. However, the coefficient estimates from regression are biased and inefficient with latent variables, which casts a shadow on factored coefficients and thus on interpretation. Unfortunately, while errors-in-variables regression provides coefficient estimates, this technique is inaccessible to most substantive researchers. 

In practice, structural equation analysis approaches involving Kenny and Judd (1984) product indicators (e.g., x1z1, x1z2, etc.) (i.e., Kenny and Judd 1984, Hayduk 1987, Jöreskog and Yang 1996, Bollen 1995, and Ping 1996a) are limited to very few product indicators. As the number of product indicators increases, model fit declines (see Gerbing and Anderson 1993:50, and Bagozzi and Heatherington 1994:43), and the stability of the input covariance matrix (i.e., the likelihood that the covariance matrix of the indicators is reasonably correct from an asymptotic or large sample point of view) declines because each product indicator increases the size of the input covariance matrix relative to the number of available cases. While there is no hard and fast rule, my experience with "interesting" models (e.g., with 5 or more constructs) has been that specifying an interaction or quadratic with more than about 6 product indicators will adversely affect model-to-data fit.

To avoid degrading model fit and the stability of the input covariance matrix, the number of product indicators of XZ, for example, could be reduced by using a subset of product indicators that are internally consistent (i.e., they fit the data well) as is routinely done with X or Z (i.e., Jaccard and Wan 1995). However, reducing the number of product indicators of XZ should raise concerns that its content or face validity is degraded. For example for XZ to be content valid, it is reasonable to expect a subset of its product indicators to 'span,' or contain all the indicators, of X and Z. To explain, in Figure 4 a minimum of 2 product indicators would be required to "span" the XZ interaction. The product indicators would contain x1, x2, z1 and z2, and they would be of the form x1z, ... , x2z, where  takes on every value in the set of integers 1, 2 at least once (e.g., x1z1, x2z2, or x1z2, x2z1, etc.). In addition, while there are usually many subsets of product indicators that span X and Z, in practice only a few will fit the data, and finding them is tedious.

The Ping (1996c) latent variable regression approach avoids these problems. The content validity of XZ is assured because the entries in the adjusted covariance matrix involving XZ (=[x1+x2][z1+z2] = x1z1 + x1z2 + x2z1 + x2z2) reflect all the product indicators. The input covariance matrix stability is not degraded because the interaction indicators are eliminated. However, adjusting the input covariance matrix is tedious. The approach cannot be used in models with more than one dependent or endogenous variable if Ordinary Least Squares regression software (e.g., in SAS, SPSS, etc.) is utilized. While structural equation analysis could be used with "regression specifications" (i.e., loadings of 1 and measurement errors of 0) and the adjusted covariance matrix, the standard errors produced by LISREL, for example, are incorrect. Finally, this approach may not be used with correlated measurement errors.

Single indicator approaches (e.g., Ping 1995) avoid these problems. The content validity of XZ is assured because the single indicator of the interaction is the sum of all the Kenny and Judd (1984) product indicators (see Equation 7). However, the Ping (1995) single indicator approach with direct estimation using LISREL 8 is limited to a few interactions/quadratics (usually no more than 2). When more than one set of Equations 9 and 9a, and/or 10 and 10a (or Equations 21, 23, etc.) are estimated directly in LISREL 8 (i.e., using LISREL 8's 'constraint' equations) it sometimes fails to converge because the direct estimation of, for example, Equations 9 and 9a, and/or 10 and 10a violates an assumption in LISREL 8, and LISREL 8 is not robust to many violations of this assumption (see Appendix AC for an example of the direct estimation of two interactions). In these situations and others (e.g., when using EQS or AMOS) the two-step version of the Ping (1995) single indicator approach could be used. This approach can be utilized with loadings and error terms for the interaction(s)/quadratic(s) calculated from either measurement model parameters or reliabilities.

Although it has been criticized in this monograph and elsewhere (see Maxwell and Delaney 1993), in situations where the structural model contains variables that should not be mean- or zero-centered (i.e., deviation scored, where the mean of the indicator is subtracted from each case value for that indicator) but the collinearity this usually produces is causing estimation problems, subgroup analysis could be used with structural equation analysis (collinearity will usually rule out product-term regression). That having been said and as previously discussed, there is a risk of failing to detect a population interaction. To recant the previous caveats, subgroup analysis is also limited to estimating a single interaction or quadratic, because it is not possible to jointly estimate more than one interaction or quadratic using this technique. In addition, it does not produce an interaction/quadratic coefficient and thus much information about the nature of the interaction (e.g., its strength, direction, etc.) is not available. In addition, the lack of a structural coefficient for the interaction/quadratic rules out the use of factored coefficients, and thus any detailed interpretation of a significant interaction/quadratic. But, if an interaction is detected using subgroup analysis, the chances of it being spurious may be small. 

CONSIDERATIONS
All of the classical and recent structural equation, and recent regression-based, approaches just mentioned have several things in common. For example, with the exception of Jöreskog and Yang's (1996) approach and subgroup analysis (see the preceding paragraph), they each require the indicators of the latent variables to be mean centered. While this limits these approaches to indicators measured using scales such as Likert and rating scales that have an arbitrary zero point, these scales are common in theoretical model testing in the social sciences.

Mean Centering
Mean centering is accomplished by subtracting the mean of an indicator from each case value of that indicator. Mean centering produces indicators with means of zero, which was assumed in all of the classical and recent structural equation analysis, and the recent regression-based estimation approaches for interactions/quadratics, except for Jöreskog and Yang's (1996) and Hayduck's approaches. It is recommended to reduce the collinearity of XZ, for example, with X and Z which may be essential in detecting the presence of an interaction (see Aiken and West 1991).

Mean centering of the dependent variables is also required in all of the classical and recent structural equation analysis, and the recent regression-based estimation approaches for interactions/quadratics, except for Jöreskog and Yang's (1996) and Hayduck's approaches, to avoid possible biasing of the interaction coefficient (Kenny and Judd 1984; see Jöreskog and Yang 1996). 

Intercorrelations
The latent variables X and Z, for example, must also be allowed to covary with their interaction, XZ, in the structural model (i.e., the covariances of XZ with X and Z, φxz,x and φxz,z , must be free in the structural equation program-- this is assumed in regression). Among other things, model fit is degraded and coefficient estimates are biased otherwise (in real-world data XZ is always slightly to very correlated with both X and Z, even with mean or zero centering).

Correlated Measurement Errors and Interactions
All of the classical and recent approaches to estimating interactions and quadratics (e.g., Bollen 1995; Jaccard and Wan 1995; Jöreskog and Yang 1996; Kenny and Judd 1984; Ping 1995, 1996a, 1996c, 2003), assume that the measurement errors of the indicators of X and Z are uncorrelated. If, however, the measurement errors between x1 and z1, for example, are specified as correlated with each other, measurement error terms such as Equation 4a and 9c change, product indicators involving x1 and z1 are intercorrelated, and these product indicators' intercorrelation is a function of the intercorrelation between x1 and z1.For example, Equation 3 becomes

Var(x1z1) = Var(x1)Var(z1) + Cov2(x1,z1)

    = Var(λx1X + εx1)Var(λz1Z + εz1) + Cov2(λx1X + εx1,λz1Z + εz1)

    = [Var(λx1X) + Var(εx1)][Var(λz1Z ) + Var(εz1)]

+ [Cov(λx1X,λz1Z) + Cov(εx1,εz1)]2
    = Var(λx1X)Var(λz1Z) + Var(λx1X)Var(εz1) + Var(λz1Z)Var(εx1)

+ Var(εx1)Var(εz1) + Cov2(λx1X,λz1Z) + 2Cov(λx1X,λz1Z)Cov(εx1,εz1)

+ Cov2(εx1,εz1)

    = λx12λz12Var(XZ) + λx12Var(X)Var(εz1) + λz12Var(Z)Var(εx1)

+ Var(εx1)Var(εz1) + 2λx1λz1Cov(X,Z)Cov(εx1,εz1) + Cov2(εx1,εz1)
(21

under the Kenny and Judd normality assumptions, because Var(a+b) = Var(a) + Var(b) + 2Cov(a,b), Var(ab) = Var(a)Var(b) + Cov2(a,b), Cov(ab,cd) = Cov(a,c)Cov(b,d) + Cov(a,d)Cov(b,c) (Kendall and Stewart 1958, see Kenny and Judd 1984), and the covariance of X or Z with εx1 or εz1 is zero under these normality assumptions. 

Comparing this result to Equation 3, the additional measurement error in the product indicator x1z1 due to a specified correlation between x1 and z1 is 2λx1λz1Cov(X,Z)Cov(εx1,εz1), + Cov2(εx1,εz1), and for a specified correlation between εxa, and εzb in a model, Equation 21 should be used instead of Equation 4a.

There is also a constraint on the measurement error terms of the product indicators xazb and xczd with a specified correlated measurement error:

Cov(εxazb,εxczd) = Cov(λxaXεzb + λzbZεxa + εxaεzb,λxcXεzd + λzdZεxc + εxcεzd)

     = Cov(λxaXεzb,λxcXεzd) + Cov(λxaXεzb,λzdZεxc) + Cov(λzbZεxa,λxcXεzd)

+ Cov(λzbZεxa,λzdZεxc) + Cov(εxaεzb,εxcεzd)

     = Cov(λxaX,λxcX)Cov(εzb,εzd) + Cov(λxaX,λzdZ)Cov(εzb,εxc)

+ Cov(λzbZ,λxcX)Cov(εxa,εzd) + Cov(λzbZ,λzdZ)Cov(εxa,εxc)

+ Cov(εxa,εxc)Cov(εzb,εzd) + Cov(εxa,εzd)Cov(εzb,εxc) .
(22

Thus, if any of the covariances involving pairwise combinations of εxa and εzd, and/or εxc and εzb are specified to be nonzero in a model (i.e., Cov(εxa,εzd) and/or Cov(εxc,εzb) are specified to be non zero), the resulting non zero correlations between product indicators implied by Equation 22 should also be specified (i.e., Cov(εxazb,εxczd) should be specified as non zero and the form of that intercorrelation should be constrained to Equation 22). For example if the measurement errors of x1 and z1 are specified as correlated, Equation 22 is non zero, and several product indicators' measurement errors should be specified as intercorrelated. Specifically, for the latent variable X with the indicators x1, x2, and x3, and Z with the indicators z1 and z2, this means that Cov(εx1zb,εxcz1) is non zero for all b's and c's (i.e., Cov(εx1z1,εx2z1), Cov(εx1z1,εx3z1), Cov(εx1z2,εx1z1), Cov(εx1z2,εx2z1), Cov(εx1z2,εx3z1) are non zero-- Cov(εx1z1,εx1z1) = Var(εx1z1) is excluded), and Cov(εxaz1,εx1zd) is non zero for all a's and d's (i.e., Cov(εx1z1,εx1z2), Cov(εx2z1,εx1z1), Cov(εx2z1,εx1z2), Cov(εx3z1,εx1z1), Cov(εx3z1,εx1z2), are non zero-- Cov(εx1z1,εx1z1) is again excluded).

Note that a correlation between the measurement errors of two indicators of X and/or two indicators of Z also creates a nonzero correlation between the measurement errors of interaction product indicators.

The measurement error term for the single indicator of an interaction such as x:z also changes. In Equation 8 for the latent variable X with the indicators x1, x2, and x3, and Z with the indicators z1 and z2, 

     Var(x:z) = Var(xz) = Var(x)Var(z) + Cov(x,z)2
        = Var(ΛxX+Ex)Var(ΛzZ+Ez) + Cov(ΛxX+Ex,ΛzZ+Ez)2
        = [Var(ΛxX)+θx+2ΣCov(εxi,εxj)][Var(ΛzZ)+θz+2ΣCov(εzp,εzq)]

+ [Cov(ΛxX,ΛzZ)+ΣCov(εxi,εzp)]2
        = Var(ΛxX)Var(ΛzZ) +Var(ΛxX)θz + Var(ΛxX)2ΣCov(εzp,εzq) + θxVar(ΛzZ) + θxθz
+ 2θxΣCov(εzp,εzq) + 2ΣCov(εxi,εxj)Var(ΛzZ) + 2ΣCov(εxi,εxj)θz
+ 4ΣCov(εxi,εxj)ΣCov(εzp,εzq) + Cov2(ΛxX,ΛzZ) + 2Cov(ΛxX,ΛzZ)ΣCov(εxi,εzp)

+ [ΣCov(εxi,εzp)]2
        = ΛX2ΛZ2Var(XZ) + ΛX2Var(X)θZ + ΛZ2Var(Z)θX + θXθZ
+ 2ΛxVar(X)ΣCov(εzp,εzq) + 2ΛzVar(Z)ΣCov(εxi,εxj) + 2ΣCov(εzp,εzq)θx
+ 2ΣCov(εxi,εxj)θz + 4ΣCov(εxi,εxj)ΣCov(εzp,εzq) 

+ 2ΛxΛzCov(X,Z)ΣCov(εxi,εzp) +[ΣCov(εxi,εzp)]2
(23

where ΛX = λx1 + λx2 + λx3; θX = Var(εx1) + Var(εx2) + Var(εx3); Λz = λz1 + λz2; θz = Var(εz1) + Var(εz2); Ex = εx1 + εx2 + εx3; Ez = εz1 + εz2; ΣCov(εxi,εxj) = Cov(εx1,εx2)+Cov(εx1,εx3)+Cov(εx2,εx3)); ΣCov(εzp,εzq) = Cov(εz1,εz2); and ΣCov(εxi,εzp) = Cov(εx1,εz1)+Cov(εx1,εz2)+Cov(εx2,εz1) +Cov(εx2,εz2)+Cov(εx3,εz1)+Cov(εx3,εz2).

