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IV. INVESTIGATING INTERACTIONS AND QUADRATICS

 
IN STRUCTURAL EQUATION  ANALYSIS
Interactions and quadratics figure prominently in the social science theory (e.g., Ajzen and Fishbein 1980; Sherif and Hovland 1961-- see Aiken and West 1991 for a summary) (in my discipline Marketing for example see Walker, Churchill and Ford 1977; Weitz 1981; Engle, Blackwell and Kollat 1978; Howard 1977; Howard and Sheth 1969; Dwyer, Schurr and Oh 1987; and Stern and Reve 1980). Hypothesized or not, they routinely occur in experimental data, and many commercially available statistical packages (e.g., SAS, SPSS, etc.) that provide an ANOVA procedure estimate all possible interactions by default. Experimental researchers welcome this to help them interpret significant "main effects" (conceptually similar to b1 and b2 in Equation 2-- see Hays 1963).

Perhaps curiously, however, interactions and quadratics are seldom investigated or reported in studies involving survey data. McClelland and Judd's 1993 results appear to suggest that they are less likely in surveys than they are in experiments. They demonstrated empirically what had been derived earlier, that interactions are a result of nonormality in the data (Kendall and Stewart 1969: 60, see Aiken and West 1991: 181) and that surveys tend to produce data that is less nonnormal than experiments.
 Podsakoff, Tudor, Grover and Huber's 1984 results seem to confirm this. They examined 576 interactions involving moderators of leadership behaviors (i.e., interactions) using ordinary least squares (OLS) regression and survey data, and found 72 were significant, an incidence rate only slightly above that of chance. Nevertheless as mentioned earlier, some authors believe interactions and quadratics are more likely than their reported occurrence in published survey research suggests (e.g., Aiken and West 1991; Busemeyer and Jones 1983; Birnbaum 1973, 1974; Jaccard, Turrisi and Wan 1990).

The work of Busemeyer and Jones (1983) among others (e.g., Bohrnstedt and Carter 1971; see demonstra​tions in Aiken and West 1991, Cohen and Cohen 1983, Cochran 1968; Fuller 1987; and Kenny 1979) suggested that some of these difficulties may be a result of the estimation techniques used to estimate interactions and quadratics in survey data. These authors demonstrated that OLS regression is unreliable for estimating interaction coefficients in XZ, for example, when the interaction's constituent variables (e.g., X and Z) are measured with error (e.g., when they are latent variables). As previously mentioned, the resulting regression coefficients are biased (i.e., regression coefficient averages across many data sets do not approximate the population value) and they are inefficient (i.e., coefficient estimates vary widely across data sets from the same population) (see Ping 1996c for examples).

The techniques used to detect interactions and quadratics in survey data can be categorized into correlational techniques, product-term regression, errors-in-variables regression techniques, subgroup analysis, and structural equation techniques.
 Because correlational techniques are now less frequently used in the social sciences the interested reader is directed to Jaccard, Turrisi and Wan (1990) for further discussion of these techniques.

The following material summarizes the available interaction/quadratic estimation techniques. It is important for several reasons. Not only does it add to our understanding of interactions and quadratics, it suggests the amount of work that has been devoted to detecting interactions and quadratics in survey data. This latter reason seems paradoxical given the lack of substantive attention survey interactions and quadratics have received in the theoretical-model-test literature in the social sciences. The discussion will be restricted to latent variables in Equation 2 that are specified as shown in Figure 4, or using sums of indica​tors (e.g, X = x1 + x2 + ... + xn, XZ = X*Z = (x1 + x2 + ... + xn)(z1 + z2 + ... + zm), ZZ = Z*Z = (z1 + z2 + ... + zn)(z1 + z2 + ... + zm)) as shown in Figure 5.


V. CLASSICAL APPROACHES TO DETECTING OR ESTIMATING


INTERACTIONS AND QUADRATICS
CLASSICAL REGRESSION-BASED APPROACHES TO DETECTING OR ESTIMATING INTERACTIONS AND QUADRATICS
Product Term Regression
In product term regression (Blalock 1965; Cohen 1968), first order latent variables such as X, Z and Y in Equation 2 are formed using the sum of their indicators, and the dependent variable Y is regressed on the first order independent vari​ables plus one or more second order variables such as XZ formed as prod​ucts of the first order inde​pendent variables (e.g., XZ = X*Z = (x1 + x2 + ... + xn)(z1 + z2 + ... + zm)).

This technique has been popular in several social sciences literatures and it is generally recommended for continu​ous variables (Cohen and Cohen 1983, Jaccard, et al. 1990; Aiken and West 1991). However as mentioned earlier, because it relies on regression this technique is known to produce biased and inefficient coefficient estimates for latent variables (Busemeyer and Jones 1983; Bohrnstedt and Carter 1971; see demonstra​tions in Aiken and West 1991, Cohen and Cohen 1983, Cochran 1968; Fuller 1987; and Kenny 1979). These difficulties increase as reliability declines (see Aiken and West 1991) and the reliability of an interaction or quadratic is a function of the product of its constituent variables (e.g., if X and Z have reliabilities of .8 the reliability of XZ is in the neighborhood of .64). As a result regression can produce falsely significant or falsely non significant interaction or quadratic results.

However, other approaches have been proposed, including errors-in-variables regression techniques.

Errors-in-variables  Regression
While some might say that they have not been available long enough to be termed classic, typical of the errors-in-variables regression techniques are the Warren, White and Fuller (1974) for first-order variables (e.g., X and Z), and Heise's (1986) proposals for higher-order variables (e.g., XZ, XX and ZZ). In these techniques the covariance matrix used in regression is adjusted to account for the measurement errors in the vari​ables (see Feucht 1989 for a summary of the Fuller-Heise technique). In particular, the covariance matrix produced by the sample data is adjusted using estimates of the errors. Regression estimates are then produced using this adjusted matrix in place of the customary unadjusted covariance matrix.

These approaches are infrequently seen in the social science literature perhaps because they ​are inaccessible to many substantive researchers. In addition they lack significance testing statistics (Bollen 1989) and are therefore not particularly useful ​for theory testing.

Subgroup  Analysis
Subgroup analysis, however, has been popular in the social sciences for detecting interactions and quadratics, and it predates errors-in-variables regression. This approach to investigating interactions and quadratics involves dividing the sample into subsets of cases based on different levels of a ​​moderating vari​able (e.g., X, which is part of the factored coefficient of Z in Equation 2f-- in this case X could be said to moderate Z's effect on Y), typically low and high levels of the moderating variable. The coeffi​cients of the first-order-terms-only model (e.g., Equation 2wo) are then esti​mated in each subset of cases using regression (structural equation analysis can also be used-- see Jöreskog, 1971). The resulting pair(s) of coef​fi​cients (i.e., b2'low and b2'high ) are tested for signif​icant differ​ences between the groups using a coeffi​cient differ​ence test (see Jaccard, et al., 1990: 49). If b2'low and b2'high are significantly different this suggests that X moderates the Z-Y association. To visualize this consider Figure 2B again. The slope of line 3 (b2' at a lower X, xc) will be different from the slope of line 4 (b2' at a higher X, xd) because of the moderation/interaction (i.e., the factored coefficient b2 + b3X), and thus the b2' coefficients will be different.

