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FOREWORD
Because they are important in theoretical model tests using survey data, this book is intended to help social science researchers and others understand and successfully estimate unobserved or latent variable
 interactions and quadratics in survey data (e.g., estimate b3, or b4 and b5, respectively in the structural equation

Y = b0 + b1X + b2Z + b3XZ + b4XX + b5ZZ + ζY,
(1

where X, Z, etc. are latent variables).
 Although the book assumes the reader is familiar with latent variables, and with the terminology of structural equation analysis and a software package for the analysis of structural equations (e.g., LISREL, EQS, AMOS, etc.), I have tried to make this material as accessible as possible.

Latent variable interactions and quadratics figure prominently in several theoretical models in the Social Sciences. In addition, authors in the Social Sciences believe interactions and quadratics are more likely than their reported occurrence in published survey research suggests. Further, interactions and quadratics are just as important to understanding and interpreting model test results in survey data as they are in experimental model test results analyzed using ANOVA. This book explains why this is true. It also selectively brings together what is known about latent variable interactions and quadratics that pertains to their estimation in survey data, and it adds to this body of knowledge. Along the way, the book summarizes much of my research with latent variable interactions and quadratics and my experiences with them in my substantive research.

I became involved in latent variable interactions and quadratics in survey data by accident. While estimating a survey-data model using the structural equation analysis package LISREL, I discovered that several hypothesized associations were not significant. While searching for plausible explanations for why these associations were non-significant, I recalled that a population interaction, for example XZ in Equation 1 above, or a population quadratic such as XX or ZZ in Equation 1, can produce a non significant X‑Y association in Equation 1 with no interactions or quadratics (e.g., b'1 is non significant in Y = b0' + b1'X + b2'Z). So I began to look for significant interactions and quadratics.

I was subsequently surprised by how difficult this was for latent variables. While ordinary least squares regression quickly identified several candidates for significant interactions and quadratics, testing these candidate interactions and quadratics for significance using structural equation analysis was a frustrating process (regression estimates cannot be trusted with latent variables because their coefficient estimates are biased and inefficient-- see Busemeyer and Jones 1983). I found that estimating an interaction or a quadratic using the latent variables technique suggested by Kenny and Judd (1984) produced a model that did not converge using LISREL (i.e., it did not provide usable estimates).
 After providing LISREL with input starting values for all the model parameters, LISREL did converge. However, the estimated model did not fit the data (see Jaccard and Wan 1993 for evidence of similar problems). To make a long story short, I was unable to test any of the interactions and quadratics identified with regression using structural equation analysis, beyond comparing coefficients between median splits of the data (which is well known to be unreliable-- see Maxwell and Delaney 1993). Later while testing another survey-data model that included an hypothesized latent variable interaction, I experienced the same difficulties. Shortly thereafter I began looking for ways to reliably estimate the strength and direction of latent variable interactions and quadratics in real-world survey data.

The book mentions most of the interaction and quadratic estimation techniques and approaches of which I am aware. However, because one purpose of this book is to help researchers reliably estimate latent variable interactions and quadratics using structural equation analysis, the monograph focuses on estimation techniques that consistently converge with real‑world data sets (i.e., provide usable estimates) and do not ruin model‑to‑data fit, in models with more than one interaction or quadratic involving just‑ or over‑determined latent variables (i.e., those with three or more indicators).

The monograph begins with a discussion of interactions and quadratics that is intended to provide a deeper understanding of these variables and their importance. Then it summarizes many of the available estimation techniques for interactions or quadratics involving latent variables. Next, using examples involving real-world survey data it also explains in detail how to successfully estimate latent variable interactions and quadratics using popular structural equation analysis packages such as LISREL, EQS, etc. Then it explores the important topic of probing for significant interactions and/or quadratics after the hypothesized model has been estimated. Finally, it discusses additional topics related to latent variable interactions and quadratics, such as "second-order" interactions and cubics, and several unresolved issues and needed research in this area. In addition, the monograph provides a bibliography for latent variable interactions and quadratics, and answers to frequently asked questions involving these variables. The monograph concludes with a few suggestions for its use in the classroom, data and program listings, and EXCEL templates for computing loadings, measurement error variances, and an adjusted covariance matrix.

However, based on the E-mails I receive, Chapter XII, "Frequently Asked Questions about Latent Variable Interaction and Quadratic Estimation," may be the most useful chapter for substantive researchers interested in estimating their first interaction/quadratic. In particular, Frequently Asked Question D, "How Does One Test an Hypothesized Interaction(s) And/or Quadratic(s)?," and question H, "How Does One Interpret a Significant Interaction or Quadratic?" seem to receive the most attention.

In addition, a suggested "Fast Start" strategy for estimating latent variable interactions/quadratics is to read Frequently Asked Questions D and H, then study Chapter VII and the program code in Table AD and/or Table AE, along with the Table D covariance matrix, and the Tables E, F and/or G results. 