Again, comparing this result to Equation 8, the additional measurement error in x:z due to one or more specified correlations between the measurement error of an indicator of X and an indicator of in a model is given by lines 2, 3 and 4 of Equation 23, and in this case Equation 23 should be used instead of Equation 8.

Note that a correlation between the measurement errors of two indicators of X and/or two indicators of Z also adds measurement error to x:z.

Fortunately Λx and Λz have already been specified or calculated to obtain the loading of x:z. In addition, Var(X), Var(Z), and Cov(X,Z) are available in the measurement and structural models, and many of the elements of the expansions of the covariances will be zero.

For example, the additional measurement error in x:z due to a specified correlation between εx1 and εz2 involves only the last two terms of Equation 23, and most of the terms of Cov2(εxi,εzp) are zero:

2ΛxΛzCov(X,Z)Cov(εx1,εz2) + Cov2(εx1,εz2) .

For a correlation between εx1 and εx2, instead of one between εx1 and εz2, the additional measurement error in Equation 23 is

2ΛzVar(Z) Cov(εxi,εxj)+ 2Cov(εx1,εx2)θz .

Quadratics and Correlated Measurement Errors
Turning to quadratics, if the measurement errors between x1 and x2, for example, are correlated, the additional measurement error in the product indicator x1x2 is given by substituting x2 for z1 in Equation 21:

Var(x1x2) = λx12λx22Var(XX) + λx12Var(X)Var(εx2) + λx22Var(X)Var(εx1)

+ Var(εx1)Var(εx2) + 2λx1λx2Var(X)Cov(εx1,εx2) + Cov2(εx1,εx2)
(24

A correlated measurement error between any pair of the indicators xa or xb with xc or xd also creates a correlation between the measurement error terms of the product indicators xaxb and xcxd:

Cov(εxaxb,εxcxd) = Cov(λxaXεxb + λxbXεxa + εxaεxb,λxcXεxd + λxdXεxc + εxcεxd)

     = Cov(λxaXεxb,λxcXεxd) + Cov(λxaXεxb,λxdXεxc) + Cov(λxbXεxa,λxcXεxd)

+ Cov(λxbXεxa,λxdXεxc) + Cov(εxaεxb,εxcεxd)

     = Cov(λxaX,λxcX)Cov(εxb,εxd) + Cov(λxaX,λxdX)Cov(εxb,εxc)

+ Cov(λxbX,λxcX)Cov(εxa,εxd) + Cov(λxbX,λxdX)Cov(εxa,εxc)

+ Cov(εxa,εxc)Cov(εxb,εxd) + Cov(εxa,εxd)Cov(εxb,εxc) .
(25

Further, if the measurement errors of x1 and x2 are correlated, Cov(εx1zb,εx2zd) is also non zero for all b's and d's (i.e., Cov(εx1z1,εx2z1), Cov(εx1z1,εx2z2), Cov(εx1z2,εx2z1), and Cov(εx1z2,εx2z2) are non zero in this case) (see Equation 22). 

Thus, if the covariance of two indicators of X, εxa and εxc for example, is specified to be nonzero, additional measurement error is added to the product indicator xaxc (see Equation 24). In addition, and the resulting non zero correlations between product indicators implied by Equation 25 should also be specified (plus the correlations between any interaction product indicators should also be specified as discussed above). For the latent variable X, with the indicators x1, x2, and x3, for example, a correlation between εx1 and εx2 means that Cov(εx1xb,εx2xd) is non zero for all b's and d's (i.e., Cov(εx1x1,εx2x1), Cov(εx1x1,εx2x2), Cov(εx1x1,εx2x3), Cov(εx1x2,εx2x1), Cov(εx1x2,εx2x2), Cov(εx1x2,εx2x3), Cov(εx1x3,εx2x1), Cov(εx1x3,εx2x2), Cov(εx1x3,εx2x3) are non zero).

The error term for a single indicator quadratic also changes. Equation 9c for the latent variable X, with the indicators x1, x2, and x3, is replaced by

     Var(x:x) = 2Var(X)2 = 2Var(ΛxX+Ex)2 = 2[Λx2Var(X) + θx + 2ΣCov(εxi,εxj)]2
        = 2[Λx4Var(X)2+θx2 + [2ΣCov(εxi,εxj)]2 + 2Λx2Var(X)θx + 2Λx2Var(X)2ΣCov(εxi,εxj)

+ 2θx2ΣCov(εxi,εxj)]

        =  Λx4Var(XX) + 4Λx2Var(X)θx + 2θx2
+8[ΣCov(εxi,εxj)]2 + 8Λx2Var(X)ΣCov(εxi,εxj) + 8θxΣCov(εxi,εxj) .
(26

Comparing this result to Equation 9c, the additional measurement error in x:x due to one or more specified correlations between the measurement errors of indicators of X in a model is the second line of Equation 27, and  Equation 27 should be used instead of Equation 9c.

Fortunately Λx and θx have already been calculated or specified to obtain the loading of x:x, and many of the terms in the expansion of Cov(εxi,εxj) will be zero. For example, the additional measurement error in x:x due to a specified correlation between εx1 and εx2 is 8Cov2(εx1,εx2) + 8Λx2Var(X)Cov(εx1,εx2) + 8θxCov(εx1,εx2).

Comments on Correlated Measurement Errors
Several comments about correlated measurement errors may be of interest. Obviously if more than two indicators have correlated measurement errors (e.g., in a longitudinal study), sorting out the zero and non zero terms in the above Equations becomes tedious. In addition, constraining measurement errors and their intercorrelations using the above equations and LISREL 8's constraint capability, for example, is also tedious. In many cases it may be (slightly) easier to compute and then fix the additional measurement error, etc. using measurement error parameter estimates (i.e., use a two-step approach).

While the above equations apply to latent variable regression, there are additional adjustments in latent variable regression that should be made to off-diagonal entries in the adjusted covariance matrix that were not addressed. Thus, all of the adjustments for latent variable regression have not been addressed, and this is an are where additional work might be useful.

Categorical variables are believed to produce spurious correlated measurement errors (see Bollen, 1989:437; Johnson and Creech, 1983), and systematic error (e.g., error from the use of a common measurement method for independent variables such as the same number and type of scale points) has been modeled in the past using correlated measurement errors. In addition, the specification of correlated measurement errors frequently improves model-to-data fit (see Jöreskog and Dag Sörbom 1996b:222). However, Dillon (1986:134) provides examples of how a model with correlated measurement error may be equivalent to other, structurally different, models, and as a result correlated measurement errors may introduce structural indeterminacy into the model. In addition, authors have warned against using correlated measurement errors without a theoretical justification (e.g., Bagozzi, 1984; Gerbing and Anderson, 1984; Jöreskog, 1993; see citations in Darden, Carlson and Hampton, 1984).

Starting Values
Product indicator (e.g., x1z1, x1z2, etc.) approaches and single indicator approaches (e.g., x:z) usually, or always, require starting values for the structural coefficients (e.g., the b's in equation 2) and structural error terms (ζ in Equation 2) in LISREL 8, EQS and AMOS. In addition if they are not fixed, starting values are usually required for product indicator or single indicator loadings and measurement errors, and the variance of XZ (=Var(X)Var(Z)+Cov2(X,Z)-- see the derivation of Equation 8). Without them LISREL 8, EQS, etc. may experience convergence problems. Starting values can be calculated using Equations 4, 4a, 6, 6a, 9, 9a, 10 and 10a and estimates of the loadings, measurement errors, variance, and covariance of X and Z from measurement or structural models.

 Alternatively they can be approximated using coefficient alpha reliabilities and Equations 17 through 18a, and variance attenuated estimates of variance (i.e., available in SAS, SPSS, etc.) and the variance decompositions

Var(XZ) = Var(X)Var(Z) + Cov (X,Z)2
and

Var(XX) = 2Var(X)2 ,

where X and Z are the sum of the indicators of X or Z respectively (see Kenny and Judd 1984).

Starting values for the structural coefficients can be obtained from ordinary least squares (OLS) regression. This is accomplished for XZ, for example, by summing the (mean- or zero-centered) indicators for X, Z, and Y in each case, forming XZ as the product of the indicator sums for X and Z in each case, and using OLS regression to approximate the structural coefficients. A starting value for a structural error term (ζ in Equation 2) can be obtained using the R2 produced in an OLS regression estimation and the equation ζ = Var(Y)*(1-R2), where Var(Y) is the variance of Y available in SAS or SPSS.

Unidimensionality
The unidimensionality of the set of indicators of a construct (i.e., the indicators have one underlying construct) is either required (i.e., for the two-step approaches, and also for pseudo latent variable regression because coefficient alpha reliability assumes a unidimensional construct) or very desirable with the classical and recent approaches to estimating interactions and quadratics (e.g., Bollen 1995; Jaccard and Wan 1995; Jöreskog and Yang 1996; Kenny and Judd 1984; Ping 1995, 1996a, 1996c, 2003). A necessary condition for unidimensionality is that a single construct measurement model (i.e., one involving only the construct and its indicators) fit the data "well" (e.g., the p-value of chi square should be non zero). Thus for independent latent variables X, Z, and XZ, and the dependent latent variable Y, the single construct measurement model for X should fit the data well, as should one for Z, one for XZ, and one for Y. With good single construct measurement model fits, the two step approach is efficient. That is, the calculated values for the loadings and measurement errors for XZ taken from the full measurement model that excludes XZ are reasonably similar to those calculated from the loadings and measurement errors for X and Z in the structural model that includes XZ.

Without good single construct measurement model fits, the loadings and measurement errors for X and Z in the structural model will be different from those in the full measurement model, and any calculated (i.e., two-step) loadings and errors for XZ must be recalculated using the structural model loadings and errors for X and Z. In addition, without good single construct measurement model fits, the structural model fit will be degraded regardless of whether or not interactions or quadratics are of interest.

First Derivatives
To obtain good single construct measurement model fit, several approaches can be used (e.g., Jöreskog 1993). However, none of the recommended approaches appear to be particularly efficient or effective in this application. As a result, Ping (1999b) proposed using partial derivatives of the likelihood function with respect to the measurement error terms (these are termed "First Derivatives" in LISREL 8). The matrix of these derivatives from a single construct measurement model is examined (i.e., one containing only the construct of interest), and the item with the largest summed first derivatives without regard to sign is omitted. This process is repeated until the model fits the data (i.e., the chi square statistic has a p-value that is non zero). The procedure is similar to Jöreskog and Sörboms (1996a) and others' proposals to improve fit using modification indices in LISREL (i.e., partial derivatives of the likelihood function with respect to fixed parameters) to suggest paths that could be freed. While this procedure produces a maximal subset of items that fit the data, it or any other procedure that omits items should be used with care, because omitting items may degrade the face or content validity of the measure.

An example use of this procedure to produce a subset of Kenny and Judd (1984) product indicators that "span" an interaction is discussed later under SxA unidimensionalization.

Reliability
While it is well known why the reliability of X and Z are important, the reliability of XZ is also important for these same reasons. The reliability of XZ is approximately the reliability of X times the reliability of Z (see Equations 13 and 15). Thus if X and Z have reliabilities of .8, the reliability of XZ could be in the neighborhood of .64, which is lower than the commonly accepted .7 cut off for reliability in the Social Sciences. Thus the reliability of X and Z should be as high as possible so the reliabilities of XZ and/or XX and/or ZZ are psychometrically acceptable. These matters are discussed further under Reliability in the next section.

Multicollinearity
Interactions and quadratics can be highly correlated with each other (see Lubinski and Humphreys, 1990). As a result, adding more than one interaction and/or quadratic to a structural model can create multicollinearity with the target interaction(s) and/or quadratic(s), and thus produce an inflated standard error(s) for the target interaction/quadratic (e.g., Jaccard, Turrisi and Wan 1990; Aiken and West 1991). Further, the structural coefficient of an interaction or quadratic is related to the partial correlation involving both the interaction or quadratic's correlations with other interactions and quadratics, and any other interactions and quadratic's correlations with the dependent or endogenous variable. Thus, adding other interactions and/or quadratics to a structural model also can amplify or suppress the structural coefficient of an interaction or quadratic of interest (see Table G Line 2) (and of the first-order variables-- e.g., X, Z, etc.). Stated differently, the presence of other interactions and quadratics can create false non significance and/or false significance interpretations for a target interaction or quadratic. Thus interactions/quadratics should be added to a model based on theory that hypothesizes their existence, or with due care for their effects on each other (e.g., when post hoc probing for unhypothesized interactions/quadratics after the hypothesized model is estimated Discussed later).

DATA CONDITIONS THAT INFLUENCE INTERACTION DETECTION

The detection of interactions and/or quadratics is influenced by several attributes or conditions in the data. These include reliability, systematic error and sample size, research design, and intercorrelation and non normality.

Reliability
Low reliability in X, Z and/or Y, for example, reduces the observed size of the coefficient of a population interaction such as XZ. For example Aiken and West (1991) observed that when the reliabilities of X, Z, and the dependent variable Y, all drop from 1 to .7, the observed interaction coefficient for XZ is reduced to a third of its population size. As a result, reduced reliability in X, Z and Y attenuates the R2 contribution of XZ (Busemeyer and Jones 1983). In addition, low X, Z and Y reliability inflates the standard error of XZ, which in turn reduces its power of the test (i.e., an increased likelihood of a false nonsignificance interpretation error for XZ) (Aiken and West 1991).

The reliability of XZ is a function of the reliability of X times the reliability of Z (see Bohrnstedt and Marwell 1978; Busemeyer and Jones 1983). For X and Z that are uncorrelated, bivariate normal, and have zero means, the reliability of XZ is the product of the reliabilities of X and Z (see Equation 13). As the correlation between X and Z increases, the reliability of XZ increases slightly. However, for X and Z intercorrelated in a range typical of survey data (0 to .5), the reliabilities of X and Z should generally be .8 or above to produce interaction reliabilities of .7 or more (see Jaccard, Turissi and Wan 1990).