This technique is preferred in some situations (see Jaccard, et al. 1990 and Sharma, Durand and Gur-Arie 1981). However, subgroup analysis using regression is criticized in the psychometric literature for its reduction of statistical power (because the subsets each have fewer cases) and thus its increased likelihood of falsely non significant results (Cohen and Cohen 1983; Jaccard, et al. 1990). Maxwell and Delaney (1993) showed that a dicotomizing technique using ANOVA can also produce falsely significant or spurious interactions. Presumably since regression is similar to ANOVA (see Aiken and West 1991) this should also be true for regression. In addition because it relies on regression, this technique will produce biased and inefficient coefficient estimates for variables measure with error (i.e., latent variables), and this affects the reliability of the coefficient difference test(s).

For subgroup analysis using structural equation analysis instead of regression (see Jöreskog and Sörbom 1996b), coefficient bias, and thus the coefficient difference test(s), is no longer a concern. However coefficient estimates for any detected interaction are not available, and the sample size requirements of structural equation analysis limit its utility in this application. Samples of 200 cases (per subset) are customarily recommend​ed to produce at least one case per element of the indicator covariance matrix and thereby increase the likelihood that the estimated covariance matrix is approximately asymptotically correct (see Jöreskog and Sörbom 1993) (Boomsma, 1983) (see Gerbing and Anderson 1985 for an alternative view). 

Variations
Variations on the subgroup analysis theme for detecting interactions and quadratics include dummy variable regression (Cohen, 1968), and ANOVA analysis. The ANOVA approach to detecting an interac​tion among continuous variables typically involves dicotomizing the indepen​dent variables in Equation 2wo for example (i.e., X and Z), frequently at their medians. This is accomplished by creating categorical variables that represent two levels of each indepen​dent variable (e.g., high and low), then analyzing these categori​cal indepen​dent variables using an ANOVA ver​sion of Equation 2wo).

This technique is less frequently seen in the social science literatures, and it too is criticized for its reduced statis​tical power that increases the likeli​hood of falsely non significant results ​(Cohen, 1968; Humphreys and Fleishman, 1974; Maxwell, Delaney and Dill, 1984). As previously mentioned, ​Maxwell and Delaney (1993) showed that this technique can also produce falsely significant results.

To use dummy variable  regression to detect an interac​tion between for example X and Z in Equation 2, the terms involving the interacting variable, X, and ZZ in Equation 2 are dropped, and dummy variables are added to create the regression equation

Y = b"0 + a0D + b"2Z + a1DZ ,

where D = {0 if Xi is less than the median of ​X, 1 otherwise}, (i=1, ... , the number of cases) and DZ is the product of D and Z. A signif​icant a1 sug​gests an interaction be​tween Z and the variable that pro​duced the subsets (e.g., X).

Although this technique has been recommended (Dillon and Goldstein 1984) it is seldom seen in the substantive literatures. It involves sample splitting which is heavily criticized, and relies on regression which is known to produce biased and inefficient coefficient estimates for latent variables (which in turn affects the reliability of the a1 coefficient).

A Chow (1960) test can be used with dummy variable regres​sion and subgroup analysis to suggest the pres​ence of an interac​tion. Its use in subgroup analysis involves splitting the sample using for example the values of X in Equation 2wo and dropping X from the equation to be estimated. Three estimates of the sum of squared error (SSE's) are then obtained, one from estimating Equation 2wo without X in each subset, and one more from estimating Equation 2wo without X in the full data set. If there is a significant differ​ence when comparing the sum of the SSE's from the subsets to the SSE from the full data set, this is considered to be evidence that X moderates the Z-Y association (i.e., there is an interaction between X and Z).

This test has appeared in the substantive literatures, it can be used for detecting a quadratic, and it can be adapted for use in dummy variable regression (see Dillon and Goldstein, 1984). This technique has also been recommended (Dillon and Goldstein, 1984), but because it involves regression and sample splitting it has all of the drawbacks previously discussed when it is used with latent variables.

EFFICACY OF CLASSICAL REGRESSION-BASED APPROACHES
Despite the fact that regression based techniques are criticized by methodologists when they are used with latent variables, they are still used in substantive research. In fact they are preferred in several disciplines perhaps because they are easily implemented and understood, and the point at which regression ceases to be useful with latent variables in real-world data is not known. However, Jaccard and Wan (1995) reported that product-term regression detected known interactions with a frequency of 50% to 74% in simulated data sets that represented realistic research situations (population interaction coefficient sizes of .05 and .1; first order variables such as X and Z in Equation 2, with .7 reliability; 175 cases; and first order variable intercorrelations of .2 to .4). For first order variables with reliabilities of .9, the detection rates improved to 83% and 98% under the same conditions for population interaction coefficient sizes of .05 and .1 respectively) (see Dunlap and Kemery 1987 for similar results). While these results are for artificial data that were continuous and normally distributed, while survey data for latent variables is typically interval or ordinal data that is not normally distributed, one inescapable conclusion is that regression based techniques might be useful in some circumstances to detect latent variable interactions and quadratics.

However, Ping (1996b) reported on the ability of regression-based techniques to detect known interactions and reject an interaction that is specified in a model but is not in the population model (a spurious interaction) using simulated data that represented "a somewhat average (neither favorable nor unfavorable) set of characteristics for the detection of an interaction" (i.e., .2 intercorrelation between X and Z, b3 in Equation 2 of .15, and reliabilities of X and Z of .81 and .76 respectively). For example, his results suggested that the Chow test is not effective for detecting latent variable interactions. He observed that it detected 3% of known interactions, and it detected interactions in 70% of cases in which interactions were known not to be present. In summary, his results suggested that in detecting known interactions using regression-based techniques, product-term regression performed best (19% of the known interactions were not detected), followed by subgroup analysis (25%) and dummy variable regression ​(31%), then ANOVA (50%) and the Chow test (97%). In detecting interac​tions that were known not to be present in the population (i.e., spurious interactions), the results were similar (3% for product-term regression and dummy variable regression, 5% for ANOVA, 8% for subgroup analysis, and 70% for the Chow test). Overall, product-term regression (11% error rate), followed by subgroup analysis and dummy variable regression (17% error rates) performed best at both tasks (ANOVA had a 28% error rate, the Chow test: 84%), and the results for product term regression were similar to those reported by Jaccard and Wan (1995).