This is the second edition of this monograph. While the first edition titled Interactions and Quadratics in Survey Data: A Source Book for Theoretical Model Testing is still on my web site, it is now quite out of date, and this second edition is intended to supersede it. This second edition corrects an unfortunate number of proofreading and formatting errors in the first edition. It also completely revises the first edition material on probing for significant interactions and/or quadratics after the hypothesized model has been estimated. It contains new material that was not included in the first edition, including areas where additional work on latent variable interactions, and especially latent variable quadratics would be helpful. It also attempts to clarify several less-than-transparent discussions in the first edition. However, although this second edition has changed considerably when compared to the first edition, the basic recommendations and procedures in the first edition regarding how to estimate latent variable interactions and quadratics remain unchanged.

The list of those I wish to thank in this book is long and probably incomplete. My first exposure to structural equation analysis was while working with Bob Dwyer at the University of Cincinnati; and Neil Ritchey, who is also at UC, helped refine those first exposures. My thinking about latent variables, structural equations, and interactions and quadratics was heavily influenced by the writings of Leona Aiken and Stephen West; James Anderson, David Gerbing and John Hunter;  Peter Bentler; Kenneth Bollen; Michael Browne; Leslie Hayduk; Karl Jöreskog and Dag Sörbom; John Kenny; and Scott Long.

This book is on my academic web site for several reasons. A web version seems to be more useful than a printed version. It allows me to direct E-mail inquiries about estimating latent variable interactions and quadratics to detailed material the inquirer can immediately access, thus avoiding long-winded E-mails. An online monograph also enables me to have this material "in print" comparatively rapidly, although I suspect that as a result fewer potential readers are aware of its existence. I can also use my recent research and experiences to periodically extend and revise the book without the rigors of publishing a revised edition. Because the book is searchable using the "Find" function available in Microsoft WORD, a web version also may be more useful than a printed version. The book is in Microsoft WORD, rather than HTML or Adobe Acrobat, as a compromise among formatting, flexibility, storage space and download times. However, it still may seem to download rather slowly. It was also autoformatted from WordPerfect to WORD, so in addition to my own errors of omission and commission there may be reformatting errors as well.

Although it is copyrighted, you are welcome to print parts or all of the monograph for your personal use. My only request is that you remember to cite the monograph when that is appropriate (the APA citation format is, Ping, R.A. (2003), Latent Variable Interactions and Quadratics in Survey Data: A Source Book for Theoretical Model Testing, 2nd Edition, [on-line monograph], www.wright.edu/~robert.ping/intquad/toc2.htm).

Finally, if you see anything you like or dislike, any errors or things you would like to see included or explained better, etc., please E-mail me with the details. Thank you in advance for your comments, and Bon Appetit.

Robert A. Ping, Jr.

Department of Marketing

Wright State University

Dayton, Ohio 45435-0001

rping@wright.edu


ESTIMATING LATENT VARIABLE INTERACTIONS 


AND QUADRATICS IN SURVEY DATA

INTRODUCTION
When an hypothesized association is significant in a model test using survey data, researchers report this significant association as a "confirmed" hypothesized association. However, there may be an interaction or a quadratic in the population equation containing this association (e.g., XZ, or XX and ZZ, respectively in 

Y = b0 + b1X + b2Z + b3XZ + b4XX + b5ZZ + ζY)
(2

waiting to render this "confirmed" association non significant, and thus disconfirmed, in the next study. In addition, survey researchers frequently report an hypothesized but non significant association with little further analysis. However, an undetected interaction or quadratic in the population equation may have been responsible for this non significant association. Thus, there may be more to know about the proposed model that is not investigated or reported.

Sadly, survey researchers who wish to probe post hoc (i.e., after the proposed model has been estimated) for interactions or quadratics in unobserved or latent variable models, as their colleagues who conduct experiments do with ANOVA, are discouraged from doing so (e.g., Aiken and West 1991, Cohen and Cohen 1983, Bedeian and Mossholder 1994).

In addition, while interactions and quadratics in survey data are easily estimated with Ordinary Least Squares regression, interactions (and quadratics) have been difficult for researchers to estimate using structural equation analysis (Aiken and West 1991).

Anecdotally, some substantive researchers also believe that because interactions and quadratics are mathematical constructs or concepts rather than mental constructs (e.g., they have indicators that not observed variables because products of observed variables cannot be observed), interactions and quadratics are inappropriate for theoretical models, especially structural equation models.

Further, for hypothesized interactions or quadratics, there is confusion over whether significant interactions or quadratics are likely to be observed in survey data (e.g., McClelland and Judd 1993; Podsakoff, Tudor, Grover and Huber 1984). Nevertheless, some authors believe interactions and quadratics are more likely than their reported occurrence in published survey research suggests (e.g., Aiken and West 1991; Busemeyer and Jones 1983; Birnbaum 1973, 1974; Jaccard, Turrisi and Wan 1990).

The following chapters address these and other matters. The monograph begins with a discussion of latent variable interactions and quadratics that introduces the pivotal notion of factored coefficients.