These comments obviously apply also to quadratics (see Equation 15), but X, for example, can have a lower reliability (.7 or above) to produce a quadratic, XX, with reliability of .7 or above.

Systematic Error, Sample  Size
Correlated (systematic) error between the independent and dependent variables also attenuates the observed coefficient sizes of interactions (Evans 1985). As a result, survey data gathered using a single questionnaire, and scales that are identical for independent and dependent variables, could attenuate the coefficient estimate of a population interaction.

Sample size and power are directly related in the detection of interactions. In order to detect a weak population interaction, a relatively large sample size is required.  For example, in a model with an R2 of .20 or .30 using Ordinary Least Squares regression , samples of 119 or 103 are required to detect an interaction that raises the model R2 by 5 points to .25 or .35 respectively (Jaccard, Turrisi and Wan 1990) (see also McClelland and Judd 1993). In addition, larger samples can offset the loss of power of the test for XZ induced by low interaction reliability (Jaccard, Turrisi and Wan 1990).

Research  Design 
In an exploration of the difficulties of detecting interactions using survey data and regression, McClelland and Judd's (1993) results suggested that because field studies are similar to an experiment with unequal cells sizes, field studies are less efficient than experiments in detecting interactions (see also Stone-Romero, Alliger and Aguinis 1994). McClelland and Judd (1993) concluded an optimal experimental design for detecting interactions exhibits an independent variable distribution that is polar (i.e., has many cases containing extreme independent variable values) and balanced (i.e., has equal cell sizes). McClelland and Judd (1993) characterized the two most efficient of these distributions as a 'four-cornered' data distribution (which, for two independent variables with more than two levels, has a three-dimensional frequency distribution that looks like the four legs on an upside-down table), and an 'X-model' (which, for two independent variables with more than two levels, has a three-dimensional frequency distribution that resembles a bas-relief or raised X anchored on the four polar cells).

Because field studies produce mound-shaped distributions for independent variables instead of uniform (balanced), four-cornered, or X model distributions, they can be less efficient as experiments in detecting interactions (McClelland and Judd 1993). Comparing an experiment with two independent variables that has a four-cornered data distribution with the mound-shaped distribution that results from a field study, they argued that the field study would produce a data distribution that is 90% to 94% less efficient in detecting interactions as the four-cornered distribution.

In order to detect a population interaction using a field study they suggested over-sampling the extremes or poles of the scales. Based on their results, a stratified sample that produces a uniform distribution for two independent variables increases the efficiency of detecting an interaction between these two variables by a factor of between 2.5 and 4. A field study that samples only the polar responses, such as Dwyer and Ohs (1987) study of output sector munificence effects in marketing channels, improves the efficiency of interaction detection by 1250% to 1666% (although Dwyer and Oh 1987 did not test for interactions in their study).

Intercorrelation
An interaction such as XZ is correlated with its linear component variables, X and Z (Blalock 1979). This collinearity can produce inflated standard errors for the linear component variables (Jaccard, Turrisi and Wan 1990; see Aiken and West 1991 for a demonstration). For scales that have an arbitrary zero point such as Likert scales, mean centering is recommended to reduce this correlation (Aiken and West 1991; Cronbach 1987; Jaccard, Turrisi and Wan 1990).
 For X = Σxi this is accomplished by subtracting the mean of xi from the value for xi in each case. The result is a zero mean for xi (and X).

In an investigation of spurious interactions, Lubinski and Humphreys (1990) noted that as the correlation between X and Z approaches 1, the correlation between XX (or ZZ) and XZ also approaches 1. As a result, a population quadratic can be mistaken for an interaction. They argued that quadratic combinations of the linear unobserved variables (e.g., XX and ZZ) comprising an interaction such as XZ should be entered in the regression model before that interaction is entered and tested for significant incremental variance explained.

My own experience with latent variable interactions and quadratics in real world data sets suggests that XZ, for example, and one or more of its related quadratics, XX and/or ZZ, can appear to be interchangeable (i.e., any of the three can be significant, singly or in pairs-- not all three, so far), and Lubinski and Humphreys (1990) suggestion of entering XX and ZZ first, could bias detection in favor of quadratics. Specifically, in real world data with XZ, XX and ZZ specified in a model, XZ can be significant by itself; XX can be significant by itself; and ZZ can be significant by itself (see the significant modification indices for TV-Y, TT-Y and VV-Y in Table AH2, Estimation 0-- modification indices, which are termed LMTEST in EQS, are explained in detail in Appendix AH). And, in this case freeing XZ (i.e., specifying it with a non zero path to the dependent/endogenous variable) creates a nonsignificant modification index for XX (and/or ZZ), which suggests that subsequently freeing XX would result in a nonsignificant XX. However, in this case freeing XX instead creates a nonsignificant modification index for XZ, which suggests that subsequently freeing XZ would result in a nonsignificant XZ. This curious situation can be resolved by freeing all three, XZ, XX and ZZ, together, then noting which one(s) of the three is/are significant. This approach will be used later in post hoc probing for significant but unhypothesized interactions/quadratics, as is done in model tests involving experiments and ANOVA (i.e., searching for significant interactions/quadratics after the hypothesized model has been estimated).

Parenthetically, spurious interactions (i.e., known to be absent in the population model) have not been shown to be induced by measurement error or correlated (systematic) errors between the independent and dependent variables (see Aiken and West 1991). In addition, the use of standardized coefficients does not affect the observed significance of the interaction (Jaccard, Turrisi and Wan 1990) (however, see Jöreskog and Sörbom 1996b).

Non Normality
It is well known that in multivariate normal data the covariance of and interaction, XZ for example, with Y is zero (Kendall and Stewart 1969, see McClelland and Judd 1993). Thus, non normality is a necessary condition for interactions (e.g., Aiken and West 1991).
 As previously mentioned, McClelland and Judd (1993) suggested that optimal experimental designs for detecting interactions have independent variable distributions that are 'four-cornered' (i.e., for two independent variables with more than two levels, their three-dimensional frequency distribution looks like the four legs on an upside-down table), or 'X-shaped' (i.e., for two independent variables with more than two levels, their three-dimensional frequency distribution resembles a bas-relief X anchored on the four polar cells). Such distributions are obviously very non normal.

This has several ramifications. First, deleting items that contribute most to nonnormality in order to, for example, improve model-to-data fit (see Bentler 1989) may reduce the likelihood of detecting an interaction. Next, as McClelland and Judd (1993) suggested, in order to detect a population interaction using a field study, the extremes or poles of the scales should be over-sampled. As previously noted a field study that samples only the polar responses improves the efficiency of interaction detection by 1250% to 1666%. Stated differently, the representative samples frequently used in surveys, with their typically mound-shaped distributions, have detection percentages that are the reciprocals of these percentages when compared to a non representative sample that over samples the polar responses. Finally, scales with a few scale points obviously produce a frequency distribution that less closely approximates a mound-shaped, and thus a normal distribution, than scales with more points. Thus, a rating scales with, for example, 10 points should be less likely to detect a population interaction than, for example, a Likert scale with 5 points. However, the sensitivity of interaction detection to the number of scale points has not been explored and this is an area that needs more work.

INCREASING THE LIKELIHOOD OF DETECTING INTERACTIONS AND QUADRATICS 

In summary, to increase the likelihood of detecting population interactions in a field study, the data set should be comparatively large. While there are no hard and fast rules, based on Jaccard, Turrisi and Wans (1990) results and R2's typical of survey research, data sets of 100 or more cases are desirable. Conveniently, this is fewer than the generally accepted minimum for data sets used with structural equation analysis of 200-300 cases (see Boomsma 1982).

The reliability of independent and dependent variables should be high. As previously discussed, the observed size of the structural coefficient of an interaction declines with reliability (see Aiken and West 1991), and the reliability of an interaction or a quadratic (e.g., XZ or XX) is approximately the product of the reliabilities of their constituent variables (i.e., X and Z). Perhaps it is not surprising that, based on Dunlap and Kemerys (1987) results, interactions with reliabilities below .7 should be avoided.

Scale reliability can be improved by increasing the number of points in the scale (Churchill and Peter 1984). Reliability can sometimes be improved by item weeding (however, this can degrade the construct or face validity of a scale). Churchill (1979) and Gerbing and Anderson (1988) have proposed systematic approaches to improving scale reliability. Anderson and Gerbing (1982) and Jöreskog (1993) have proposed procedures to improve the unidimensionality of scales, which is related to their reliability. Netemeyer, Johnson and Burton (1990) provide an example of the reduction of measurement error, and thus reliability (see Equation 11), in the unmeasured variables role conflict and role ambiguity using average extracted variances (Fornell and Larker 1981).

Independent variables should be mean centered to avoid collinearity with interactions and/or quadratics and any attendant inflated standard errors. Survey research should also use different methods to measure independent variables from those used to measure dependent variables. Perhaps at a minimum, a different scale should be used for the independent variables involved in an interaction(s) and/or quadratic(s) from that used for the dependent variable(s) they affect.

Based on McClelland and Judds (1993) results, to improve interaction detection in surveys, polar responses could be over sampled. As they point out however, this is controversial because it creates interpretational difficulties, and the sample can no longer be argued to be representative, and representativeness is frequently desirable. An alternative would be to report two studies: a field study, and an experiment involving the survey instrument and a balanced data design.
 The experiment could be used to disconfirm an interact(s) and/or quadratic(s), and the survey would investigate the interaction(s) and/or quadratic(s) in a representative venue.

As previously mentioned, adding a number of interactions and/or quadratics to a structural model can amplify or suppress the structural coefficient of an interaction or quadratic of interest (and of the first-order variables-- e.g., X, Z, etc.). Thus, the number interactions and quadratics added to a structural model should be managed. In particular, they should either be hypothesized, or a strategy such as examining them in triples (e.g., XZ with XX and ZZ), as discussed earlier, should be adopted. This latter subject will receive considerable attention later.

Finally as stated earlier, nonnormality in the data is necessary condition for an interaction. Thus as implied earlier, deleting items that contribute most to nonnormality in order to, for example, improve model-to-data fit (see Bentler 1989) should be avoided.

SUGGESTIONS/"STEP-BY-STEP" 
Summarizing for a different purpose, to estimate one or more latent variable interactions or quadratics, one should begin with an estimation technique that will produce adequate model-to-data fit. As stated earlier, consider not deleting cases to reduce nonnormality because a necessary condition for interactions is nonnormality. Next, verify that the measurement and structural models without any interactions/quadratics fit the data. If they do not, consider (judiciously) using the first-derivative procedure for improving model discussed earlier.

Then, mean centering all the structural model variables, including the dependent or endogenous variables (e.g., Y in Equation 2) is almost always required to successfully estimate interactions and/or quadratics in real world data sets (i.e., deviation score them; the mean of the indicator should be subtracted from each case value for that indicator to decrease the inherent multicollinearity with X and Z, for example, of XZ, XX and ZZ). Next, create the indicators of the interaction(s) and/or quadratic(s).

If direct estimation using Ping (1995) is to be used, consider using summed indicators, not averaged indicators, because averaging the indicators sometimes produces estimation problems in LISREL 8. Otherwise, average the indicators of x:z and/or x:x, etc. (i.e., use averaged indicators for the 2-step version of Ping 1995 and latent variable regression)-- averaging reduces the magnitude of interaction/quadratic variances in the input covariance matrix, and thus its determinant (the reciprocal of a large determinant is computationally zero, which can produce estimation problems).

Then, compute starting values for all the interaction(s) and/or quadratic(s) parameters-- this includes estimates of all the free covariances with the other variables in the model-- and specify these in the structural model. Be certain to estimate starting values consistently using summed indicators or averaged indications (e.g., do not used summed starting values with averaged indicators). If raw data is to be used as input to the structural model estimation, consider analyzing a covariance matrix after the raw data is read in-- analyzing correlation matrices should be avoided because standard errors usually assume covariances (if standardized estimates are desired, these are usually an output option with a covariance matrix output).

Allow interaction(s) and/or quadratic(s) to intercorrelate by freeing the correlational paths between them. Also allow the interaction(s) and/or quadratic(s) to correlate with their constituent variables by freeing the correlational paths between them (i.e., allow XZ, for example, to correlate with X and Z). Constraining the variance of XZ, for example to its multivariate normal equivalent, Var(X)Var(Z)+Cov2(X,Z) is formally correct (see Kenny and Judd 1984), but it can produce estimation problems because the data may be sufficiently non normal (see Jaccard and Wan 1995). Thus a reasonable procedure is to estimate first with the variance of XZ unconstrained, then after admissible estimates are obtained, constrain the variance of XZ and try reestimating. Specifically, consider estimating the model first with the variance of XZ free and unconstrained. After obtaining admissible estimates (i.e., acceptable model-to-data fit, positive measurement error variances, latent variable variances that are reasonably close to their SAS, SPSS, etc. values, standardized structural coefficient estimates that are less than 1 in absolute value, and positive structural disturbances (e.g., ζY in Equation 2)), try fixing Var(XZ) to the computed value of Var(X)Var(Z)+Cov2(X,Z) when using two-step estimation, or constraining Var(XZ) to Var(X)Var(Z)+Cov2(X,Z) when using direct estimation. If estimation problems do not occur, consider reporting the estimates involving the fixed/constrained Var(XZ). Otherwise, the estimates from an unconstrained Var(XZ) can be used. My own experience with real-world data is that, when they are available the structural coefficient estimates (e.g., the b's in Equation 2) from a constrained and an unconstrained Var(XZ) are interpretationally equivalent (i.e., a (non)significant b from one is also (non)significant in the other-- see Appendix AC), except for a t-value near 2 where one might be slightly significant and the other slightly non significant. This in turn hints that constrained estimates, even when they are not available, might be interpretationally equivalent to unconstrained estimates. However, this is an area that would benefit from more work.