These results have several implications. First, they hint that Jaccard and Wan's (1995) product-term regression results do not extend to the other regression based approaches discussed above to detecting or estimating latent variable interactions and, presumably, quadratics. They also suggest that, except for the Chow test, spurious interaction detection using most of the regression-based techniques discussed above are not very likely: 3-8%. Thus, product-term regression, subgroup analysis, dummy variable regression and ANOVA could be used to rule out an interaction and, presumably quadratics. They also suggest that with high interaction reliability (i.e., above .7), product term regression might be useful in detecting important latent variable interactions and, presumably, quadratics (Jaccard and Wan's 83-98% detection rates were for interaction reliabilities of approximately .8; Ping's 81% detection rate was for  interaction reliabilities of approximately .62). We will use these results later.

CLASSICAL STRUCTURAL EQUATION ANALYSIS ESTIMATION APPROACHES
In the classic structural equation analysis approaches, interac​tion and quadratic latent vari​ables are specified using pairwise products of the indi​cators for the first order latent variables (e.g., X and Z) that make up the interac​tion or quadratic (e.g., Bollen 1995; Hayduk 1987; Jaccard and Wan 1995; Jöreskog and Yang 1996; Kenny and Judd 1984; Ping 1996a; Wong and Long 1987). For example in Figure 4 XZ has the indicators x1z1, x1z2, x2z1, and x2z2 that result from expanding the equation XZ = X*Z = (x1 + x2)(z1 + z2). The quadratic XX has the indicators x1x1, x1x2, x2x1, and x2x2 that would result from expanding the equation (x1 + x2)(x1 + x2). We will discuss two classical approaches that seem to have had the most impact on latent variable interaction and quadratic estimation, the seminal technique proposed by Kenny and Judd (1984), and an approach proposed by Hayduk (1987).

Kenny and Judd  (1984)
 Kenny and Judd proposed the use of product indicators (e.g., x1z1 in Figure 4) to specify interaction and quadratic latent variables. In particular for the interaction XZ for example they suggested using the indicators resulting from the expansion of (x1 + x2)(z1 + z2), and for a quadratic such as XX they suggested using the indicators that would result from expanding (x1 + x2)(x1 + x2) (see Figure 4). They also derived the variance of these product indicators. For example Kenny and Judd showed that the variance of a product indicator such as x1z1 depends on measurement parameters associated with X and Z. In particu​lar, under the Kenny and Judd normality assumptions,
 the variance of x1z1 is

Var(x1z1) = Var[(λx1X + εx1)(λz1Z + εz1)]

   = λx12λz12Var(XZ) + λx12Var(X)Var(εz1)

+ λz12Var(Z)Var(εx1) + Var(εx1)Var(εz1)
(3

   = λx12λz12[Var(X)Var(Z)+Cov2(X,Z)] + λx12Var(X)Var​(εz1)

+ λz12Var(Z)Var(εx1) + Var(εx1)Var(εz1) .
(3a

Equations 3 and 3a use "variance algebra" which involves expectations (e.g., the variance of a constant times a random variable is the square of that constant times the variance of the random variable) (see for example, Neter, Wasserman and Kunter 1989), λx1 and λz1 are the loadings of the indicators x1 and z1 on the latent variables X and Z; εx1 and εz1 are the error terms for x1 and z1. Var indicates variance and Cov(X,Z) is the covariance of X and Z (see Figure 4), Var(a+b) = Var(a) + Var(b) + 2Cov(a,b), Var(ab) = Var(a)Var(b) + Cov2(a,b) (Kendall and Stewart 1958, see Kenny and Judd 1984), and the covariance of X or Z with εx1 or εz1 is zero in the Kenny and Judd normality assumptions. In particular for the indicator x1z1, the loading λx1z1 and error variance Var(εx1z1) are

λx1z1 = λx1λz1 ,
(4

and

Var(εx1z1) = λx12Var(X)Var​(εz1) + λz12Var(Z)Var(εx1) + Var(εx1)Var(εz1) .
(4a

In the quadratic case, and under the Kenny and Judd normality assumptions, the variance of an indicator with itself such as x1x1 is

Var(x1x1) = Var[(λx1X + εx1)2] = Var[λx12X2 + 2λx12εx1 + εx12]

   = λx12λx12Var(X2) + 4λx12Var(X)Var(εx1) + 2Var(ε​x1)2
(5

   = 2λx12λx12Var2(X) + 4λx12Var(X)Var(εx1) + 2Var(ε​x1)2 .
(5a

The loading (λx1x1) and error variance (Var(εx1x1)) of the indicator x1x1 is

λx1x1 = λx1λx1 ,
(6

and

Var(εx1x1) =  4λx12Var(X)Var(εx1) + 2Var(ε​x1)2 .
(6a

The loading and error variance of x1x2, for example, is given by substituting x2 for z1 in Equations 3, 4 and 4a.

Kenny and Judd estimated a model similar to Figure 4 using the software package COSAN (which is available in SAS) by creating ​​variables for the terms in these equations. For example, Equation 3a required five addition​al variables, one each for λxλz, Var(X)Var(Z)+Cov2(X,Z), Var(X)Var(εz), Var(Z)Var(εx), and Var(εx)Var(εz).

While the Kenny and Judd technique was clearly a breakthrough, it is seldom used in the social sciences for several reasons that will be discussed later.

Hayduk  (1987)
Perhaps because EQS and AMOS (and in 1987 LISREL 7) do not accept variables set equal to products of model parameters (e.g., λxλz), Hayduk (1987) and others (e.g., Wong and Long 1987) proposed approaches that create additional latent variables to specify, for example, the right‑hand side of Equation 3a. Hayduk's approach to specifying the first term of Equation 3a, for example, was to create a sequence of dummy latent variables that affected, or "pointed to" (see Figure 4), the indicator x1z1. Because it is difficult to concisely summarize Hayduk's approach, the interested reader is directed to Hayduk (1987, Ch. 7).

Hayduk's approach is useful with structural equation software such as AMOS and EQS that does not provide capability (i.e., the ability to write non linear equations) to specify latent variable interactions and quadratics using Kenny and Judd's (1984) proposal (i.e., Equations 4, 4a, 6 and 6a). However, for a latent variable with many indicators or for a model with several interaction or quadratic latent variables Hayduk's approach ​is tedious. For example, the single interaction model shown in Figure 4 requires an additional thirty latent variables to specify the loadings and error variances of the indicators for XZ.

Comments on the Classical Structural Equation Analysis Estimation Approaches
Specifying the additional variables required in both of these classic approaches can be a daunting task (see for example Jöreskog and Yang 1996). In general for a first order latent variable such as X with p indica​tors, programs that use COSAN-like nonlinear variables or constraint capabilities require the specification and estimation of (p+1)2 +p additional vari​ables for each quadratic latent variable such as XX. For an interaction with Z that has q indicators (p+1)(q+1)+pq additional variables are required. For a model with five indicators per linear latent variable for example the estimation of an interaction requires the specification of 61 additional variables.