I. INTERACTIONS AND QUADRATICS IN SURVEY DATA AS FACTORED COEFFICIENTS
The amount of interaction between the variables X and Z in their association with Y (also termed X's moderation of the Z-Y association, or Z's moderation of the X-Y association) is the strength (i.e., the magnitude) of the coefficient of the XZ variable, b3, in the prediction or structural equation given by Equation 2 above, where b1 through b5 are unstandardized "regression" or structural coefficients (also called associations or, occasionally, effects in survey research), b0 is an intercept (typically zero), and ζY is the error or structural disturbance term. XZ is called an interaction term or interaction variable (or simply an interaction). The XX and ZZ variables are quadratics. Equation 2 can be factored to produce a factored coefficient of Z due to the interaction XZ, i.e.,

Y = b0 + b1X + (b2 + b3X)Z + b4XX + b5ZZ + ζY
(2f

(see Aiken and West 1991). Similarly Equation 2 can be refactored to produce a factored coefficient of X due to the interaction XZ (i.e., b1 + b3X), a factored coefficient of Z due to the quadratic ZZ (i.e., b2 + b5Z), and  a factored coefficient of X due to the quadratic XX (i.e., b1 + b4X). Other factorizations are also possible (e.g., [b1 + b3Z + b4X] as the conditional coefficient of X) (Stolzenberg 1979).

These factored coefficients will be used later to interpret the association between, for example, X and Y. They also have several important properties. In Equation 2 without the interactions or quadratics, i.e.,  

Y = b0' + b1'X + b2'Z + ζY' ,
(2wo

the structural coefficient of Z (b2') will always be different from its counterpart in Equation 2f (b2 + b3X) because interactions and/or quadratics were added.
 However, the Equation 2wo coefficient of Z (b2') will be approximately equal to the factored coefficient of Z in Equation 2f (b2 + b3Xavg + b5Zavg), where Xavg and Zavg are constants equal to the average value of X and Z in the study (see Table F and Aiken and West 1991). Similarly, the Equation 2wo coefficient of X will be approximately equal to the factored coefficient of X in Equation 2f at the means of the factored coefficient values. Thus it could be argued that the introduction of interactions and/or quadratics does not reduce parsimony, nor does it change statistical power.
 

While X, Z and Y can be any type of variable, this monograph will concentrate on unobserved or latent variables (e.g., the unobserved or latent variable X is measured with multiple observed items such as Likert scaled items, each of which is measured with error and is imperfectly correlated with X).
 Such variables are also termed reflexive variables (see Fornell and Bookstein 1982) and they can be diagramed as shown in Figure 1.

II. THE IMPORTANCE OF INTERACTIONS AND QUADRATICS IN SURVEY RESEARCH
As implied earlier, most of the interest in interactions and quadratics for theoretical model testing using survey data has been when these variables are predicted to exist by theory. Nevertheless, some authors believe interactions and quadratics are more likely than their reported occurrence in published survey research suggests (e.g., Aiken and West 1991; Blalock 1965; Cohen 1968; Cohen and Cohen 1975, 1983; Darlington 1990; Friedrich 1982; Kenny 1985; Howard 1989; Jaccard, Turrisi and Wan 1990; Neter, Wasserman and Kunter 1989; Pedhazur 1982). This has an important implication, that was mentioned earlier: Failure to consider interactions and quadratics is likely to lead to erroneous interpretations of the study's results.

For emphasis however, when the coefficient of XZ in Equation 2, b3, is significant (e.g., the t-value of b3 is greater than 2) the population or factored coeffi​cient of Z (or its "simple slope"-- see Aiken and West 1991) is (b2 + b3X) (see Equation 2f).
 This factored coefficient of Z will vary with the X values in the study, and it turns out with real-world data that because b3 is significant (b2 + b3X) will also be significant for some X values in the study. This in turn will produce a very differ​ent interpretation of the Z-Y association than will the coefficient of Z in Equation 2wo (see Aiken and West 1991). ​If, for example, b2' is nonsignifi​cant, this implies the Z-Y association is disconfirmed, and thus it is not the case that Z is always associated with Y. However, it would be misleading to ignore the additional information contained in the significant XZ association. While is true that in this case Z is not always associated with Y, when XZ is significant Z is still significantly associated with Y in the study. This significant Z-Y association simply depends on the level of X in the study, and this information may be more important to some researchers and practitioners than the disconfirmation of the Z-Y association.

Alternatively, if XZ is significant b2' could be sig​nif​i​cant while (b2 + b3X) could be nonsig​nif​i​cant for some (but not all) values of X in the study. In this case, not including a significant XZ will produce a misleading "confirmation" of the Z-Y association. The Z-Y association is actually nonsignificant for some values of X in the study, and this information may also be more important to some than a "confirmation" of the Z-Y association.

The algebra and implications of not including quadratics in Equation 2 are similar. The equation for a factored coefficient of Z due to the significant quadratic ZZ in Equation 2 (and a nonsignificant interaction), for example, is (b2 + b5Z). As was the case with an interaction, b2' in Equation 2wo could be significant when (b2 + b5Z) is non significant over part(s) of the range of Z. Similarly, b2' in Equation 2wo could be nonsignificant when (b2 + b5Z) is significant over part(s) of the range of Z (the interpretation of quadratics will be discussed in more detail later).

These comments are applicable regardless of how large the coefficient of the interaction XZ (b3) is, and this has several important implications. First, with real-world survey data there is always some amount of interaction between X and Z in Equation 2, except in the unlikely event that the data is multivariate normal. Thus for proper interpretation of a study's results, the issue is, how large is this interaction? If the interaction is small (e.g., b3 is not significant) it can safely be ignored because the Y relationships with X and Z, though they are nearly always variable in the sample, are not sufficiently variable to warrant special interpretation attention. However if b3 is not small, the almost always variable Y relationships with X and Z are sufficiently variable to warrant special attention for the interpretation of the study results.