If there are comparatively large variances in the input covariance matrix or the covariance matrix implied by the raw input data, consider scaling these large variances or the raw data to reduce the size of the determinant of resulting covariance matrix (any attendant estimation problems). If indicator measurement errors are allowed to intercorrelate in the structural model specify the appropriate additional measurement errors and intercorrelations.

Once the model is estimated, examine the model-to-data fit, the standardized structural coefficient estimates, the error terms of the structural equations (i.e., structural disturbances), and the estimated variances of the model constructs. Model fit should be acceptable, the standardized structural coefficient estimates should be between -1 and +1, the structural disturbances should all be zero or positive, and the estimated variances of the model constructs should be positive and larger than their error-attenuated (i.e., SAS, SPSS, etc.) counterparts. In addition, the measurement error variances should all be zero or positive. If one or more of these is not true in light of the above suggestions, the problem is almost always that one or more starting values are incorrect. In that case recheck that the starting values for the structural coefficients are non zero, and that none of the variances and covariances of the constructs (e.g., PHI's in LISREL) are zero.

In light of the above suggestions, if an hypothesized interaction or quadratic is nonsignificant in real world data, it is usually because its reliability is too low, or the data set is too small. The interested reader is directed to Netemeyer, Johnson and Burton (1990) for an approach to increasing reliability. However, interaction/quadratic non significance can be the result of the inclusion of other interactions and/or quadratics (i.e., the presence of other interactions and quadratics can suppress a target interaction or quadratic). If an hypothesized interaction or quadratic is nonsignificant, try temporarily fixing one or more of any other interaction's or quadratic's structural coefficient (i.e., its B in Equation 2) to zero. If this produces significance in the previously nonsignificant interaction or quadratic, the "zeroed" interactions and/or quadratics are suppressing the target nonsignificant interaction or quadratic. This information can then be reported as an explanation for the nonsignificant hypothesized interaction or quadratic (e.g., Table g Line 2).

INTERACTION AND QUADRATIC ESTIMATION EXAMPLES
The following presents examples of latent variable interaction and quadratic estimation using several of the approaches discussed earlier. The accompanying tables include input data, and they include several input command files for LISREL and EQS to illustrate how these files were structured. Unfortunately present there are no AMOS examples, and this is an area where more work would be helpful.

A Single Interaction
For pedagogical purposes a real-world data set will be reanalyzed.
 The structural model

Y = b1S + b2A + b3I + b4C + b5SxA + ζ
(27

containing a single interaction SxA was hypothesized. Before specifying this interaction the unidimensionality of the first order latent variables (i.e., S, A, I, and C, but not SA) was verified using LISREL 8 and Maximum Likelihood (ML) estimation. This was accomplished for all the latent variables except SxA using the first derivative approach discussed earlier. For example, a single construct measurement model for S was estimated and the item with the largest sum of first derivatives without regard to sign was omitted.
 The single construct measurement model with the remaining indicators of S was then reestimated, and the indicator with the largest sum of first derivatives without regard to sign was omitted. This process of omitting, reestimating then omitting the indicator with the largest sum of first derivatives without regard to sign in each reestimation was repeated until the p-value for χ2 in the single construct measurement model for the remaining indicators of S became non zero. This process was repeated for the rest of the latent variables except SxA, and the resulting measures were judged to have acceptable reliability, and content, construct, convergent and discriminant validity.

To specify the SxA interaction, first the indicators of all the latent variables were mean centered, including the dependent variable Y (i.e., from each indicator the mean of that indicator was subtracted in each case, so the mean of each indicator was zero). Then the product indicators of SxA (e.g., s1a1 = s1 times a1, s1a2 = s1 times a2, etc.) were added to each case.

SxA Unidimensionalization
To illustrate how an interaction's product indicators might be made consistent (i.e., made to fit the data) using the first derivative procedure, SxA was unidimensionalized/made consistent using LISREL 8 and ML estimation by estimating a single construct measurement model for SxA specified as though there were nothing special about its indicators. Stated differently, the single construct measurement model for SxA was specified with its 20 product indicators (five from S and four from A), but each product indicator was specified with a free and unconstrained loading and measurement error that ignored their Equations 4 and 4a form (except one product indicator was fixed at 1 to provide a metric for SxA). This is necessary because the first derivative procedure does not produce an internally consistent subset of product indicators when they are constrained to Equations 4 and 4a values.

The single construct measurement model for SxA was estimated with all but the metric product indicator free and unconstrained, and the product indicator with the largest sum of first derivatives without regard to sign was omitted.
 The single construct measurement model for SxA was then reestimated with the remaining product indicators, and the product indicator with the largest sum of first derivatives without regard to sign was omitted. This process of omitting, reestimating and then omitting a product indicator based on first derivatives was repeated until the p-value for χ2 in a single construct measurement model for the remaining indicators of SxA became non zero. The result was a subset of 6 product indicators (s2a4, s4a4, s5a2, s5a3, s6a5, and s7a4) that spanned S and A (i.e., each indicator of S, [s2, s4, s5, s6 and s7] and A [a2, a3, a4, and a5] appeared at least once in the subset of 6 product indicators-- s1, s3, a1, etc. were omitted during the unidimensionalization of S and A), and had a nonzero p-value for χ2 (χ2 = 34, df = 9, p-value = .00006, RMSEA = .113, GFI = .948, AGFI = .979, CFI = .981). The next least internally consistent subset (s2a3, s2a4, s4a4, s5a2, s5a3, s6a5, and s7a4) had a χ2 p-value of zero (χ2 = 255, df =149, p-value = 0, RMSEA = .279, GFI = .833, AGFI = .666, CFI = .981), and the next more internally consistent subset (s2a4, s4a4, s5a2, s6a5, and s7a4) did not span S and A. This subset of 6 product indicators produced a (coefficient alpha) reliability of .948 for SxA, which was only slightly below the reliability produced by the full set of product indicators (ρSxA = .983). Parenthetically, this frequently occurs in real-world data; when model fit is improved, internal consistency of course increases, but reliability may decline. The reverse is also frequently true. As reliability increases internal consistency usually declines-- precipitously with more than about 6 items-- and highly reliable subsets of items can fit the data quite poorly. For example, the full set of product indicators was highly reliable probably due in part because there were 20 items, but it fit the data very poorly.

Structural  Model
Next, the structural model for Equation 27 was estimated using the subset of 6 product indicators to itemize SxA. Each of these product indicators was specified using Equations 4 and 4a and estimated using LISREL 8's constraint equation capability (i.e., CO commands), Maximum Likelihood, and the Table D input covariance matrix from which the indicators of S, A, I, C, Y, and the subset of 6 product indicators were selected (see the LISREL 8 program for the structural model in Appendix AA). Because other interaction estimation approaches will be used later, several other interaction indicators are shown in the Table D input covariance matrix (i.e., s:a(6), s:a(all), and s:i, which will be explained later), and Table D excludes the indicators that were omitted in the unidimensionalization of S, A, I, C, Y, and SxA.

Abbreviated results of the Equation 27 estimation are shown in Table E at Line 1. Table E also shows the results at Line 2 of a two-step estimation of this subset of 6 product indicator model using EQS, ML and the Table D covariance matrix (see the EQS program in Appendix AB). In addition, Table E shows the results of estimating the SxA interaction using all the product indicators (at Line 3 of Table E). It also shows the results of using the single indicator approach, either with the sum of all the product indicators and LISREL 8 (at Line 4 of Table E) (see Appendix AC for details), or with the sum of all the product indicators and EQS (at Line 5 of Table E) (see Appendix AD for details), and latent variable regression (at Line 6 of Table E) (see Appendix AE for details).

Discussion
 As the Table E results suggest, all these techniques are interpretationally equivalent in that they all lead to the same interpretations of the associations among the model constructs. However the Table E results also show that the model fits associated with these techniques are different. Specifically, the model fit associated with using all the product indicators was unacceptable (see Line 3), due to the lack of consistency in SxA when it was itemized with 20 product indicators. Using either direct or indirect estimation, the subset of 6 product indicators fit the data (marginally) acceptably (the cutoff for RMSEA is .08-- see Lines 1 and 2). The single indicator approaches (and latent variable regression) fit the data best, because the single indicator approach introduced fewer non normal indicators of SxA. This further illustrates the effect of the number of product indicators on model fit. Thus as previously stated, in all but the simplest models the use of all the Kenny and Judd (1984) unique product indicators may compromise model fit, and a subset of product indicators or a single indicator product would be an efficacious choice.

The derivation of the above techniques assumed either that the variance of XZ was computed using Var(XZ) = Var(X)Var(Z) +Cov2(X,Z) (see Kenny and Judd 1984 and the derivation of Equation 8) and fixed at this value in the two step estimates, or that it was constrained in the other estimates to be Var(XZ) = Var(X)Var(Z) +Cov2(X,Z). However as previously discussed, in practice this can produce estimation difficulties (also see Jaccard and Wan 1995). For example, the Table E results were obtained with the variance of XZ free in the two step approaches, and free and unconstrained in the other structural equation approaches, because several of the program runs would not converge otherwise. Finally, while the Line 5 results utilized EQS, two step estimation can be used with AMOS, or with earlier versions of LISREL. This is efficacious when direct estimation using LISREL fails to converge, typically when several interactions are estimated.

Interpretation
Table F shows the contingent A-Y and S-Y associations resulting from the significant SxA interaction shown at Line 4 in Table E. The factored coefficient of A at the Table F average value of S in the study, is approximately b2 in Equation 8 (and the coefficient of A in Table E Line 4), and the contingent A-Y association was not significant. However when S was lower, the A-Y association was negative and significant. As S increased, this association became weaker, and at the study average it was nonsignificant as previously stated. However, when S was very high it was positive and again significant. Parenthetically, this illustrates the interpretational value of post-hoc probing of a nonsignificant association using interactions (discussed later). Although the hypothesized (unmoderated) A-Y association was nonsignificant (see Line 4 of Table E), for values of S away from the study average, the association was significant. A substantive interpretation would be that when S was lower in the study, as A increased Y decreased, but as S increased in the study this association weakened, became zero, and at high S, as A increased Y increased.

Because Equation 27 can be refactored to produce a factored coefficient of S, the latent variable A also moderated the S-Y association, and it could also be interpreted. As shown in Table F, when A was lower the S-Y association was negative, but as it increased the S-Y association weakened and became nonsignificant as it neared the study average. Then it changed signs as A increased further, and when it was higher the S-Y association was positive.

Two Interactions
Next suppose two population interactions, SxA and SxI, were hypothesized, and

Y = b1"S + b2"A + b3I" + b4"C + b5'SxA + b6SxI + ζ
(28

was estimated using single indicators for SxA and SxI. While the single (product) indicator of an interaction could involve a subset of product indicators, it may be safer from a content or face validity standpoint to involve all the product indicators of an interaction (see Equation 7). Thus SxA and SxI were estimated using single indicators that were the products of sums of the indicators of the constituent variables S, A and I. The following describes the process for the single indicator s:i, and the interested reader is directed to Appendix AC for the single indicator of SxA, which is obtained similarly.

To specify the SxA and SxI interactions, first the indicators of all the latent variables were mean centered, including the dependent variable Y (i.e., each indicator had its mean subtracted in each case, so the mean of each indicator was zero). To obtain single indicators for s:a and s:i the mean centered indicators for the unidimensional S, A and I  were summed in each case. Next, the sum for S was multiplied by the sum for A, then the sum for I to produce the single s:a and s:i variable in each case. Next the Equation 28 model was estimated using the Table D covariance matrix entries for the indicators of S, A, I, C, Y, and the single indicators s:i and s:a. This was accomplished using LISREL 8 and Maximum Likelihood by constraining the loading and measurement error of s:i and s:a in LISREL 8 using Equations 8a and 9a, and LISREL 8's CO and PAR commands (see Appendix AC for the LISREL program).

The abbreviated results are shown in Table G, along with the latent variable regression results (see Appendix AF). These results suggest the SxI interaction was not significant in the presence of SxA.

The lack of observed significance in the hypothesized interaction SxI was probably not due to a lack of reliability, which was .85. However, SxI might have been significant with a larger data set.
 In a model that excluded SxA (i.e., SxA's path to Y was fixed at zero), SxI was significant (see Line 2 of Table G) which suggested that SxA was suppressing SxI. Because SxA and SxI were not highly correlated (r = -.07) the mechanics of this suppression is difficult to explain without examining the partial correlation of SxI with Y, which is quite complex. However, this may be an example of collinearity (i.e., SxA and SxI are substitutes for each other in the model) without intercorrelation. For completeness, the quadratics related to SxI, SxS and IxI, were probed by first entering S, A, I, and C, and then requesting that SxA, SxI, SxS and IxI be "stepped in" using latent variable regression (see next1.sps). Examining the step just before SxA, SxI, SxS or IxI were entered again revealed  that either SxA or SxI could be entered (i.e., they would be significant), but that SxA would enter first, and that SxS and IxI could not enter (i.e., they did not explained enough variance to be added to the model). This in turn suggested that neither SxS nor IxI was likely to be "mistaken for," or moderation substitutes for, the non significant hypothesized interaction SxI.