LISREL 8 provides a nonlinear constraint capability similar to COSAN, but the effort required to specify the additional variables is reduced. For example to specify Equation 3a in LISREL 8, three constraint equations are required, one each for λx12λz12, Var(X)Var(Z)+Cov2(X,Z), and λx12Var(X)Var​(εz1)+ λz12Var(Z)Var(εx1) + Var(εx1)Var(εz1). LISREL 8 then creates additional COSAN-like variables by taking partial derivatives of these equations.

However coding the required p(p+1) quadratic equations or 2pq interaction equations can still be a tedious task. In addition the number of additional COSAN-like variables can create convergence
 and improper solution problems because the size of the resulting information matrix used by LISREL is increased by the addition of these variables. Further, adding more than about 6 product indicators usually ruins model-to-data fit (McClelland and Judd 1993 appear to have experienced this problem).
 Together with the specification effort, this may explain why Aiken and West 1991 observed that interactions have been difficult for researchers to estimate using structural equation analysis.


VI. RECENT APPROACHES TO ESTIMATING INTERACTIONS AND QUADRATICS
RECENT STRUCTURAL EQUATION ANALYSIS ESTIMATION APPROACHES
While there have been several excellent recent proposals involving latent variable interactions and (e.g., Wall and Amemiya 2000), the following selectively presents several recent approaches that are both easily accessible and contribute to an understanding of latent variable interactions and quadratics.

Jaccard and Wan  (1995)
Jaccard and Wan (1995) in effect
 proposed using a subset of the Kenny and Judd (1984) product indicators. In their study using synthetic data sets they used a subset of four product indicators to specify an interaction. This approach relieves much of the tedium in specifying the full set of Kenny and Judd indicators and it is less likely to produce convergence and model-to-data fit problems. However they appeared to have arbitrarily selected the first four product indicators to specify an interaction with no explanation of why this was done. While their results suggested that their use of the first four of their 16 product indicators produced unbiased and relatively consistent coefficient estimates (e.g., b3 in Equation 2), there was no guidance for what to do in the general case of pq product indicators.

Bollen  (1995)
Bollen proposed an approach that relaxes Kenny and Judd's (1984) assumption that the data are multivariate normal. To explain, the Kenny and Judd approach assumes that for the interaction XZ and the quadratic XX for example the indicators of X and Z are multivariate normal. Bollen (1995) proposed using the Kenny and Judd approach with 2 Stage Least Squares estimation to avoid this assumptions of multivariate normality.

While this approach addresses the multivariate normality assumption in the Kenny and Judd approach, Maximum Likelihood is the preferred estimator for theoretical model tests. There is also evidence that Maximum Likelihood coefficient estimates are robust to departures from normality (Anderson and Amemiya 1985, 1986; Bollen 1989; Boomsma 1983; Browne 1987; Harlow 1985; Ping 1995, 1996a; Sharma, Durvasula and Dillon 1989; Tanaka 1984). In addition, while it is believed that standard errors are not robust to departures from normality, there is evidence to the contrary (e.g., Ping 1995, 1996a), and EQS provides Maximum Likelihood Robust estimates of standard errors that appear to be robust to departures from normality (see Cho, Bentler and Satorra 1991). Further, the Bollen (1995) technique requires the use of the full set of Kenny and Judd indicators which can ruin model-to-data fit for just- or over-determined latent variables X and Z for example.

Jöreskog and Yang  (1996)
To simplify the variance calculations for XZ, XX and ZZ in Equation 2, for example, the Kenny and Judd (1984) approach required the indicators of X, Z and Y to be mean or zero centered. Mean centering of X, for example, obtains by subtracting the mean of the indicator x1 from each case value of x1, the mean of the indicator x2 from each case value of x2, etc. Jöreskog and Yang (1996) provided the specification details for interactions involving uncentered latent variables.

Although it addresses the use of uncentered variables, the approach is tedious and it requires the use of the full set of Kenny and Judd indicators which usually ruins model-to-data fit.

2-step Estimation
Ping (1996a) suggested an approach that uses fixed loadings and error terms for the Kenny and Judd (1984) product indicators. He noted that estimates of all the parameters in Equations 3 and 5 are available in the  measure​ment model for Figure 4. As a result he suggested that λx1z1 (=λx1λz1), Var(εx1z1) (=λx12Var(X) Var(εz1) + λz12Var(Z)Var(εx1) + Var(εx1)Var(εz1)), λx1x1 (=λx1λx1), and Var(εx1x1) (=4λx12Var(X)Var(εx1) + 2Var(ε​x1)2 ) in Figure 4 could be specified as constants in a structural model if estimates of loadings, variances, and measurement error variances were available.

Ping (1996a) observed that if X and Z for example are "​sufficiently" unidimensional their measurement model parameter estimates change trivial​ly between their measurement model and alterna​tive struc​tur​al models.
 As a result he proposed that, as an alternative to specifying for example Equations 4 and 4a, and/or 6 and 6a as sums and products of parameters to be estimated in the Figure 4 structural model, λx1z1 and Var(εx1z1), ​or λx1x1 and Var(εx1x1) ​could be specified as constants in that model when X and Z are each sufficiently unidimensional. Specifi​cally, parame​ter estimat​es from a first-orders-only measurement model for Figure 4 (e.g., involv​ing X and Z only) could be used for λx1, λz1, Var(εx1), Var(εz1), Var(X), and Var(Z) in Equa​tions 4 and 4a, and Equations 6 and 6a. The resulting calculated values for λx1z1 and Var(εx1z1), ​or λx1x1 and Var(εx1x1) ​could then be specified as fixed (constant) loadings and errors for λx1z1 and Var(εx1z1), or λx1x1 and Var(εx1x1) in the Figure 4 structur​al model.

He argued that this was possible because the unidimensionality of X and Z enables the omission of second order latent variables (e.g., XZ, XX, and ZZ) from the linear-terms-only measurement model. One of the characteristics of a unidimensional construct is that its measurement parameter estimates do not change when other constructs (e.g., interactions or quadratics) are added or removed from a measurement or structural model. Thus if X and Z are each unidimensional this means that their indicator loadings and error variances will be unaffected by the presence or absence of other latent variables (i.e., interactions and/or quadratics) in a measurement or structural model. Stated differently, if X and Z are sufficiently unidimensional the measurement parameter estimates are trivially different between measurement and structural models, and this enables the use of estimates of λx1z1 and Var(εx1z1), or λx1x1 and Var(εx1x1) based on measurement model parameter estimates.

To use this approach for Figure 4 the first step is to estimate the Equation 4 and 4a, and Equations 6 and 6a parameters (i.e., λx1, λx2, λz1, λz2, Var(εx1), Var(εx2), Var(εz1), Var(εz2), Var(X), and Var(Z)) in a first-orders-only measurement model (e.g., a Figure 4 model that excludes XX and XZ). The measurement parameters for the other product indicators in Figure 4 are also available in this measurement model. In the second step the product indica​tors of the interaction and quadratic latent variables are created by multiplying together the indica​tors of the first order latent variables in each case. Then using the measure​ment parameter estimates from the measurement model, the loadings and error variances for the nonlinear indicators in Figure 4 are calculated using Equations 4, 4a, 6, and 6a. The loading and error variance of x2z1 for example are λx2λz1 and λx22Var(X)Var​(εz1) + λz12Var(Z)Var(εx2) + Var(εx2)Var(εz1). For x1x2 they are λx1λx2 and λx12Var(X)Var​(εx2) + λx22​Var(X)Var(εx1) + Var(εx1)Var(εx2).
 Finally, a structur​al model in which the calculated loadings and error variances for the product indica​tors are specified as constants (i.e., fixed rather than free variables) is estimated (e.g., the Figure 4 model is specified with fixed product indicator loadings and measurement error variances).