Second, as mentioned earlier, this potential for interactions (and quadratics) also means that hypothesized associations that are disconfirmed in a study (i.e., they are observed to be non significant) could actually be contingent associations in this study. This could be an important source of explanation for associations that should have been significant in the study. In addition, as stated earlier the identification and understanding of "confirmed" but contingent associations could be as important to theoretical and applied researchers as "confirmation."

Thus, Equation 2 may be a more realistic initial specification of a model with the three variables X, Z and Y than Equation 2wo is. Similarly, a model with four variables (e.g., X, Z, W, and a dependent variable Y) may be more realistically specified by including all possible interactions and quadratics among X, Z and W (i.e., XZ, XW, ZW, XX, ZZ, and WW), etc.


III. UNDERSTANDING INTERACTIONS AND QUADRATICS
VISUALIZING INTERACTIONS AND QUADRATICS
In Equation 2wo when there is no population interaction between the variables X and Z in their associations with the variable Y, their joint relationship with Y can be visualized as forming a plane in three dimensional space, the edges of which are the regression line of Y on Z (line 1 in Figure 2A), and the regression line of Y on X (line 2 in Figure 2A).
 The slope of regression line 1, for example, gives the strength, direction and contributes to the significance of the association between Z and Y. For any values of X (e.g., xa and xb in Figure 2A) the regression lines of Y on Z at xa and xb (e.g., lines 1' and 1" respectively) are identical to line 1: they do not change orientation (i.e., they have the same slope). This is because for any value of X the slope of the Z-Y regression line, or the association between Z and Y, is independent of the value of x chosen. Similarly, for all values of Z the slope of the corresponding X-Y regression line is independent of Z, and thus the association of X and Y is independent of Z.

However, when there is a population interaction between X and Z in their associations with Y this interaction warps the X-Z plane. Their joint relationship with Y can be visualized as a warped plane (see Figure 2B). In this case for xc and xd in Figure 2B the regression lines of Y on Z (e.g., lines 3 and 4) are different: each line has a different orientation or slope. The equation for the slope of each of these lines, or the association between Z and Y, is the factored coefficient of Z in Equation 2f due to the XZ interaction. For example the slope of line 3, or the Z-Y association at xc, is the number b2 + b3xc. Similarly, the association between Z and Y for the X value, xd (illustrated by line 4) is the number b2 + b3xd , etc. In this case for each value of X the slope of the regression line, or the association between Z and Y, is different (i.e., the slope of regression line 3 is different from regression line 4, etc.), and thus the association between Z and Y (the variable slope) depends on the level of X.

Notice that in Equation 2 a factored coefficient of X due to the XZ interaction is b1 + b3Z, and if regression lines of Y on X were drawn in Figure 2 for different values of Z, each of these lines would also have a different orientation. Thus an XZ interaction produces a plane that is warped in both the Z-Y direction and the X-Y direction, and an XZ interaction affects the relationship or association between Z and Y, and the relationship between X and Y. In different words, a significant XZ changes the Z-Y and the X-Y associations from constants to variables (e.g., b2 + b3X and b1 + b3Z in Equation 2).

However, in general a quadratic has a graph or plot of X versus XX that is shaped like a portion of a horseshoe. This horseshoe opens upwards when β3 is positive (see Figure 1C), and it opens downward when β3 is negative. The effect of a quadratic can be visualized using tangent lines to a surface. When there is no significant quadratic in X in Equation 2 (i.e., b4 is non significant) the joint relationship of X and Z with Y can be visualized as forming a plane as it did when there was no interaction. However, when there is a significant quadratic in X the joint association plane is deformed into a trough (see Figure 2C). The shape of this trough is independent of Z (i.e., it is the same for all values of Z-- see Figure 2C). However, each different value of X has a different tangent line to the trough (e.g., the tangent lines 5 and 6 for xe and xf, respectively, have different slopes). The slope of each line is the association between X and Y at these different values of X, and in a small neighborhood of these different values of X. Stated differently, the association of X with Y in a small neighborhood of xe is different from the association of X with Y in a small neighborhood of xf because the tangent lines at each of these points have different slopes. The equation for the slope of each of these tangent lines (i.e., line 5 and 6) is the factored coefficient of X due to the XX quadratic from Equation 2 (i.e., b1 + b4xe or b1 + b4xf). Thus the size and direction of the slope, or the association between X and Y, in a small neighborhood of x (e.g., xe) depends on the level of X (e.g, xe): In Figure 2C when X is low (e.g., X = xe) the X-Y association (the slope of line 5) is negative, but when X is higher the X-Y association (the slope of line 6) is nearly zero.