Discussion
The successful direct estimation of two interactions using LISREL 8 that is shown in the above example is unusual. More often than not, LISREL 8 will either not converge when directly estimating two or more interactions, or it will converge to an improper solution (e.g., the standardized structural coefficients are greater than 1, the variances are negative, etc.), no matter what is done to fix things. This happens is because the PAR equations that are required in direct estimation involve other PAR's (see Table AC) (i.e., they are recursive) which is cautioned against in LISREL 8. I have been unable to directly estimate three interactions, and direct estimation seems to depend on observing the cautions discussed in Appendix AC, especially the caution about not averaging the indicators of the interactions (or quadratics). When more than one interaction and/or quadratic is to be estimated, it usually simpler to use the two-step approach with single indicators rather than direct estimation. If direct estimation is required and there are several interactions/quadratics Latent Variable Regression should be used.

Because direct estimation seems to require it, the indicator of SxA and the indicator of SxI were summed but not averaged (averaging is desirable in other circumstances). It is important that the starting values involving SxA and SxI (i.e., variances, structural coefficients, etc.) also be estimated in SAS, SPSS, etc. using summed but not averaged SxA and SxI. In different words, everything involving interaction(s)/quadratic(s) must be must be done in the same way, or estimation problems may result.

With one exception, the Appendix AC comments can be generalized to more than two interactions/quadratics. The interested reader should notice that in Appendix AC the interactions were allowed to intercorrelate, and the interactions were allowed to intercorrelate with the other relevant first-order exogenous or independent variables (i.e., S, A, I and C). If the model contains more than one endogenous or dependent variables, interactions/quadratics in general should be intercorrelated, and the interactions/quadratics in general should be allowed to intercorrelate with the first-order variables. However, when multiple endogenous variables are specified, especially in simultaneous linear equations (e.g., Equations 33 and 33a below), the specification of the intercorrelations among the model variables (i.e., the specification of the PHI matrix in LISREL) requires care so that the resulting model will be identified. This matter is discussed later.

All Interactions
Now suppose all interactions were hypothesized to be significant. To investigate this admittedly unlikely situation, all interactions were added to Equation 27 and latent variable regression was used to estimate these interactions. This required mean or zero centering (i.e., from each indicator the mean of that indicator was subtracted in each case, so the mean of each indicator was zero), then summing, the indicators for S, A, I, C, and Y to form the regression variables S, A, I, C, and Y, and then adding these regression variables to each case in the data set. Next the interactions SxA, SxI, SxC, AxI, AxC, and IxC were computed as the product of S and A, S and I, etc., and these variables were added to each case. Then the unadjusted covariance matrix of S, A, I, C, Y, SxA, SxI, SxC, AxI, AxC, and IxC was produced using SPSS (see Table AE1).

Next the measurement model for S, A, I, C, and Y (but not the interactions) was estimated using the Table D input covariance matrix (from which the indicators for S, A, I, C, and Y were selected). Using the resulting loadings and measurement error estimates (see Table AB1), the SPSS covariance matrix was adjusted using the equations shown in Appendix AE. Then the resulting adjusted covariance matrix (see Table AE2) was input to OLS regression using SPSS to produce the latent variable regression results shown in Table H. Significances were determined as described in Appendix AE, and they suggested that the only significant interaction was SxA.

As before, the lack of significance in the hypothesized interactions SxI, SxC, AxI, AxC, and IxC was probably not because of their low reliability: their reliabilities were above .8. However, AxI and AxC might have been significant with a data set of 600 cases.
 To determine if the interactions were masking each other, various combinations of them could have been removed from the model to see if any of the remaining (nonsignificant) interactions were significant as a result. An equivalent technique is to remove all the interactions and step them in. However, the results of stepping them  in using latent variable regression, which relied on OLS Regression in this case, suggested that SxA was the only significant interaction, and thus the interactions were not masking each other.

To probe for any significant related quadratics, a model that temporarily excluded all the additional hypothesized interactions then stepped in SxC, for example, along with its related quadratics (SxS and CxC) was estimated. However, the related quadratics (and SxC) were non significant (i.e., they were not entered in latent variable regression which in turn used OLS regression). Next, each of the other interactions were investigated by removing the previous interaction/quadratics, and the target interaction and its related quadratics were stepped in. The results identified no significant quadratics that could be moderation substitutes for the non significant hypothesized interaction SxI (see Lubinski and Humphreys 1990).

Discussion
For every interaction (e.g., XZ) to be estimated, Lubinski and Humphreys (1990) recommend estimating the two related quadratics (XX and ZZ). They point out that an interaction can be mistaken for a quadratic (and vice versa, as previously discussed; see Table AH2, Estimation 0), and they recommend estimating XZ in the presence of XX and ZZ as a stronger test of an hypothesized interaction (i.e., in competition with its related quadratics). This step was not illustrated in the examples, but it is illustrated later in the post hoc probing example.

If XZ is estimated with its related quadratics XX and ZZ, this should be accomplished in two model estimations. In the first estimation, the interaction and the two related quadratics' structural coefficients should be constrained to zero, and the resulting modification indices (LMTEST in EQS) should be examined for significance (i.e., a modification index above 3.8, which roughly corresponds to a path coefficient t‑value of 2 with 1 degree of freedom). For emphasis, the XZ,  XX, and ZZ paths to the endogenous or dependent variable, Y for example, should not be free‑‑ the frequent result is that all three paths are nonsignificant (because they are usually highly intercorrelated). If the modification index for the hypothesized XZ‑Y path, for example, is significant, the XZ‑Y path should be freed in a second model estimation, should then be used for interpretation. Assuming a sound theoretical argument supporting the XZ-Y association, if the modification indices for the XX‑Y and/or the ZZ‑Y paths are also significant (and/or larger), the arguments support the XZ‑Y path, and the XX‑Y and/or the ZZ‑Y paths may be significant by chance. If, however, the hypothesized XZ‑Y association is nonsignificant, any significant XX‑Y and/or ZZ‑Y associations could be used to revise theory.

On a similar note, if an hypothesized interaction (e.g., XZ) is nonsignificant, its related quadratics (i.e., XX and ZZ) might be significant, and they could be tested for significance as Lubinski and Humphreys (1990) suggest to aid in theory revision. However, because of the potential for mutual "suppression" discussed earlier, the interaction and their related quadratics should be "stepwise entered" (i.e., added singly based on the magnitude of their significance-- see Appendix AH). While a significant related quadratic cannot be offered as an explanation for the nonsignificant hypothesized interaction or quadratic, it might be offered as a different moderator of an hypothesized moderated (i.e., variable) association.

Instead of using Latent Variable Regression, single indicators and the 2-step version of Ping (1995) could have been used. The required steps would be as described in Appendix AD, only they would be applied to more than one interaction, and LISREL, EQS, AMOS, etc. could be used. It is unlikely that direct estimation using the Ping (1995) approach and LISREL 8 (e.g., as was done in Appendix AC) could have been used with six interactions for the reasons previously stated involving the PAR commands. 

In the above example the inclusion of all interactions reduced the significance of the SxA interaction slightly, and it slightly amplified the SxI interaction significance (see Tables A4 and A5). While the effect was minimal in this case, in general adding many interactions and/or quadratics to a model can result in false significant and false nonsignificant interactions and/or quadratics (i.e., interactions and quadratics are not independent of each other).

Other Examples

An example of using reliabilities to specify the loadings and measurement errors of single indicators in a model estimated with the 2-step version of the Ping (1995) approach is provided in a later chapter.

The monograph does not provide estimation examples using AMOS, COSAN, LINCS, etc. It also does not provide an example of Pseudo Latent Variable Regression estimation. This is obviously an area where additional work is needed.

IX. POST HOC PROBING FOR LATENT VARIABLE INTERACTIONS AND QUADRATICS
As previously discussed, the investigation of interactions and quadratics after the hypothesized model has been estimated (i.e., post hoc probing) is, or should be, an important step in survey model testing. Interactions and quadratics should be probed after the hypothesized model has been estimated for several reasons: in order to interpret and provide meaningful implications/interventions based on significant associations, to provide plausible explanations for hypothesized but nonsignificant associations, and/or to explain inconsistent results across studies.

However, given the difficulties mentioned earlier of using errors-in-variables and structural equation analysis approaches to estimate latent variable interactions and quadratics, substantive researchers who decide to probe these variables after the hypothesized model has been estimated may be dissuaded, or they may be  tempted to use ordinary least squares (OLS) regression, or they may be tempted to compare coefficients between median splits of the data. However as previously discussed, OLS regression estimates of latent variable interaction or quadratic structural coefficients are known to be biased (i.e., the average of structural coefficients in successive samples from a population will not converge to the population values) and inefficient (i.e., the structural coefficients in successive samples from a population vary widely from sample to sample) (see Busemeyer and Jones 1983). In addition, and also as previously mentioned, median splits have been criticized in the psychometric literature for their increased likelihood of false significance and false nonsignificance interpretation errors (Cohen and Cohen, 1983; Jaccard et al., 1990; Maxwell and Delaney 1993).

The following suggests an alternative to ignoring the possibility of unmodeled population interactions and/or quadratics, or of using OLS regression, etc. to answer questions such as, "are there likely to be any significant interactions or quadratics in the model?" (i.e., are any of the structural model results contingent or conditional?), and "is an unmodeled interaction or quadratic responsible for a nonsignificant hypothesized association?"

AN OVERALL F TEST
There is a condition that should be met before any post hoc probing for significant interactions or quadratics is conducted. An overall F test should be performed that involves all possible interactions and quadratics in order to gauge the likelihood of detecting spurious interactions or quadratics (i.e., interactions or quadratics that are not likely to exist in the population).

This could be accomplished after the hypothesized structural model has been estimated by adding all possible interactions and quadratics among the predictors in the structural model. To decrease the amount of work, reliability loadings and measurement errors may be useful (i.e., Equations 17-18a). For emphasis, do not leave out any of the quadratics that correspond to the variables in the interactions. As Lubinski and Humphreys (1990) point out, an interaction should be estimated in the presence of its related quadratics (e.g., XZ should be estimated with XX and ZZ).

One gauge of the likelihood of detecting spurious interactions or quadratics would be to assess the increase in R2 (e.g., the SQUARED MULTIPLE CORRELATIONS FOR STRUCTURAL EQUATIONS in LISREL) due to adding the interactions and quadratics. The related test statistic is

       (R22 - R12)/(k2 - k1)

F = ------------------------ ,
(29

       (1- R22)/(N- k2 -1)

where R22 is the total explained variance in the structural model with the interactions and quadratics added, R12 is the total explained variance in the structural model with no interactions and quadratics added, k1 is the number of predictors in the structural model, k2 is the number of predictors in the structural model plus the number of interactions and quadratics that were added for this test, and N is the number of cases (see Jaccard, Turrisi and Wan 1990). This F statistic has k2 - k1 and N- k2 -1 degrees of freedom.

With a single endogenous variable (e.g., in the structural model Y = b1X + b2Z + b3W + e, Y is the only endogenous variable and there are 3 predictors of Y) the F statistic is a straightforward calculation. The predictors are on the right hand side of the structural equation, so k1 = 3 and R12 is the explained variance in Y. The unique interactions are those involving the predictors, XZ, XW and ZW, and the unique quadratics are those involving the predictors, XX, ZZ, and WW. So, k2 = k1 + 6 = 9 and R22 is the explained variance of Y in the structural equation with the interactions and quadratics added (i.e., Y = b1X + b2Z + b3W + b4XZ + b5XW + b6ZW + b7XX + b8ZZ + b9WW) (see for example Jaccard, Turrisi and Wan 1990:18).

With multiple dependent or endogenous variables it may be less obvious what the R2's and k's are. In this case the R2's and k's should be determined using the linear equations implied by the structural model. For example, the structural model
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implies the (simultaneous) linear equations

Z = b1X

A = b2X + b3Z

Y = 
      b4Z

B = 
      b5Z + b6C .

The predictors are always the variables on the right hand sides of the linear equations, so k1 is the number of unique predictors (i.e., X, Z and C, even though Z is also an endogenous or predicted variable). The unique interactions implied by the model are always those involving the predictors in each equation (i.e., XZ and ZC, and not XC-- C and X did not occur together in any equation). The unique quadratics in the variables that comprise these interactions are always the quadratics in the predictors (i.e., XX, ZZ, and CC). So, with the unique interactions and quadratics added the above linear equations become

Z = b1'X +                    b7XX

A = b2'X + b3'Z +         b8XX + b9XZ + b10ZZ

Y = 
      b4'Z +                                    b11ZZ

B = 
      b5'Z + b6'C +                                    b12ZC + b13ZZ + b14CC
(30

(b1 through b6 will change with the addition of the interactions and quadratics), and k2 = k1 + 5 = 8. A reasonable estimate of the R2's is the weighted averages of the explained variances of the endogenous variables (i.e., Z, A, Y and B). For example R12 is

VZR2Z + VAR2A + VYR2Y + VBR2B
---------------------------------------- ,
(31

VZ + VA + VY + VB
where V is variance and R2 is the explained variance percentage (in decimal fraction form) of the model without any interactions or quadratics. R22 is

VZR2Z' + VAR2A' + VYR2Y' + VBR2B'

---------------------------------------- ,
(32

VZ + VA + VY + VB
where R2 ' is the explained variance percentage (in decimal fraction form) of the model with the interactions and quadratics added.

As a result, in order to address the question "are there likely to be any significant interactions or quadratics in the model?" (i.e., are any of the structural model results contingent or conditional?), one answer is suggested by the F test described above. If F is not significant, it could be interpreted as suggesting that it is a low likelihood that there are any population interactions or quadratics in the model.

A SIGNIFICANT F
If F is significant, it could be viewed as suggesting that there is at least one significant interaction or quadratic that is not likely to be so by chance. It also could be viewed as suggesting that there are likely to be significant interactions and/or quadratics in the set of interactions and quadratics involved in this overall F test. However, it is possible with real world data for F to be significant, but for all of the interactions or quadratics involved in estimating this F to be non significant (see the example below). This can occur because, as discussed earlier, structural coefficients (e.g., the b's in Equation 28) are related to their partial correlations that involve other variables present in the model, including other interactions or quadratics. Stated differently, the presence of other interactions and quadratics can suppress a population interaction or quadratic (i.e., cause it to be nonsignificant).