If the resulting structural model estimates of the measurement parameters for X or Z (i.e., λx1, λx2, λz1, λz2, Var(εx1), Var(εx2), Var(εz1), Var(εz2), Var(X), and Var(Z)) are not similar to their measurement model estimates (i.e., equal in the first two decimal places), the product indicator loadings and error variances can be recomputed using the structural model estimates of the measurement parameters instead of the measurement model estimates. Zero to two of these iterations are usually sufficient to produce no change in X or Z's measurement parameters which results in exact coefficient estimates (i.e., equal to Kenny and Judd direct LISREL 8 or COSAN estimates) (Ping 1996a).

These calculated product indicator parameter values are also valuable because they can be used as starting values with the Kenny and Judd (1984) approach and LISREL 8, EQS, etc. in order to improve the likelihood of obtaining estimation convergence.

This two step approach has been used (e.g., Gustafsson 1997; Lam 1999; Masterson 2001; Matsuno, Mentzer and Ozsomer 2002; Ping 1994) and it requires less specification effort than the Kenny and Judd approach. It also creates no additional variables for estimating interactions or quadratics in latent variables which reduces estimation problems. Perhaps more important, it enables the Kenny and Judd technique to be used with popular structural equation packages that do not provide non linear constraints such as EQS and AMOS. However, because it uses the full set of Kenny and Judd product indicators, it can produce model-to-data fit problems with interactions or quadratics that have more than about 6 product indicators.

Single Indicator Approaches
Because of the model-to-data fit problems inherent in the Kenny and Judd (1984) and related approaches, Ping (1995) proposed replacing the Kenny and Judd (1984) product indicators with a single indicator. Specifically, Ping (1995) suggested using sums of indicators as is done in regression. For each interaction or quadratic latent variable he suggested using a single indicator that is the product of sums of the first order variables' indicators. For example in Figure 5 the Figure 4 indicators of XX and XZ are replaced by single indicators

x:x = (x1+x2)(x1+x2) and x:z = (x1+x2)(z1+z2).
(7

Using expectation algebra, the loadings and error variances for these single indicators are similar in appearance to Equations 3 and 5:

Var(x:z) =  Var[(x1+x2)(z1+z2)]

  = Var(x1+x2)Var(z1+z2) + Cov((x1+x2),(z1+z2))2
  = [ΛX2Var(X)+θX][ΛZ2Var(Z)+θZ] + [ΛXΛZCov(X,Z)]2
  = ΛX2ΛZ2[Var(X)Var(Z)+Cov(X,Z)2] + ΛX2Var(X)θZ
+ ΛZ2Var(Z)θX + θXθZ
  = ΛX2ΛZ2Var(XZ) + ΛX2Var(X)θZ + ΛZ2Var(Z)θX + θXθZ
(8

  = λx:z2Var(XZ) + θεx:z ,
(8a

where ΛX = λx1 + λx2, θX = Var(εx1) + Var(εx2), Λz = λz1 + λz2, θz = Var(εz1) + Var(εz2), λx:z = ΛXΛZ, and θεx:z = ΛX2Var(X)θZ + ΛZ2Var(Z)θX + θXθZ (Kenny and Judd showed that under the Kenny and Judd normality assumptions Var(a*b) = Var(a)Var(b) + Cov(a,b)2 ). In particular the loading (λx:z) and error variance (θεx:z) of the indicator x:z is

λx:z = ΛXΛZ ,
(9

and

θεx:z = ΛX2Var(X)θZ + ΛZ2Var(Z)θX + θXθZ
(9a

Similarly for a quadratic

Var(x:x) = Var[(x1+x2)(x1+x2)]
(9b

  = 2Var(x1 + x2)2
  = 2Var[(λx1X+εx1)+(λx2X+εx2)]2
  = 2[Var((λx1+λx2)X)+Var(εx1)+Var(εx2)]2 

  = 2[Var(ΛXX) + θX]2
  = 2ΛX4Var(X)2 + 4ΛX2Var(X)θX + 2θX2
(9c

  = λx:x2Var(XX) + θεx:x ,
(9d

where λx:x = ΛXΛX , and θεx:x = 4ΛX2Var(X)θX + 2θX2 (Kenny and Judd showed that under the Kenny and Judd normality assumptions Var(a*a) = 2Var(a)2 ). The loading (λx:x) and error variance (θεx:x) of the indicator x:x is

λx:x = ΛXΛX ,
(10

and

θεx:x = 4ΛX2Var(X)θX + 2θX2 .
(10a

Using simulated data sets with data conditions that were representative of that encountered in surveys (i.e., four indicators per X and Z latent variable, X and Z loadings ranging from 1 to .6, sample sizes of 100 and 300 cases, and linear latent variable reliabili​ties of .6 and .9), Ping's (1995) results suggested that the proposed single indicator for an interaction or quadratic produced acceptably unbiased and consistent coefficient estimates for interactions and quadratics.

This single indicator approach can be used in two ways. The Figure 5 structural model could be estimated in two steps in a manner similar to the two step approach suggested by Ping (1996a) described earlier. Alternatively, the Equations 8a and 9a, or 10 and 10a loadings and error variances of XZ or XX can be specified in LISREL 8 as free variables and estimated directly.

The two-step version of the Ping (1995) technique appears to be more popular than direct estimation using Ping (1995), which can be accomplished only with structural equation analysis package that accept non linear constraints (e.g., LISREL 8 and COSAN). To utilize the two-step version of the Ping (1995) technique for Figure 5, the measurement parameters in Equations 8a and 9a, and 10 and 10a (i.e., λx1, λx2, λz1, λz2, θεx1, θεx2, θεz1, θεz2x1, Var(X), and Var(Z)) are estimated in a first-orders-only measurement model (e.g., a Figure 5 model that excludes XX and XZ). Then the single indica​tors of the interaction and quadratic latent variables are created as products of sums or averages
 of the indica​tors of linear latent variables in each case. Next, using the first-orders-only measure​ment model parameter estimates the loadings and error variances for the nonlinear indicators (λx:z and θx:z , or λx:x and θx:x) are computed using Equations 9 and 9a, and/or 10 and 10a. Finally, specifying ​the calculated loadings and error variances λx:z and θx:z , and/or λx:x and θx:x for the single indica​tor(s) as constants, the Figure 5 structural model is estimated.