Different warp orientations are possible (the Figure 2B warp is a clockwise warp in the X-Y plane). There are also convex troughs and parts of troughs. Further, warps and troughs are not the only possible shapes of the Y-X-Z response surface. Other possibilities include shapes corresponding to third-order terms (e.g., interactions between Z and XX, cubics in Z such as ZZZ, etc.), fourth order terms (e.g., interactions between ZZ and XZ), and more. For example, the graph of a cubic such as XXX versus X is generally shaped like a portion of the letter "N" (but with rounded vertices) when its structural coefficient (i.e., its "b") is positive (not shown). This "N" is backward (again with rounded vertices) when its structural coefficient is negative. When the range of X is restricted, the graph of a cubic can be a "more-V-like" quadratic (i.e., when one of the vertical legs is not present in the graph). Thus in theoretical model tests involving survey data, where the range of X, for example, in Equation 1 is frequently restricted (e.g., ranging from 1 to 5), a quadratic, XX, and the cubic, XXX, could have similarly shaped graphs, and in effect the graph that better "fits the data" (i.e., XX or XXX) would be significant.

The reliability of third- and higher order terms is a function of the product of powers of the reliabilities of the first order variables that make up these higher order terms (e.g., X and Z for ZXZ) (e.g., Bohrnstedt and Marwell 1978). Thus third- and higher order terms are likely to have unacceptably low reliabilities (and, as a result, unacceptably low construct validity). Because reduced reliability usually reduces structural coefficient significance, higher order terms such as XZX, XXX, XXZZ, etc. should be likely to have minimal effects in real world data (see Lubinski and Humphreys 1990). However, some authors believe there are exceptions (e.g., Howard 1989), and my limited experience to date with cubics, for example, suggests that they may be common in real-world survey data. This is an area that needs more investigation.

INTERPRETING INTERACTIONS AND QUADRATICS IN LATENT VARIABLES
It will be both instructive now and useful later to discuss the interpretation of interactions and quadratics. There have been several proposals for interpreting regression interactions (e.g., Aiken and West 1991; Darlington 1990; Denters and Van Puijenbroek 1989; Friedrich 1982; Hayduk 1987; Hayduk and Wonnacott 1980; Jaccard, Turissi and Wan 1990; Stolzenberg 1980). Some of these approaches to interpreting an interaction, XZ for example, involve evaluating the coefficient of XZ (e.g., b3 in Equation 2). Others involve constructing graphs of Y and Z for example in Equation 2 at various values of X similar to the graphs employed in ANOVA (see lines 3 and 4 in Figure 2B). Still other approaches compare Z coefficients from splits of the data at various levels of X (e.g., high, medium and low X), or they evaluate the factored coefficients (e.g., b2 + b3X in Equation 2) at various levels of X. However, there is little guidance for interpreting quadratics in survey data, and there is no guidance for interpreting latent variable interactions and quadratics. For these reasons the following presents an approach adapted from Friedrich's (1982) suggestions for interpreting interactions in regression (see Darlington 1990; Jaccard, Turrisi and Wan 1990).

An Example
To explain this suggested interpretation approach a real-world survey data set will be analyzed.
 The abbreviated results of a LISREL 8 Maximum Likelihood estimation of a structural model using Equation 2 and this data is shown in Table A line 1. There the XZ interaction is large enough to warrant interpretation (i.e., its coefficient bXZ is significant). The interpretation of this interaction relies on tables such as Table B that are constructed using factored coefficients such as the factored coefficient of Z, bZ + bXZX, from Table A Line 1. Column 2 in Table B, for example, shows the factored coefficient of Z from Table A line 1 (.047 - .297X) at several Column 1 levels of X in the study. Column 3 shows the standard errors of these factored coefficients of Z at the Column 1 levels of X, and Column 4 shows the resulting t-values. Footnotes b) through d) in Table B further explain the Columns 1-4 entries. In particular Footnote b) explains how values for the unobserved variable X are determined by the values of its indicator that is perfectly correlated with it (i.e., the indicator of X with a loading of 1). In addition, Footnote d) discusses the Standard Error of the Z coefficient, [Var(bZ+bXZX)]1/2 = [Var(bZ) + X2Var(bXZ) + 2XCov(bZ,bXZ)]1/2 , where Var and Cov denote variances and the covariance of b's, the b's denote unstandardized structural coefficients from Table A line 1, and the exponent 1/2 indicates the square root (see Jaccard, Turissi and Wan 1990). The variance of b is of course the square of the Standard Error of b, and Cov(bZ,bXZ), the covariance of bZ and bXZ, is determined in LISREL using its "CORRELATIONS OF ESTIMATES" output. The covariance of bZ and bXZ, Cov(bZ,bXZ), is equal to r(bZ,bXZ)SE(bZ)SE(bXZ) , where r is the CORRELATIONS OF ESTIMATES value for bZ and bXZ, and SE indicates Standard Error.

Footnote a) of Table B provides a verbal interpretation of the moderated Z-Y association shown in Columns 2 and 4. When the level of X was low in the study (i.e., 1.2 to above 3 in Column 1), small changes in Z were positively associated with Y (i.e., the coefficient of Z was 0.89-- see Column 2). However, as X increased in the study, Z was less strongly associated with Y (i.e., the column 2 Z coefficient declined), until near the study average for X, 4.05, the Z-Y association was nonsignificant (e.g., at X = 4.05 the Z-Y association was 0.04, t = 0.59-- see Columns 1, 2 and 4). Then, when the level of X was above the study average, Z was again significantly, but negatively, associated with Y (i.e., the Z-Y association was -0.23, t = -2.48-- see Columns 1, 2 and 4).