Nevertheless, there may be several subsets of significant interactions and quadratics that correspond to the first-order terms in a model (e.g., X, Z, etc.), even when no interaction or quadratic is significant in the overall F test set of all interactions and quadratics (see Appendix AH for examples). This situation is similar to the well known problem of finding the best set of significant predictors in OLS regression: Backward elimination of the predictors can produce a different subset of significant predictors from that produced by stepwise entering the predictors.

Nevertheless if F is significant, one approach to identifying significant interactions and/or quadratics might involve interpreting any significant interactions and quadratics in the suggested overall F test. To reduce the likelihood that significant F test interactions and/or quadratics are the result of other interactions and/or quadratics, nonsignificant interactions and/or quadratics should be trimmed or dropped from the overall F test model, and the model should be reestimated to verify the significant interactions and/or quadratics. However, my experience with real world surveys suggests that it is unlikely that there will be significant interactions or quadratics in the set of interactions and quadratics in the overall F test model (see the example below). It also suggests that it is unlikely that any significant interactions and quadratics in this set will remain significant when the other nonsignificant interactions and quadratics are trimmed. Further, it is also likely that one or more significant interactions and quadratics that remain after trimming will become nonsignificant if a significant interaction or quadratic is temporarily removed (i.e., their significance depends on the presence of other interactions or quadratics).

To avoid this confusing situation when F is significant, one could search for all possible subsets of significant interactions and quadratics. This is a daunting task, the magnitude of which is illustrated in Appendix AH. One could also use some or all of the techniques discussed in Appendix AH (e.g., latent variable stepwise entering, backward elimination, etc.) to identify one or more subsets of significant interactions and quadratics. However, these classical and sequential search techniques tend to identify subsets of interactions and quadratics in which significance is determined by the other significant interactions and quadratics that are present (i.e., temporarily deleting a significant interaction or quadratic from the subset will make other significant interactions and quadratics in this subset nonsignificant). Most important, it is not clear how to chose the "correct" subset from the resulting subsets of significant interactions and/or quadratics if more than one is found.

Alternatively, if F is significant, one could probe each first order association in the model for moderation (e.g., is the X-Y association moderated, etc.?). Based on Lubinski and Humphreys' (1990) suggestions, this could be accomplished by estimating the hypothesized model with an interaction containing X, for example, (e.g., XZ) with its relevant quadratics, XX and ZZ added, then removing this interaction and its relevant quadratics, and adding and testing the next interaction containing X, then removing/adding/testing the next, and so on for all the first order variables (e.g., X, Z, W, etc.) in the model. To reduce the likelihood that the significance of an interaction or quadratic is being affected by the presence of the other interaction and quadratics in the model, each interaction and/or its related quadratics could be "stepwise entered" (i.e., added singly based on the magnitude of their significance). This process is explained in detail in Appendix AH.

Any resulting collection of significant interactions and quadratics could then be merged and tested jointly for nonsignificant interactions and/or quadratics again using "stepwise" entering. This process which is termed the "stepwise-one-interaction-at-a-time" technique is more attractive than trying to sort out any significant interactions or quadratics in the F test set of all interactions and quadratics, or the Appendix AH techniques, for several reasons. Perhaps most important is that the testing of an interaction and its related quadratics, given the hypothesized model, means that any resulting significant interaction or quadratic is based on the hypothesized model, rather than on the chance presence or absence of unrelated interactions and quadratics. In addition, the matter of mistaking an interaction for a related quadratic (or vice versa) is resolved by testing each interaction with its related quadratics. As a result, the stepwise-one-interaction-at-a-time technique quickly reduces the testing of a large number of interactions and quadratics to the sequential testing of just the interactions (with their related quadratics).

If F is significant and the stepwise-one-at-a-time technique fails to identify any significant interactions or quadratics, the search should probably be terminated. As previously stated a full search is usually impractical,
 and it is usually impossible to chose from the subsets of significant interactions and quadratics that are found, for the reasons stated earlier. A reasonable statement for the research report might be: "based on the significant F, there may be significant interactions and/or quadratics, but none are readily apparent without an exhaustive search that is beyond the scope of this research."

NONSIGNIFICANT HYPOTHESIZED ASSOCIATIONS
A related but somewhat different question involving unhypothesized interactions and/or quadratics is, "is an unmodeled interaction or quadratic responsible for a nonsignificant hypothesized association?" For example if the Z-Y association in Y = b1X + b2Z  + b3W + ζ were hypothesized to be significant (i.e., b2 should be significant) but it turned out to be non significant, one could ask, is there an interaction or quadratic suppressing b2 (i.e., XZ, ZZ or ZW-- relevant suppressors of b2 will involve Z)? My own experience suggests that this occurs more often than many substantive researchers realize, and it is one explanation for an hypothesized association being significant in one study and not significant or with the opposite sign in another study (i.e., inconsistent results across studies).

In addition, exploring the possibility of significant interactions and/or quadratics could be beneficial to survey model tests in other ways. It could add the dimension to interpretation that is common in experiments analyzed with ANOVA, but missing from survey research: the investigation of the possibility of contingent 'effects' or associations (i.e., the possibility that significant associations were non significant for some values of an interacting or quadratic variable, and that nonsignificant associations were actually significant for other values of an interacting or quadratic variable). In different words, a significant suppressor interaction(s) and/or quadratic(s) could be used to provide a possible explanation for the observed lack of hypothesized associations.

To investigate the possibility of significant unhypothesized interaction(s) and/or quadratic(s), several approaches could be taken. One approach would be to perform the overall F test just described and then examine the significant interactions and quadratics. However as previously mentioned, my experience with real world data sets suggests that there may be none. It also suggests that any significant interaction in this set will become nonsignificant when the other nonsignificant interactions and quadratics are trimmed. Further, if any significant interactions/quadratics remain after trimming, it is also likely that one or more of them can become nonsignificant if a significant interaction or quadratic is temporarily removed (i.e., significance depends on the presence of other interactions or quadratics).

Another approach would be to use the stepwise-one-at-a-time technique-- each nonsignificant association in the model could be probed for moderation (i.e, is it being suppressed?). This could be accomplished by estimating the hypothesized (i.e., the first order) model with a candidate suppressor interaction, XZ for example, and its relevant quadratics (e.g., XX and ZZ) (stepwise) added, then removing this candidate suppressor interaction and its relevant quadratics and (stepwise) adding the next candidate suppressor interaction, and so on. Any resulting collection of significant suppressors could then be merged and (stepwise) tested for nonsignificant suppressors.

If the overall F test is significant but the stepwise-one-at-a-time technique does not identify any significant suppressors, searching should probably cease and the research report should include a statement such as "based on the significant F, there may be significant suppressor interactions and/or quadratics, but none are readily apparent without extensive searching that is beyond the scope of this research."

A SUMMARY
Thus, in order to answer the question "are there likely to be any significant interactions or quadratics in the model?," the overall F test should be performed. If it is significant, the stepwise-one-at-a-time technique could be used to identify significant interactions and/or quadratics for interpretation. If the F test is significant but no significant interactions or quadratics were identified by the stepwise-one-at-a-time technique, probing should probably be discontinued with a statement in the research report to the effect that while significant interactions and/or quadratics may exist, none were found after a reasonable effort was made and that and further searching is beyond the scope of the research.

To answer the question "is an unmodeled interaction or quadratic responsible for a nonsignificant hypothesized association?" the overall F test should be performed. If it is significant, the stepwise-one-at-a-time technique could be used to identify any significant relevant suppressor interactions and/or quadratics. If F is significant but no significant suppressors were identified by the stepwise-one-at-a-time technique, probing should probably be discontinued with a statement in the research report to the effect that while significant suppressors may exist, none were found after a reasonable effort was made.

COMMENTS
The amount of specification work required to perform the suggested F test is considerable. Laroche (1985) proposed a test for nonlinearities (i.e., interactions or quadratics) in survey data that I have not investigated, but which may be useful in this regard. It is also possible that in some cases the unique interactions and quadratics could be replaced by a few test variables that are related to the sum of the independent variables (e.g., for overall F test purposes XX, XZ and ZZ could be replaced by (X+Z)2) and the resulting fewer single latent variables could be tested in order to reduce the amount of specification effort for the F test. This is obviously an area that needs more work.

AN EXAMPLE OF POST HOC PROBING FOR LATENT VARIABLE INTERACTIONS AND QUADRATICS
As a pedagogical example of the above discussion, a survey involving the latent variables T, U, V, W, and Y, and their indicators ti (i=1,5), uj (j=1,4), vk (k=1,4), wp (p=1,4), and yq (q=1,5), that produced 232 usable responses, will be summarized.
 The measures for the latent variables were judged to have acceptable reliability, and content, construct, convergent and discriminant validity.

The structural model with the two (simultaneous linear) structural equations

Y = b1T + b2U + b3V + b4W + ζY
(33

and

U = b5T + b6W + ζU
(33a

was estimated using LISREL 8 and Maximum Likelihood estimation (i.e., Figure 3 with the interactions or quadratics excluded). The results suggested that the model fit the data (see Table AIH), and that U was associated with Y, and U was associated with T and W, but that T, V and W were not associated with Y (again, see Table AH1).

At this point several options were available. The Table AH1 results could be simply be reported as customarily done in survey model tests. Or, the model could be post hoc probed using the stepwise-one-at-a-time technique suggested above, and any significant interactions and/or quadratics could be used to interpret the significant and nonsignificant model associations.

F Test
To accomplish this latter option each indicator of the independent and dependent variables was mean centered by subtracting the indicators mean from its value in each of the cases. Then the indicators for the constituent variables for the interactions and quadratics of interest (i.e., those that could be involved in the T-U, W-U and U-Y associations for interpretation of the significant associations, TW, TU, UV, UW, TT, UU, VV and WW, or T, U, V and W) were summed then averaged in each of the cases,
 and the single indicators for each possible interaction and quadratic,

t:t = ((t1+t2+t3+t4+t5)/5)2,
(34

t:u = ((t1+t2+t3+t4+t5)/5)((u1+u2+u3+u4)/4), t:v = ((t1+t2+t3+t4+t5)/5) ((v1+v2+v3+v4)/4), t:w = ((t1+t2+t3+t4+t5)/5)((w1+w2+w3+w4)/4), u:u, u:v, u:w, v:v, v:w, and w:w were computed and added to each case.

Then, the Equations 33 and 33a model was respecified to include all the interactions and quadratics (i.e., Figure 3). These interactions and quadratics were specified using reliability loadings and errors for the interactions and quadratics (i.e., the Equation 17-18a approximations for loadings and measurement errors), and they were calculated using coefficient alphas, error attenuated variances available in SAS, SPSS, etc., and correlations among the latent variables from the previous structural model (i.e., without the interactions and quadratics) (see Table AH1). In addition, the variance of each interaction and quadratic was freed, and except for correlations between U and TT, TW and WW, each interaction and quadratic was allowed to intercorrelate with the other variables (e.g., TT was free to covary with T, V, etc., TU with T, U, V, etc.).
 This is required because it is well known that interactions and quadratics are correlated with their constituent variables (e.g., TU is correlated with T and U) in real-world survey data sets, and model fit is degraded and coefficient estimates are biased otherwise.

Next, the Figure 3 structural model with all possible interactions and quadratics added (and the dashed paths free) was estimated using LISREL 8 and Maximum Likelihood estimation. The resulting overall F test statistic was significant (see Table I). However as Table I shows there were no significant interactions or quadratics in the F test set of interactions and quadratics.

The significance of the F test could be viewed as suggesting that one or more significant interactions or quadratics do exist, despite the fact that none was significant in the overall F test estimation. In fact, as demonstrated in Appendix AH, there are at least 5 subsets of significant interactions and quadratics, any one of which could be used to explain the nonsignificant T, V and W associations with Y.

Probing
For those reasons each association in the model was tested, to see if they are being moderated, using the stepwise-one-interaction-at-a-time technique discussed earlier. This was accomplished by estimating the model with, for example, the TU interaction added, along with its relevant quadratics TT and UU. Next TU, TT and UU were replaced by TW, TT and WW and the model was reestimated, and so on. The resulting collection of significant interactions and quadratics were then merged and (stepwise) tested jointly for any nonsignificant interactions and/or quadratics produced by merging. The details are as follows.

TU, TT and UU
Testing TU with its related quadratics was accomplished by adding TU to Equation 33 but not Equation 33a. Although it is not obvious without obtaining the factored coefficient of U that would result from adding TU to Equation 33a, adding TU to Equation 33a creates interpretation difficulties.
 For similar reasons, TU's related quadratic UU was added to Equation 33 but not to Equation 33a. As a rule, interaction and quadratic specification should be accomplished only after the equations implied by the model have been written out and examined for the relevant and admissible moderations implied by each equation (see Footnote 20). For example, the only relevant admissible moderations implied by Equation 33a are those for T and W. For this reason only the moderators involving T and W (i.e., TT, TW and WW) should be added to Equation 33a, and thus the only paths between U and the Figure 3 interactions or quadratics that should be freed are those from TT, TW and/or WW.