As before if the structural model estimates of the measurement parameters for X and Z (i.e., λx1, λx2, λz1, λz2, Var(εx1), Var(εx2), Var(εz1), Var(εz2), Var(X), and Var(Z)) are not similar to those from the measurement model (i.e., equal in the first two decimal places) the loadings and error variances of the product indicators can be recomputed using the structural model estimates of their measurement parameters. Again, zero to two of these iterations are sufficient to produce exact estimates (i.e., equal to Kenny and Judd direct LISREL 8 or COSAN estimates).

To use this technique to directly estimate the Figure 5 model effects using LISREL 8 the first-order-only measurement model step is skipped and the single indica​tors of the interaction and quadratic latent variables are created as sum of products of the indica​tors of linear latent variables in each case. Then the loadings and error variances for these nonlinear indicators are specified using Equations 8a and 9a, and 10 and 10a. The loading and error variance of x:z for example are λx:z = ΛXΛZ and θx:z =  ΛX2Var(X)θZ + ΛZ2Var(Z)θX + θXθZ. ​For x:x they are λx:z = ΛXΛX and θx:x =  ΛX2Var(X)θZ + ΛZ2Var(Z)θX + θXθZ. Finally, using ​the Figure 5 structural model in which the loadings and error variances for the nonlinear indica​tors are specified as free variables, the model is estimated.

The single indicator approach has been used (e.g., Cadogan, Paul, Salminen, Puumalainen and Sundqvist 2001; B. Lee 1999; G. Lee 1999; Nygaard and Dahlstrom 2002; Ping 1999a; de Ruyter and Wetzels 2000; Singh 1998; Osterhuis 1997) and it avoids the estimation and model-to-data fit problems mentioned earlier. However, while the single indicator two step approach can be used to jointly estimate several interactions and/or quadratics, the single indicator direct estimation approach can be used for only a few interactions or quadratics (e.g., a total of 2) because of limitations in LISREL 8 (see the example in Appendix AC).

Single Indicator Specification Using Reliabilities 
It is possible to approximate Equations 8a, 9a, 10 and 10a using the reliabilities of X and Z.
 To explain, Werts, Linn and Jöreskog (1974) suggested the latent variable reliability (ρX) of a measure of a unidimensional latent variable X (i.e., the measure has only one underlying latent variable) is

ρX = ΛX 2Var(X)/[ΛX 2Var(X) + θX] ,
(11

and it is well known that the measurement error variance, θX, of X is given by

θX = Var(X)(1 - ρX) ,
(11a

where Var(X) is the error attenuated variance of X (e.g., obtained from SAS, SPSS, etc.). Solving Equation 11 for the loading of X, ΛX, and substituting Equation 11a into the result,

ΛX = [Var(X)ρX /Var(X)]1/2  ρX 1/2 ,
(12

where  indicates approximate equality.

Busemeyer and Jones (1983) showed that the reliability of an interaction such as XZ, ρXZ, is

ρXZ = (rXZ2 + ρXρZ)/(rXZ2 + 1),
(13

where rXZ2 is the square of the disattenuated correlation of X and Z (i.e., available in a measurement model). Thus using Equation 12

ΛXZ  ρXZ 1/2 = [(rXZ2 + ρXρZ)/(rXZ2 + 1)]1/2 .
(14

Using Equation 11a, 13, the equation for rXZADVANCE \r0 (= Cov(X,Z) / Var(X)Var(Z) ), and the Kenny and Judd (1984) result for normal X and Z that Var(XZ) = Var(X)Var(Z) + Cov (X,Z)2 ,

θXZ = Var(XZ)(1 - ρXZ) = Var(X)Var(Z)(1 - ρXρX) .
(14a

Similarly, based on Equation 13 the reliability of a quadratic such as XX, ρXX, is

ρXX = (1 + ρX2) / 2
(15

and using Equation 12

ΛXX  ρXX 1/2 = [(1 + ρX2) / 2 ) 1/2
(16

Using Equation 11a, 15, and the Kenny and Judd (1984) result for normal X that Var(XX) = 2Var(X)2,

θXX = Var(X)2(1 - ρX2) .
(16a

Anderson and Gerbing (1988) pointed out that for unidimensional constructs there is little practical difference between latent variable reliability ρ and coefficient alpha (α). Thus for unidimensional constructs Equations 14, 14a, 16, and 16a can be approximated by

ΛXZ  [(rXZ2 + αXαZ)/(rXZ2 + 1)]1/2 
(17

θXZ  Var(X)Var(Z)(1 - αXαZ) ,
(17a

ΛXX  [(1 + α X2) / 2 ) 1/2
(18

and                                

θXX  Var(X)2(1 -αX2) ,
(18a

where Var(a) is the error attenuated variance of a (i.e., available in SAS, SPSS, etc.), rXZ is the error disattenuated correlation of X with Z (i.e., available in the measurement model involving X and Z), and αX and αZ are the coefficient alpha reliabilities of X and Z respectively.

These results have several uses. Equations 17 through 18a could be used to calculate starting values for interactions and quadratic loadings and errors with comparatively less effort than is required with Equations 8a, 8a, 10 and 10a.
 In addition, several interactions and quadratics could be added to a structural equation model with comparatively less effort than is required with Equations 8a, 8a, 10 and 10a. This approach is used in Chapter IX.

Comments on the Recent Structural Equation Analysis Estimation Approaches
The two step approaches in their (multiple) product indicator or their single indicator forms can be used with EQS, LISREL, AMOS, COSAN, etc. However, the direct estimation approach can be used only with estimation software that accepts nonlinear constraints such as LISREL 8, COSAN, etc.

Calculated values for the loadings and error variances of the product or single indicators of interactions and quadratics from a measurement model or reliabilities could be used as starting values to speed up convergence. However, single indicators specified with reliability loadings and measurement errors are useful in post hoc probing for significant interactions and quadratics after the hypothesized model has been estimated, which will discussed in considerable detail in Chapter IX. For reasons that will be explained later in order to investigate or probe whether or not an interaction or quadratic is suppressing an hypothesized association after the hypothesized model has been estimated (e.g., to explain an hypothesized but nonsignificant association in the model), all possible (second-order) interactions and quadratics (e.g., XZ, XX, etc.) must be estimated jointly. In a model with several independent variables this can be a daunting specification task without a shortcut such as reliability indicators.

Researchers have several alterna​tive approaches for estimating interaction and quadratic latent variables using structural equation analysis. Direct estimation using LISREL 8 and the full set of Kenny and Judd (1984) product indicators is possible with the Kenny and Judd (1984), Bollen (1995), and Jöreskog and Yang (1996) approaches. Indirect or two step estimation using EQS, AMOS and LISREL and the full set of Kenny and Judd (1984) product indicators is possible with the Bollen (1995), Hayduk (1987) and the Ping (1996a) two-step approach. These direct and indirect estimation techniques could also be used with a reduced set of product indicators and the Jaccard and Wan (1995) approaches. Direct estimation using structural equation software that provides nonlinear constraints, such as LISREL 8, COSAN, etc., and the Ping (1995) single indicator approach could be used. In addition, indirect estimation using all structural equation software, in particular EQS, AMOS or the mainframe version of LISREL, could be used with a single indicator and the two step version of Ping (1995).