Because there are always two factored coefficients produced by a significant interaction, and the XZ interaction was large enough to warrant the Table B attention, Columns 5-8 are provided in Table B to help interpret the factored coefficient of X, -.849 - .297Z. Column 6 shows this factored coefficient at several Column 5 levels of Z. Column 7 shows the standard errors of this factored coefficient at these levels of Z, and Column 4 shows the resulting t-values. Again additional information regarding Columns 5-8 is provided in Footnotes e) through i), and Footnote e) provides a verbal summary of the moderated X-Y association produced by the significant XZ interaction in Table A line 1.

To provide an example of the interpretation of a quadratic, the abbreviated results of the LISREL 8 (ML) estimation of Equation 2 using different real-world survey data (and V and W instead of X and Z) is shown in Table A line 2. The interpretation of the significant VV quadratic shown there uses Table C and the factored coefficient of V, .348 - .159V. Column 2 of Table C shows the factored coefficient of V at several Column 1 levels of V in the study that produced the Table A line 2 results. Column 3 shows the standard errors of the factored coefficient of V at these levels of V, and Column 4 shows the t-values. Again, the footnotes in Table C further explain the column entries, and Footnote a) in Table C provides a verbal description of the effect of V on the V-Y association. In particular, the table displays the variable association of V with Y produced by the significant quadratic VV. When the existing level of V was low in the study (e.g., V = 1-- see Column 1), small changes in that level of V were positively associated with changes in Y (i.e., the V coefficient was 0.56, t = 5.15-- see Column 2). As the existing level of V increased in the study (see Column 1), Vs association with Y weakened (i.e., became smaller in Column 2), and it became nonsignificant for higher level of V (i.e., for V above 3-- see Column 4). Thus for higher existing levels of V (i.e., above 3), small changes in V were not associated with Y.

Procedural Summary
In summary the suggested latent variable interaction/quadratic interpretation procedure is:

1) Request that the structural equation output include the variances and the correlations of the structural coefficients (e.g., Var(bZ)'s and r(bZ,bXZ)) required to compute factored coefficient standard errors (see Footnotes d and h in Table B) (e.g., CORRELATIONS OF ESTIMATES in LISREL, Correlation Parameter Estimates in EQS, etc.). Calculate the covariance of a factored coefficient involving bZ and bXZ, for example, Cov(bZ,bXZ), using r(bZ,bXZ)SE(bZ)SE(bXZ), where r is the CORRELATIONS OF ESTIMATES in LISREL,  Correlation Parameter Estimates in EQS, etc. value for bZ and bXZ, and SE indicates Standard Error.

2) Create table(s) similar to Table B for a significant interaction, or Table C for a significant quadratic, using a spreadsheet (an Excel spreadsheet for Columns 1-4 of Table B is shown in Figure 8).

3) Use mean centered values to calculate coefficients and standard errors (e.g., "Centered X" values in Figure 8).
 Use the standard error calculations for the factored coefficients for an interaction that are shown in Footnotes d) and h) of Table B, and the standard error of the factored coefficient for a quadratic that is shown in Footnote d) of Table C.

4) For the values shown in Column 1 of Table B, for example, use the values of the observed indicator of X whose loading was fixed at 1 (e.g., in Column 1 use the values of the indicator or observed variable x with the fixed structural model loading of 1, since this is the indicator that establishes the metric for the latent variable X and thus it is perfectly correlated with X).
 Similarly, use the observed indicator of Z whose loading was fixed at 1 in Column 5 of Table B, and the observed indicator of V whose loading was fixed at 1 in Column 1 of Table C.

5) Use Footnotes a) and e) in Table B, and Footnote a) in Table C as guides to developing verbal descriptions of the moderated associations. These verbal descriptions can then be used in the discussion of the study results and their implications.

Discussion of the Approach
Several comments about Tables B and C may be of interest. As Table C suggests, quadratics behave like interactions: A factored coefficient involving a quadratic can have one sign at one end of the range of the moderating variable (a quadratic in X, XX, could be viewed as X moderating the X-Y association), where it may or may not be significant, and it could have a different sign at the other end (where it may or may not be significant).

There are other possibilities as well. With different combinations of coefficients, interactions and quadratics can start out positive then become negative, or they can be consistently positive or consistently negative and simply become larger or smaller across the range of values of the moderating variable in the study.

Notice that in Table A bZ was nonsignificant (t = 0.59), yet the factored coefficient of Z was significant at both ends of the range of X in the study (see Column 4 of Table B). Z had a negative association with Y when the existing level of X was high or above its study average for the sample, but its association with Y was positive when X was lower or below its study average. Similarly, bX was significant in Figure 2A (t= -5.32), yet the coefficient of X moderated by Z was non significant when Z was very low (see Column 8 of Table B). X was positively associated with Y for almost all levels of Z, except when Z was very low, where it was not associated with Y.