The result for testing TU, TT and UU was the augmented model

Y = b1T + b2U + b3V + b4W + b7TT + b8TU + b9UU + ζY ,

U = b5T + b6W + b10TT + ζU
with the TT, TU and UU paths fixed at zero so they could be "stepped in" using Modification Indices (LMTEST in EQS). This model was estimated and the result, which fit the data (RMSEA = .043), had modification indices (MI's) for beta (LMTEST in EQS) which suggested that the TT-Y path would be significant if its path were freed (i.e., its modification index was above 3.8 which roughly corresponds to a t-value of 2 with 1 degree of freedom for b's), but TT-U, TU-Y and UU-Y would not be significant if either of their paths were freed instead (see Table AH2 Estimation Number 0:
 MITT-Y = 6.28, MITT-U = 3.52, MITU-Y = 2.24, MIUU-Y = .37). The path with the largest modification index (TT-Y) was freed and in the resulting model, which fit the data (RMSEA = .042), TT-Y was significant (b7 = ‑.17, t = ‑2.59; b10 = .14, t = 1.95) (not shown). An inspection of the modification indices produced by this estimation suggested that neither TU-Y nor UU-Y would be significant if their paths were subsequently freed (MITU-Y = 1.05, MIUU-Y = 2.70) (see Table X at TT Free Estimation).

Summarizing, testing TU and its attendant quadratics, TT and UU, using the stepwise-one-at-a-time technique revealed that only TT-Y was significant.

TV, TT and VV
Next, TU and its related quadratics were removed from Equation 33 and TV and its related quadratics were added to produce the path model (without the b's)

Y = T + U + V + W + TT + TV + VV ,

U = T + W

with the TT, TV and VV paths fixed at zero so the interaction or quadratic with the largest modification index (above 3.8) could be stepped in.
 The results of estimating this model, which fit the data, suggested that TT-Y, TV-Y or VV-Y would be significant if their respective path were freed (again see Table AH2 Estimation Number 0:
 MITT-Y = 6.28, MITV-Y = 6.57, MIVV-Y = 6.78, MITT-U = 3.52). Freeing the path corresponding to the largest modification index (i.e., for VV-Y) produced a model that fit the data and a significant coefficient for VV (not shown). The modification indices in this model suggested that TT-Y would be significant if its path were subsequently freed (see Table X VV Free Estimation:
 MITT-Y = 4.51, MITV-Y = 1.86, MITT-U = 3.56)(vv.out). Freeing the path corresponding to the largest modification index (i.e., for TT-Y) produced a model that fit the data and significant coefficients for VV and TT (not shown) (oneatime). The modification index in this model suggested that TV-Y would not be significant if its path were subsequently freed (MITV-Y = .97) (not shown).

Summarizing, testing TV and its attendant quadratics, TT and VV, using the stepwise-one-at-a-time technique revealed that VV-Y and TT-Y were significant (TT-Y was also identified as significant earlier).

TW, UV, UW and VW
This process was repeated for the balance of the interactions, TW, UV, UW, and VW. The path model for VW for example was 

Y = T + U + V + W + VV + VW + WW

U = T + W + WW

and it suggested that VV or VW would be significant if their respective path were freed (again see Table AH2 Estimation Number 0:
 MIVV-Y = 6.78, MIVW-Y = 5.26, MIWW-Y = 3.00, MIWW-U = .02). Freeing the largest modification index, the coefficient for VV-Y was significant but the resulting modification indices for VW-Y, WW-Y and WW-U suggested they would not be significant if either of their paths were subsequently freed (see Table X VV Free Estimation:
 MIVW-Y = .11, MIWW-Y = .99, MIWW-U = .02)(oneatimb).

In Summary
After testing TU, TV, TW, UV, UW and VW with their attendant quadratics using the stepwise-one-interaction-at-a-time technique, the results suggested there were two population quadratics, TT-Y and VV-Y, and no significant interactions. These two quadratics were then tested together by stepping them into the Equations 27 and 27a model. First they were specified in the path model

Y = T + U + V + W + TT + VV

U = T + W

with the TT and VV paths fixed at zero, and the resulting model estimation produced Modification Indices that suggested that either would be significant (again see Table AH2 Estimation Number 0:
 MITT-Y = 6.28, MIVV-Y = 6.78). Freeing the path corresponding to the larger Modification Index, VV-Y, and estimating the resulting model, the VV-Y path coefficient was significant (bVV-Y = -.16, tVV-Y = -2.63) (not shown). The resulting Modification Index for the TT-Y association suggested it would be significant if it were freed next (see Table X VV Free Estimation:
 MITT-Y = 4.51). Freeing this path produced significant VV-Y and TT-Y associations (bVV-Y = -.13, tVV-Y = -2.25, bTT-Y = -.14, tTT-Y = -2.16) (oneatimg)(not shown).

At this point TU, TV, TW, UV, UW and VW have been tested with their attendant quadratics using the stepwise-one-interaction-at-a-time technique. The resulting significant quadratics, TT and VV, were then tested together (which was not done in testing TU, TV, TW, UV, UW and VW with their attendant quadratics). The results revealed that TT-Y and VV-Y were each significant alone, and they were significant in each other's presence.

Interpretation
The results of estimating the Equations 33 and 33a model with TT and VV added are shown in Table J (Part a), along with the results of using the Ping (1995) (direct estimation) and Kenny and Judd (1984) approaches. The Ping (1995) direct estimation results (Table J Part b) are interpretationally equivalent to the results using the reliability loadings (i.e., Equations 17-18a). However, the Kenny and Judd (1984) results (Table J Part c) are not interpretationally equivalent, probably because the model did fit the data.

Comparing the Table AH1 results with the Table J Part b model results,
 the nonsignificant T-Y association shown in Table AH1 was contingent (i.e., moderated by TT) in the study, and it is likely to be contingent in future studies (i.e., TT was significant). The significant U-Y association was unchanged between Table AH1 and Table J Part b, and it was not contingent in the study. The nonsignificant V-Y association in Table AH1 was contingent (i.e., moderated by VV) in the study, and it is likely to be contingent in future studies (i.e., VV was significant). Finally, the nonsignificant W-Y association in Table AI1 was significant in Table J Part b.

Interpreting the Table J Part b results, the contingent T-Y association had the structural coefficient -.126 - .117T (-.126T-.117TT = [-.127-.146T]T), and as shown in Table K it was significant only for the highest levels of existing T. To explain, when the existing level of T was low in the sample, the T-Y association was not significant, and small changes in T were not associated with changes in Y. However, as the level of existing T increased in the sample to above the study average for T (i.e., 0 because the indicators of T were mean centered-- the uncentered values could have also been shown, or shown instead as they were in Table F, but the Column 1 mean centered values should be used to compute the Column 2 factored coefficients), an additional small change in T was negatively associated with Y.

The significant U-Y association, which was noncontingent in the study because no significant moderators (i.e., interactions or quadratics) were identified, was positive, and at all levels of U, small changes in U were positively associated with Y (see Table J Part b). However the contingent V-Y association was significant only at the highest levels of V respectively in the study, and when the existing level of V was above the study average, small changes in V were negatively associated with Y (see Columns 5, 6 and 8 of Table K). Finally, the significant and noncontingent W-Y association was positive, and for any existing level of W, small changes in W were positively associated with Y (see Table J Part b).

Comments
Overall F Test
My own experience with real-world survey data sets suggests that the suggested overall F test is a conservative test for interactions and quadratics. The addition of the significant quadratics TT and UU to Equation 33, for example, raised the explained variance of Y by 50% (see Tables AH1 and J), yet the suggested overall F test was only just significant (F = .047, see Table I). Further, and again based on my experience with real-world data, models frequently contain at least one subset of significant interactions and/or quadratics. However, the interactions/quadratics in these subsets may or may not survive the stepwise-one-interaction-at-a-time procedure.


Stepwise-One-at-a-Time
In real-world surveys any interactions/quadratics identified by the stepwise-one-interaction-at-a-time technique could be termed "dominant." For example, while the TV-Y, UV-Y and VW-Y associations were identified as likely to be or actually significant using the Appendix AH search techniques (see Table AH2 Estimation 0, and Table AH7), they were nonsignificant when they were tested with their related quadratics TT-Y and VV-Y using the stepwise-one-at-a-time technique. In addition, although it did not happen in the above example, merging any resulting significant interactions and/or quadratics and "stepping" them into the model based on their significance further increases the likelihood of selecting dominant interactions and/or quadratics.

My experience with the stepwise-one-at-a-time technique and real world data also suggests that these "dominant" interactions/quadratics are likely to be "real" or population interactions/quadratics in that they are significant in replications. This in turn hints that the significant interactions and quadratics identified by the stepwise-one-at-a-time technique may be the "best" subset of interactions and quadratics to use for interpretation of the model test results. To explain, each of these interactions/quadratics is less likely to be mistaken for a related quadratic or interaction; and they are comparatively independent of other significant interactions/quadratics (i.e., if one or more is nonsignificant in subsequent tests, that is likely to have minimal impact on the remaining interactions and/or quadratics). However, this is obviously an area that needs further work.

As the above example suggests, my own experience with the stepwise-one-at-a-time technique also suggests that it is much more likely to identify significant quadratics than it is to identify interactions. Lubinski and Humphreys (1990) reported essentially the same experience using a variation of the stepwise-one-at-a-time technique, and other authors' comments on their substantive experience (not involving the stepwise-one-at-a-time technique) (e.g., Howard 1989:319, and Lillian and Kotler 1983:128) suggest that quadratics may be more common than their reported frequency in survey model test suggest. This too is obviously an area that would benefit from more work.

Scenario Analysis
Whether or not significant interactions and/or quadratics identified in post hoc probing are likely to be significant in subsequent studies should of course be tested in additional studies. A scenario analysis could be used to provide an easily conducted "additional study" that could be reported along with the study in which interactions and/or quadratics were post hoc probed. Scenario analysis has been used elsewhere in the Social Sciences, and it could be used comparatively quickly and inexpensively to test or verify any significant suppressor(s) identified using post-hoc probing in a previous study. Scenario analysis is an experiment in which subjects, usually students, read written scenarios in which they are asked to imagine they are the subjects of an experiment in which variables are verbally manipulated. Then, these subjects are asked to complete a questionnaire containing the study measures (see Appendix AG). The results of this research design when compared with other research designs such as cross sectional surveys (see for example Rusbult, Farrell, Rogers and Mainous, 1988), have been reported to be similar enough to suggest that scenario analysis may be useful in "validating" suppressors. Additional benefits of adding such a study to the original study include that it would provide a second study along with the original study (as routinely done in experimental studies in several branches of the Social Sciences).

Reliability Loadings and Errors
The Table J reliability structural coefficient estimates were interpretationally equivalent to those from measurement model loadings and measurement errors (i.e., Equations 8a, 9a, 10 and 10a). However, while this suggests that for probing, reliability coefficients may be interpretationally equivalent to measurement model-based coefficients, this type of evidence is very weak. These equivalent results may be due to the high reliabilities of the interactions and quadratics (which were above .85, see Table AH1-- the reliabilities of the interactions and quadratics are the square of their loadings).

Thus Equations 17-18a reliability loadings and measurement errors should be considered as approximations, and as a result R22, F, and the results of post hoc probing using reliability loadings and errors should also be considered approximations. So, if the p-value of F is approximately .05, the model should probably be reestimated using loadings and errors based on measurement model parameter estimates (i.e., Equations 17-18a) in order to remove any doubts about the estimated statistics. Further, if the t-value of any interaction or quadratic specified with reliability loadings and measurement errors is near 2, it should also be reestimated using loadings and errors based on measurement model parameter estimates. Nevertheless, this is an area that needs additional work.

Averaging
The Table J (Part a) results of estimating using reliability indicators for TT and VV required that the indicators of TT and VV be averaged (see for example Equation 34). While it was not required, the Table J (Part b) results of estimating the same model with Equations 17-18a indicators for TT and VV also used averaged indicators for TT and VV. As stated previously, in general averaged indicators for interactions/quadratics are desirable because they produce variances that do not overwhelm the covariance matrix to be analyzed (i.e., they are smaller than the variances produced by unaveraged indicators).

Shortcuts
In the stepwise-one-at-a-time probing, interactions and quadratics were not actually removed from the model (e.g., see Table AH2). The F test model was used but the path from any interaction or quadratic to its dependent variable that was to be "removed" was actually fixed at zero. This procedure could produce significances that are different from those produced if the structural coefficient estimates were from a model that physically excludes these variables. For this reason, t-values near 2 in a model with fixed paths should be verified in a model where the interactions and quadratics with fixed paths are physically excluded from the model to be estimated.

As mentioned earlier, Equations 17-18a are less tedious to use with spreadsheets than Equations 8a, 9a, 10 and 10a. Probing with Equations 8a, 9a, 10 and 10a would have required pasting the individual variances of T, U, V and W, plus the individual loadings and measurement error variances for the 17 indicators of T, U, V and W from a measurement model into a spreadsheet. Using Equations 17-18a instead, required pasting the individual reliabilties of T, U, V and W, plus the matrix of correlations of T, U, V and W (i.e., pasted in one step into a spreadsheet), a savings of more than 30 copy-and-pastes.

In addition, further simplifications to Equations 17-18a are possible. For example the loadings in Equations 17 and 18 can be approximated by

ΛXZ  ρXZ1/2 = [(rXZ2 + ρXρZ)/(rXZ2 + 1)]1/2  ρXρZ1/2 ,
(35

and

ΛXX  ρXX1/2 = [(1 + ρX2)/2]1/2  ρX ,
(35a

where the exponent 1/2 indicates the square root.

The efficacy of these approximations are unknown. However, for X and Z that are highly correlated and have low reliability, my own calculations suggest the resulting loadings and structural coefficients are reduced by as much as .16 and .04 in absolute value from their Equations 17-18a values, respectively, but the standard errors are unchanged. This is an area that might benefit from more work.