RECENT REGRESSION-BASED ESTIMATION APPROACHES
There has also been some recent progress in estimating latent variable interactions using regression.

Latent Variable Regression
Ping (1996c) reproposed that latent variable interactions be estimated using ordinary least squares regression and an input covariance that was adjusted for measurement error. To implement his proposal, the covariance matrix for 

Y = b0 + b1X + b2Z + b3XZ + ζY,
(19

with X (=x1+x2), Z (=z1+z2), XZ (= [x1+x2][z1+z2] = x1z1 + x1z2 + x2z1 + x2z2) for example is produced using SAS, SPSS, etc. Next a first-orders only measurement model (i.e., containing X and Z but not XZ), is estimated. Then each entry in the covariance matrix is adjusted using the loadings and measurement errors from the measurement model using the equations shown in Appendix AF, that in many cases are similar to Equations 8 and 9c (which rely on the Kenny and Judd 1984 normality assumptions, including indicator means of zero for the indicators of XZ). The resulting adjusted covariance matrix is then input to ordinary least squares regression.

Ping's (1996c) results using artificial data sets suggested this approach which, was termed latent variable regression, was acceptably unbiased and consistent. It avoids the estimation and model-to-data fit problems discussed earlier, but it was proposed only for latent variable interactions. In addition, it was proposed without a standard error term for the coefficients.

Subsequently, Ping (2001) suggested a standard error term for latent variable regression when it is used with interactions. The coefficient standard errors (i.e., the SEs of b1 through b3 in Equation 19 above) from ordinary least squares (OLS) regression and the error-adjusted covariance matrix are incorrect: OLS regression assumes variables that are measured without error (e.g., Warren, White and Fuller 1974). A common approach in this situation (e.g., in instrumental variables and two-stage least squares-- see Hanushek and Jackson 1977) is to adjust the coefficient standard error from unadjusted OLS regression by changes in the standard error of the Y estimate, RMSE (= [Σ[yi - i]2]1/2, where yi and i. are observed and estimated ys respectively, and the exponents 2 and 1/2 indicate the square and square root, respectively), due to the adjusted covariance matrix.

The proposed standard error for (all) latent variable regression coefficients involved the standard error from unadjusted OLS regression and a ratio of the standard error of Y from unadjusted covariance matrix and the standard error of Y from the adjusted covariance matrix. Specifically, it is well known that coefficient standard errors (SE's) produced by (unadjusted) OLS regression (i.e., standard errors produced using raw data which imply a covariance matrix that is unadjusted for measurement error) are attenuated by measurement error, and that RMSE is reduced by accounting for measurement error (e.g., Warren, White and Fuller 1974, see Myers 1986 for additional citations). Thus the suggested adjustment for each coefficient in Equation 19, for example, was the SE of that coefficient from unadjusted OLS regression times the ratio of the RMSE produced by unadjusted OLS regression (RMSEU) and that produced by latent variable regression (RMSELVR), or

SELVR = SEU*RMSEU/RMSELVR ,

where SELVR is the suggested coefficient standard error for the coefficients produced by latent variable regression, SEU is the coefficient SE produced by unadjusted OLS regression (i.e., the SE produced using raw data), RMSEU is the standard error of Y produced by unadjusted OLS regression (i.e., using raw data) and RMSELVR is the standard error of Y produced by latent variable regression.

Ping (2001) investigated the performance of this suggested standard error for latent variable regression in detecting known population structural coefficients in 

Y = b0 + b1X + b2Z + b3XZ + b4W +ζY,

with artificial data sets under several data conditions (i.e., .7 and .9 reliability, interaction coefficient sizes that produced R2's of .10 and .50, and sample sizes of 100 and 300 cases). The results included the performance of LISREL 8 for reference, and overall the suggested standard error performed adequately. The bias (i.e., the ratio of the average of the standard errors to the root mean square difference of the coefficients from their population values) of the suggested standard errors was similar to the downward bias experienced by LISREL 8, and the LISREL 8 biases reported by Jaccard and Wan (1995). The number of significant coefficients produced by the suggested standard error was similar to LISREL 8 over the simulation conditions, except for the low reliability-small sample condition, where the power of the test for the suggested standard error (i.e., the number of true positive interpretations) was slightly higher than for LISREL 8.

Comments on Latent Variable Regression
Although latent variable regression can be used to estimate latent variable interactions (see for example Appendix AE) the adjustment calculations are tedious (see the author's website for the EXCEL spreadsheet used in Ping 1996c). If the structural model contains simultaneous linear equations (i.e., it has multiple dependent or endogenous variables) Ordinary Least Squares (OLS) Regression cannot be used with latent variable regression because OLS Regression assumes a single dependent variable. While latent variable regression could be used with LISREL, EQS, etc. by using the adjusted covariance matrix as input and by fixing the latent variable loadings and measurement errors to 1 and zero respectively, the standard errors of the resulting structural coefficients available from LISREL, EQS, etc. is not appropriate. This is obviously an area that could use more work.

Latent variable regression was proposed for latent variable interactions only. Although Ping 1996c derived the adjustment equations for latent variable quadratics (see Appendix AF), the performance of latent variable regression has yet to be formally evaluated with quadratics, and this is an area where more work is needed. I have used latent variable regression with quadratics and the results appear to be equivalent to LISREL 8 with generalized least squares estimates. This hints that the adjustment in Ping (1996c) and the proposed standard error in Ping (2001) might be adequate to estimate latent variable quadratics, but this is obviously an area where more work is needed.

Pseudo Latent Variable Regression
As an alternative to using measurement model parameter estimates in latent variable regression, Ping (2003) proposed using reliabilities to estimate the loadings and measurement errors in the adjustment equations for latent variable regression (see Appendix AF).
 As stated earlier Anderson and Gerbing (1988) pointed out that for unidimensional measures there is little practical difference between coefficient alpha (α) and latent variable reliability ρ. Thus in Equation 11a if X is unidimensional an estimate of θX is

θX  Var(X)(1 - αX) ,
(20

where Var(X) is the error attenuated variance of X, and in Equation 12 an estimate of ΛX is

ΛX  αX 1/2 .
(20a

For unidimensional latent variables the adjustment equations used in latent variable regression for all the variables in Equation 19 (see Appendix AF) could utilize the Equations 20 and 20a estimates of loadings and measurement errors. Ping's (2003) results using artificial data sets suggested this approach, which was termed pseudo latent variable regression, was acceptably unbiased and consistent. He also re-evaluated the standard error term suggested in Ping (2001) and found that it again performed adequately.