Also notice that only one of the variables XX, ZZ and XZ was significant, and the same was true for VV, WW, and VW. While it is theoretically possible for more than interaction and its related quadratics to be significant (e.g., XZ, XX and ZZ), my experience suggests that this does not happen with real world data. In fact authors have recommended estimating an interaction such as XZ with its related quadratics XX and ZZ in order to determine which one (of the three) is significant (e.g., Lubinski and Humphreys 1990,  Cortina 1993). This should conveniently obviate having to interpret a factored coefficient such as bx + bxzZ + bxxX in real world data.

As an aside, these authors also recommend that XZ for example always be analyzed in the presence of XX and ZZ. This has implications for larger models that will be discussed later.

Finally, notice that bZ was not significant in Table A, yet it was included in the Table B, Columns 2 and 3, calculations. This was done for several reasons. If Z is excluded, the t-value of the factored coefficient of Z is singular at the mean of X (i.e., it is undefined, and in a neighborhood of the mean of X the t-value of the factored coefficient approaches infinity). Perhaps more importantly however, Tables B and C present sample factored coefficients with their significances, and the .047 value for Z was a sample coefficient.

Additional example of the interpretation of factored coefficients are provided in Tables, F, K, N-R, V and W, and the discussions in the various chapters that reference these tables (see especially Exhibit D in Appendix AH).

Producing Standardized Factored Coefficients
If standardized factored coefficients are desired (e.g., to compare the strength of the moderated coefficients to those of other variables, for example), they can be computed by multiplying the Column 2 factored coefficients in Table B for example by the ratio of the variances of Z and Y (i.e., the Column 2 value times Var(Z)/Var(Y), where Var is the dissattenuated variance available in the structural equation output).

When There Are No Indicators with Loadings Equal to 1
If there is no indicator of X for example with its loading fixed at 1 (i.e., the latent variable X has a variance of 1), the situation becomes messy and this is an area that needs additional work. One approach that suggests itself is to use the observed x with the largest loading and adjust the coefficient estimates used in the Column 2 factored coefficient. The coefficient bz for example in the Column 2 factored coefficient bz + bxzZ would be multiplied by Var(Y)/Var(Z), where Var is the dissattenuated variance available in the structural equation output. Similarly the coefficient bxz would be multiplied by Var(Y)/Var(XZ), where Var is the dissattenuated variance available in the structural equation output. However, if X is not the only latent variable with no loading equal to 1, it is tempting to suggest standardizing the indicator x.

Invariance of Factored Coefficients with Mean Centering
As Aiken and West (1991) point out, the Columns 2 and 6 of Table B and Column 2 of Table C factored coefficient values at the average of the moderating variable is approximately the coefficient (and significance) of Z for example if XZ were omitted from Equation 2. Stated differently, if XZ were not specified in the Table A line 1 equation the observed Z-Y association, bZ', would be approximately .04 (see Column 2 of Table B). Similarly, if XZ were not specified in the Table A line 1 equation the X-Y association, bX', would be approximately -.84, and if VV were not specified in the Table A line 2 equation bV' would be approximately .34. Notice that because mean centered data was used, the Column 2 value (and significance) of the factored coefficient for Z for example at the mean value of the moderating variable X was equal to the bZ value in Table A line 1 (i.e., bZ + bXZX at X = 0, the mean of X when X is mean centered, is bZ + bXZ0 = .047 = bZ).

This has several implications. Omitting a significant interaction or quadratic will not change the size, direction or significance of first order variables (e.g., X and Z in Equation 2) as long as mean centered variables are used. Omitting them simply diminishes what we know about significant and nonsignificant first order variables and therefore clouds what we can say about them. For example in Table A bX would still have been significant if XZ were omitted. Thus any hypothesis involving X and Y would have been supported, and one might be tempted to recommend an intervention that involves increasing X to decrease Y in the study context. However, this would not always be an effective strategy, even in the study context, because X actually had no effect on Y when Z was low (see Column 8 of Table B).

Similarly if XZ were omitted from Table A line 1 the hypothesis involving Z-Y would still have been disconfirmed. However, we would not have known that the Z-Y hypothesis could have just as easily been confirmed if the study average of X were lower (or higher) (see Column 2 of Table B). Stated differently, a significant XZ interaction for example can mask or suppress the Z-Y association. Thus, when interactions and quadratics are omitted in the analysis of survey data, an hypothesized association such as bZ for example that is nonsignificant can actually be a signal that there is a significant XZ interaction or a significant XX or ZZ quadratic that is masking the hypothesized association (i.e., making it nonsignificant).

The invariance of bx or bz, for example in Table A line 1 (with centered data) also suggests that a significant interaction or quadratic adds to the explained variance of Y in Equation 2. In different words, omitting significant interactions and quadratics understates the impact of the first order variables X and Z in Equation 2 for example on Y.

In addition, omitting a significant interaction or quadratic distorts any comparison of main effects (e.g., the comparison of βX and βZ, the standardized versions of bx or bz). For example assume the variances of X and Z are approximately equal and thus Var(X)/Var(Y) is approximately Var(Z)/Var(Y), so that the Table B values are, for the sake of argument, standardized values which can then be compared. X did not actually explain more variance in Y than the nonsignificant Z in Table A line 1, even though its coefficient (-.849) was nearly twenty times the size of the coefficient of Z (.047). When X was low in Table B, the coefficient of Z was .89 and thus it explained about the same amount of variance in Y as X (see the bottom of Column 2 in Table B).