Specification Cautions
When multiple dependent variables are estimated, especially in simultaneous linear equations (e.g., Equations 33 and 33a), the specification of the intercorrelations among the model variables (i.e., the specification of the PHI matrix in LISREL) requires considerable care in order to avoid an unidentified model. For example, in Figure 3 it is not immediately obvious that U should not be free to correlate with T and W, or with their relevant interactions and quadratics, TT, TW and WW (e.g., in the PHI matrix in LISREL). However, an examination of the equations implied by Figure 3 (see Equations 33 and 33a) more clearly shows that correlating U with T and W (and, even though they are not shown, their relevant interactions and quadratics, TT, TW and WW) would produce nonidentified model (U is a function of T, W, and, in the F test model, their relevant interactions and quadratics TT, TW and WW, and these variables cannot also be intercorrelated). As a rule, these restrictions on intercorrelations are always easier to see when the equations implied by the model are written out as they were in Equations 33 and 33a.

In addition, adding interactions and quadratics to simultaneous linear equations such as Equations 33 and 33a should also be done with care. As previously mentioned TU was added to Equation 33 but not to Equation 33a. Adding TU to Equation 33a changes the form of any significant interaction to one involving nonlinear factored coefficients. As discussed in Footnote 20, with TU added, Equation 33a becomes U = b5T + b6W + b11TU + ζU , which LISREL, EQS, etc. will estimate, producing a significant b11 (= -.179, t = -2.10). However assuming 1-b11T is nonzero, this factors into U = b5T/(1-b11T) + b6W/(1-b11T), which becomes difficult to interpret for b11T near 1 (where 1-b11T is near zero and b5/[1-b11T] and  b6/[1-b11T] are large). While this occurs for T outside its range in the example study, this may not always be the case in every study.

For emphasis, interaction and quadratic specification should be accomplished only after the equations implied by the model have been written out and examined for the relevant moderations implied by each equation. For example, the relevant moderations implied by Equation 33a are those for T and W. For this reason only the moderators involving T and W (i.e., TT, TW and WW) should ever be added to Equation 33a, and thus the only paths between U and the Figure 3 interactions or quadratics that should ever be freed are those from TT, TW and/or WW.

Specifying all possible interactions and quadratics for the suggested overall F test can produce estimation difficulties. For example, in another real-world survey data set (not reported), specifying all possible interactions and quadratics resulted in the number of parameters to be estimated exceeding the number of cases in the sample. In this event, LISREL will produce estimates and a warning message that the estimates that are unstable, and by implication, statistics such as modification indices may be unreliable. To reduce the number of parameters to be estimated in probing the Figure 3 model, for example, T, U, V, W and Y could have been (temporarily) specified using summed indicators (e.g., (t1+t2+t3+t4+t5)/5, (u1+u2+u3+u4)/4, etc.). The loading of each summed indicator could then be specified in several ways. They could be approximated by the square root of the (coefficient alpha) reliability of the indicators (see Equation 12), and the measurement error of each summed indicator could be approximated using Equation 11a with a coefficient alpha reliability and the attenuated variance available in SAS, SPSS, etc. (e.g., the Table AH1 values). Alternatively, they could be specified using measurement model loadings and measurement error variances (see Equation aa in Appendix AF)

As previously stated, when reliability loadings and measurement errors are used (i.e., Equations 17-18a are used) the single indicators (e.g., t:t, t:u, etc.) must be composed of variables that were summed then averaged (see Equation 34). If sums are used (e.g., t:u = (t1+t2+t3+t4+t5)(u1+u2+u3+u4)/ etc.) instead of averages, the square root of the reliability is not the correct loading, and Equations 17-18a should not be used.

Appendix AH
The Exhibit C results in Appendix AH illustrate the difficulties of using OLS regression to estimate latent variable interactions and/or quadratics. In Exhibit C OLS regression with raw data identified spurious interactions and quadratics involving U, although it did suggest the TT-Y and VV-Y quadratics. Thus OLS regression may or may not reliably detect latent variable interactions and/or quadratics. As a rule, OLS regression becomes less useful for more than one dependent or endogenous variable, for relationships among the dependent variables, or as the reliability of the interactions or quadratics decreases.

The Appendix AH results also suggest that the difficulties with OLS regression are not reduced by using dissattenuated (i.e., measurement model, not latent variable regression) covariances. The Appendix AH Exhibit C results using dissattenuated/measurement model variances and covariances were no more trustworthy than those produced using raw data.

The Appendix AH Table AH7 results for the lack of significant interaction and quadratic associations with the dependent/endogenous variable U suggests that not every equation has population interactions or quadratics. Thus there may be survey models in which there are no population interactions or quadratics with real world data.

Other Comments
Higher-order multiplicative interactions and quadratics (e.g., three way interactions such as TUV, combinations of interactions and quadratics such as TTU, etc.) may be important in model tests involving survey data. Thus a more complete investigation in the above example would have included at least second-order interactions (e.g., TUV, TUW, etc.). However, with the exception of cubics (discussed later), there is no guidance for the proper specification of these variables using structural equation analysis, and OLS regression is the only available tool if these variables are of interest. The interested reader is directed to Aiken and West (1991) and Cohen and Cohen (1983) for further discussions of regression estimation of these variables, and this is obviously an area where more work is needed.

It is believed that adding interactions or quadratics to a structural model degrades model-to-data fit (e.g., Jaccard and Wan 1995). However, comparing the Table AH1 model fit (e.g., CFI and RMSEA) with those in Table I suggests that the effect of adding (many) interactions and quadratics specified with a single indicator can be minimal. In particular, although the cross validation properties of the Figure 3 model without interactions or quadratics (i.e., the Table AH1 model) is slightly better that the Figure 3 model with significant interactions and quadratics added (e.g., the Tables I and AH8 models), model fits changed trivially there as well.

Equation 12, and thus Equations 17 and 18, are no longer an approximation if the variance of X is one. Unfortunately, this may be equivalent to analyzing correlations which is believed to produce false positive and/or false negative interaction or quadratic coefficients (because the standard errors are incorrect when correlations are analyzed-- see Jöreskog and Sörbom 1996). This too is an area that could use more work.

Latent Variable Regression or Pseudo Latent Variable Regression could be used for the overall F test and post hoc probing. However, without more automation of the process of adjusting the covariance matrix, these alternatives would be considerably more work than using single indicators.

(end of download)

� This discussion is based on Ping (1996b).


� Setting Equation 13 (the reliability of XZ) equal to .7 and solving for reliability with r2 = (.5)2 suggests that ρXρZ should be greater than or equal to .8*.8.


� Setting Equation 15 equal to .7 and solving for reliability suggests that ρX can be as low as .63 and still produce an XX with a reliability of .7.


� While it is a standard assumption in structural equation modeling (e.g., Bollen 1989), mean centering has been the source of much confusion in regression analysis. The interested reader is directed to Aiken and West (1991) for an exhaustive and compelling demonstration of the efficacy of mean centering.


� However, it is not the case that nonnormality is sufficient for interactions in real world data, and another view is that a population interaction creates nonnormality in real world data.


� This discussion is based on Ping (1996b).


� Rusbult, Farrell, Rogers and Mainous (1988) reported multiple studies of employee reactions to dissatisfaction that included a study involving 'Scenario Analysis.' In this experiment students were instructed to read written scenarios in which they were to imagine they were the subjects of the experiment. The results of this research design and the other research designs reported in Rusbult, et al. (1988) (that had considerably more internal and external validity) were generally similar. Although no interactions were reported in their study, the similarity of their Scenario Analysis results with those from the other designs they reported suggests that an experiment using Scenario Analysis might be appropriate as a easily executed second study.


� The variable names have been disguised to skirt non pedagogical issues such as the theory behind the model, etc.


� Omitting an item must be done with concern that the omitted item does not degrade content or face validity.


� Content validity was judged by a panel of experts (i.e., to determine if the items were instances of, or "taped," their construct definition). Construct validity was judged by examining the measurement model correlations among the constructs (i.e., the constructs should intercorrelate in plausible directions). Convergent and discriminant validities were judged using Average Variance Extracted (AVE, see Fornell and Larker 1981). Convergent validity is suggested by the AVE of each construct exceeding .5, and discriminant validity is suggested by the square of the measurement model correlation between each pair of constructs (i.e., common or shared variance) being less than the AVE's of either construct (i.e., unique variance) (see Fornell and Larker 1981). These matters are discussed in more detail for "Second-order" constructs.


� As before, omitting an item must be done with concern for the content or face validity of the interaction. In the case of an interaction or quadratic, however, it is difficult to gauge changes in content validity. While it is likely that there can be no hard and fast rules, an indicator, xazb for example, of XZ that involves indicators with a loading of 1 (i.e., λxa = 1 or λzb = 1), especially if λxa = 1 and λzb = 1 may contribute most to the content validity of XZ. An additional safeguard would be to exploratory factor analyze the indicators of XZ (e.g., using maximum likelihood with a varimax rotation) and use the first derivative process on the Factor 1 items.


� An estimate of the square root of the number of cases that should have been analyzed to make a non significant coefficient significant is the target t-value, 2, times the square root of the sample size divided by the observed t-value. For SxI in Line 1 of Table G, (-2)2(200)/(-1.91)2 = 219.


� See Footnote 11.


� Hypothesizing XZ, for example, to be significant is equivalent to hypothesizing that X and Z have a factored coefficients that are significant over at least part(s) of the range of their moderating variables Z or X respectively (i.e., the coefficients of X and Z are moderated and thus they are variable rather than constant). If a related quadratic such as ZZ, for example, were significant when XZ was not significant, this would still mean that the Z-Y association is moderated (i.e, variable). However, the Z-Y association is moderated by Z instead of X (the factored coefficient of Z would be bZ + bZZZ instead of the bZ + bXZX implied by hypothesizing the significance of XZ). This would require new theory that argues that Z moderates the Z-Y association instead of X. Nevertheless, while the disconfirmation of "X moderating the Z-Y" could be viewed as a dramatic change in theory, the real issue in the theory may be whether or not the coefficient of Z is variable rather than a constant. The matter of which model variable is the moderator may be a separate issue.


� For a model with 4 predictors there are 10 interactions and quadratics, and a full search of all possible combinations of these interactions and quadratics involves the sum over r of 10! / (r!(10 - r)!), where r takes on the values 1, 2, ..., 10, and the symbol (!) denotes a factorial (e.g., 10! = 10x9x8x...x1).


� See Footnote 8.


� As before, content validity was judged to be acceptable by a panel of experts (i.e., the items appeared to be instances of, or "tap," their theoretical construct, as each construct was defined in its construct definition), while construct validity was established by examining the measurement model correlations among the constructs (i.e., the constructs should intercorrelate in theoretically predicted and/or sound directions). Convergent and discriminant validities were established using Average Variance Extracted (AVE, see Fornell and Larker 1981). Convergent validity was suggested by the AVE of each construct exceeding .5, and discriminant validity was suggested by the square of the measurement model correlation between each pair of constructs being less than the AVE's of either construct (see Fornell and Larker 1981). These matters are discussed further for "Second-order" constructs.


� Averaging has several advantages over simply summing the variables to form the single indicators. Averaged indicators produce latent variable interaction and/or quadratics variances that are similar in magnitude to the other variances and covariances to be analyzed. This can be important with covariance matrices that have large determinants, which in turn have very small reciprocals that can produce empirical indeterminacy. They are also required when reliability loadings and errors are used.


� Allowing interactions and/or quadratics involving T or W to intercorrelate with U will produce an unidentified model when they are added to Equation 33a. This matter will be discussed further later.


� With TU added, Equation 33a becomes U = b5T + b6W + b11TU + ζU , which LISREL, EQS, etc. will estimate, producing a significant b11 (= -.179, t = -2.10). This factors into U = b5T/(1-b11T) + b6W/(1-b11T), which becomes difficult to interpret for b11T is in a neighborhood 1 (and 1-b11T in a neighborhood of zero, where b5/[1-b11T] and  b6/[1-b11T] are either arbitrarily large or undefined). While this happens to occur for T outside its range in this study, this may not always be the case, and to avoid such non linear factored coefficients, only relevant admissible moderators (i.e., involving the first order variables T and W in this case) should be added to an equation.


� In Table AH2 Estimation 0 the modification indices for TV, TW, UV, UW, VV, VW and WW were not crossed out as irrelevant because this table is used for additional purposes.


� TV is not a moderator of a significant association, but it is a relevant suppressor of T and V, which will be investigated later.


� In Table AH2 Estimation 0 the modification indices for TU, TW, UU, UV, UW, VW and WW were not crossed out as irrelevant because this table is used for additional purposes.


� In Table X VV Free Estimation the modification indices for VW and WW were not crossed out as irrelevant because this table is used for additional purposes. 


� In Table AH2 Estimation 0 the modification indices for TT, TU, TV, TW, UU, UV, and UW were not crossed out as irrelevant because this table is used for additional purposes.


� In Table X VV Free Estimation the modification indices for TT and TV were not crossed out as irrelevant because this table is used for additional purposes. 


� In Table AH2 Estimation 0 the modification indices for TU, TV, TW, UU, UV, UW, VW and WW were not crossed out as irrelevant because this table is used for additional purposes.


� In Table X VV Free Estimation the modification indices for TV, VW and WW were not crossed out as irrelevant because this table is used for additional purposes. 


� The Kenny and Judd (1984) approach required adding 15 product indicators (e.g., t2t2, t2t4, etc.) to specify TT and 10 product indicators to specify VV, which guaranteed that TT and VV were inconsistent (i.e., they did not fit the data).


� Table J Part a should not be used because it involves reliability loadings and measurement errors and thus they are approximate, and Part c is likely to be incorrect because the model did fit the data.


� Other factorings are equally difficult to interpret. Adding TU to Equation 33a could be argued to create the path equation (1-bT)U = T + W. However, it is not obvious how to interpret this equation either. This obviously is an area that needs more work.
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