Comments on Pseudo Latent Variable Regression
As with latent variable regression this approach avoids the estimation and model-to-data fit problems discussed earlier, and it does not require measurement model parameter estimates. As a result, this approach could be used with larger (unidimensional) measures such as those that were proposed before structural equation analysis became popular. To explain, and as mentioned earlier, there seems to be an upper bound of about six items for the number of items in a measure in order for it fit the data in structural equation analysis (see Bagozzi and Baumgartner 1994 for a similar observation). Thus larger measures usually require extensive item omission to attain sufficient consistency (i.e., to fit the data). However, the resulting submeasures may be less content or face valid than their original full measures.

In fact it is a common misconception in structural equation that consistent measures (i.e., measures that fit the data in a structural equation analysis) are more desirable than their unidimensional but less consistent full measure. This seems to be especially true for older measures developed before structural equation analysis became popular. Some authors appear to assume that older full measures are inherently flawed because they are typically inconsistent and required item omission to attain a consistent subset of items for structural equation analysis. Authors have criticized dropping items from psychometrically acceptable (i.e., unidimen​sional, valid and reliable) measures to attain model-to-data fit on the grounds that it impairs content validity (e.g., Cattell, 1973, 1978; see Gerbing, Hamilton and Freeman, 1994).

Because the loadings and errors in pseudo latent variable regression were approximations, Ping's (2003) results which suggested that these approximations produced structural coefficients (e.g., b1, b2, and b3 in structural Equation 19) that he judged to be acceptable are surprising. Nevertheless, for well-established measures with more than about six indicators, pseudo latent variable regression may be preferable to deleting lots of items. However, this may be an area where additional work is needed.

Pseudo latent variable analysis was proposed only for latent variable interactions. However, I have also used pseudo latent variable regression with quadratics and the results appear to be equivalent to LISREL 8 with generalized least squares estimates. This hints that it might be adequate to estimate latent variable quadratics, but again this area needs additional work.

As with latent variable regression, because pseudo latent variable regression involved Ordinary Least Squares Regression it is not appropriate for models involving multiple dependent or endogenous variables. Pseudo latent variable regression could be used with LISREL, EQS, etc. by using the adjusted covariance matrix as input and fixing the loadings and measurement errors of the latent variables to 1 and zero respectively. However, again as in the case with latent variable regression, the standard errors of the resulting structural coefficients available from LISREL, EQS, etc. are not appropriate. This is also an area that could use more work.


VII. THE BALANCE OF THE MONOGRAPH
The remaining chapters of the monograph present several important topics related to latent variable interactions and quadratics. These include detailed estimation examples and related topics such as mean centering and multicollinearity, starting values, and reliability; data conditions that influence latent variable interaction and quadratic detection; and suggestions for increasing the likelihood of detecting interactions and quadratics. These examples and related topics are followed by a chapter on the important subject of probing for latent variable interactions and quadratics after the hypothesized model has been estimated as is typically done in experiments and ANOVA. Following that is a chapter loosely titled 'Other Topics' that discusses topics such as estimating latent variable cubics, and second-order interactions.

After those chapters is an important summary of the additional research that is needed in latent variable interactions and quadratics, and a chapter that contains frequently asked questions regarding the estimation of latent variable interactions and quadratics. The monograph concludes with suggestions for using this monograph in the classroom, data and program listings, and EXCEL templates for computing starting or fixed values for latent variable interactions and quadratics, or for an adjusted covariance matrix.

(end of download)

� An alternative perspective is that interactions are the cause of the well-known lack of non normality in survey data.


� Portions of the discussion that follows were adapted from Ping (1996d).


� The Kenny and Judd normality assumptions were that each of the latent variables X and Z is independent of the errors (εx1, εx2, εz1, and εz2), the error terms are mutually indepen�dent, the indicators x1, x2, z1, and z2 are multivariate normal (with means of zero,) and the errors (εx1, εx2, εz1, and εz2) are multivar�iate nor�mal.


� As previously mentioned LISREL, EQS, AMOS, etc. produce parameter and coefficient estimates by minimizing a model-to-data fit function that compares the input covariance matrix to the covariance matrix implied by the model. As with all minimization algorithms, this process may or may not converge.


� This "6 indicator limit" also seems to apply to first order variables as well: The measurement model for a single latent variable that is specified with more than 6 indicators will usually not fit the data (see Bagozzi and Heatherton 1994:43; also see Gerbing and Anderson 1993:50).


� It is not clear that their use of the first four of 16 product terms was a proposal for an  estimation approach. As implied earlier, their dropping 12 product terms may have simply been an expedient way to increase the likelihood of convergence and model-to-data fit in each of the data sets used in their analysis.


�  In general dropping pq - 4 indicators from an interaction should drastically affect its content or face validity, and it should change the coefficient estimate of the interaction because reliability has changed. An alternative approach that also involves dropping indicators from an interaction will be discussed later.


� While in exploratory factor analysis a measure is either unidimensional or it is not (i.e., it has one factor or it has more than one factor), in confirmatory factor analysis things are less clear cut and the term "sufficient" could be used. In this case a measure is sufficiently unidimensional if a measurement model containing just that measure fits the data.


� Ping (1995b) showed that in general the loading of an indicator xz is given by λxλz and the error variance is given by  Kλx2Var(X)Var�(εz) + Kλz2�Var(Z)Var(εx) + KVar(εx)Var(εz) (K=2 if x=z, K=1 otherwise).


� The number of re-estimations seems to depend on how "sufficiently" unidimensional the model latent variables are. This matter will be discussed further later.


� Bias and inefficiency in structural coefficients (e.g., the b's in Equation 2) increase as reliability and sample size, among others, decline. This is true in LISREL, EQS, AMOS, etc. regardless of the type of structural coefficient (i.e., for X or for XZ). In the case of interactions and quadratics, bias and inefficiency are also compared among estimation techniques (e.g., regression versus structural equation analysis). Thus, "acceptably" unbiased and consistent structural coefficient estimates for interactions and quadratics is a matter of judgement. However, it turns out that for reliable X and Z, for example, (i.e., .7 or above) the bias in the Ping (1995) estimates of the coefficients of XZ, XX, and ZZ is small in absolute value, and comparatively when compared with regression estimates. However, the inefficiency is larger, both in absolute value and in comparison with regression. Parenthetically, all structural coefficient estimates in LISREL are less efficient than their regression counterparts, but this relative lack of efficiency in structural equation analysis is generally ignored.


� The examples shown later use averaged indicators to reduce the resulting size of the variance of XZ for example. Large variances in the input covariance matrix are undesirable because they produce large determinants of the input covariance matrix-- the reciprocal of this large determinant can be essentially zero, which interferes with estimation.


� The following is adapted from Ping (2000).


� Starting values are required in LISREL 8, for example, for the loading and error variance of XZ. Although it does calculate other starting values, LISREL 8 does not calculate these particular starting values, and without them the model frequently does not converge.


� The following is adapted from Ping (2003). It will use X to denote a latent variable instead of ξX, which is used in Appendix AF.
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