For emphasis, mean or zero centered variables were used in Tables B and C. As previously stated, mean centering is required for all variables including Y in order to use structural equation analysis with the currently available interaction and quadratic detection techniques (see Kenny and Judd 1984). However, there has been much confusion over the use of deviation scores and interactions in the regression literature. Nevertheless as Aiken and West (1991) pointed out, when factored  coefficients are used, mean centering has no effect on estimation--the factored coefficients are scale invariant: the factored coefficients, their standard errors, and thus their t-values are identical with or without mean centering. It also has no effect on interpretation when the suggested Tables B and C approach is used--the Columns 2 and 4 results, for example, were based on mean centered estimates, yet they were presented for uncentered values of the moderating variable (i.e, X in Column 1).

Verbally Explaining Interactions and Quadratics
Explaining a quadratic usually requires some thought and care in wording. At first it may seem confusing to speak of the variable V for example moderating itself. But when VV is significant, this is exactly what is implied. The variable V's association with Y (i.e., the linkage between V and Y) depends on existing levels of V. For study respondents with a lower level of V in Table C, for example, increases in the variable V were associated with increased Y (see Column 2 of Table C). For study respondents with a high level of V changes in V were not associated with changes in Y.

Explaining both sides of an interaction can occasionally be challenging. For example a weakening and eventually non significant X-Y association (e.g., Columns 6 and 8 of Table B) could be theoretically or practically plausible, but a positive then negative Z-Y association (e.g., Columns 2 and 4 of Table B) could challenge existing theory. Thus an association that is significantly positive and significantly negative in the same study can be difficult to explain, and it is natural to want to dismiss the result as faulty analysis. However, an implausible Z-Y association in Column 2 of Table B for example can always be verified. First, restrict the model to cases where X (actually the indicator x whose loading was set to 1) is above 4.05 and observing the Z-Y association. Then, repeat the process for x below 3. In the case of the Table B Z-Y associations, the Columns 2 and 4 results obtain, and one may be left with a observed study result that creates more questions than it answers.

Standard Errors of Factored Coefficients
The Columns 3 and 7 standard errors in Table B, for example, must be manually computed. While the output of variances of the structural coefficients (i.e., b's) required in Footnotes d) and h) can be requested, LISREL and EQS produce correlations for the structural coefficients. Nevertheless as previously mentioned, the variance of a structural coefficient b is the square of its standard error, and standard errors are always available. In addition the covariance of bX and bZ for example is rX,Z*SEbx*SEbz, where rX,Z is the correlation of bX and bZ produced by LISREL, EQS, etc.

Critical (Significance) Points of Factored Coefficients
It is also possible to calculate the point(s) at which the factored coefficients become significant (see Aiken and West 1991). For t = 2, the Column 1 (or 5) values (xc) at which the factored coefficient t-value(s) equal 2 are

                                                                ______________________________________

                            -[2ab - 8Cov(a,b)]  √ [2ab - 8Cov(a,b)]2 - 4[a - 4Var(a)][b2 - 4Var(b)]

                           _________________________________________________________ ,

                                                                   2[b2 - 4Var(b)]

where a and b are the coefficients in the factored coefficient a + bX (e.g., in Table A line 1, bZ + bXZX, and a = bZ and b =  bXZ), Var denotes the variance of a structural coefficient (i.e., the square of its standard error), and Cov denotes covariance. For emphasis a or b could be negative.

Interactions and Quadratics with Common First Order Terms
As previously mentioned, it is possible to have significant pairs of second order variables that share a common first order variable (e.g., XZ and ZZ, XZ and XX, etc.-- see Tables M and AH8 ). In this case, the factored coefficient of Z, for example, for significant XZ and ZZ is (b2 + b3X + b5Z), and the standard error of this factored coefficient is

       ___________________________________________________________________

    √ Var(b2) + X2Var(b3) + 2XCov(b2,b3) + 2XZCov(b3,b5) + Z2Var(b5) + 2ZCov(b2,b5).

In this case Table B would replaced by a slightly different interpretation table (see Table AH3 Part C). The factored coefficient for X is similar and it too would have a slightly different interpretation table.

(end of download)
� Latent variables are constructs that are measured or "indicated" by several observed variables or instances of these unobserved constructs-- see Figure 1.


� Dependent variables such as Y are assumed to be at least ordinal in the monograph, and it does not address categorical dependent variables.


� LISREL, EQS, AMOS, etc. produce parameter estimates by minimizing a model-to-data fit function that compares the input covariance matrix to the covariance matrix implied by the model. As with all minimization algorithms this process may or may not converge.


� The arguments include concern for parsimony, and that adding variables post hoc or after the model is estimated is not only unscientific, it can reduce statistical power in the hypothesized model (i.e., produce false non significance interpretation errors) (see Aiken and West 1991). However in survey data, it could be argued that adding interactions and/or quadratics does not reduce parsimony, and that it is in the "logic of discovery" and it does not reduce statistical power. These perhaps surprising results are discussed later.


� The structural coefficient of X, for example, is related to its partial correlation involving the other variables in a structural model, which in this case includes any interactions and quadratics (i.e., XZ, ZZ and ZZ). Thus adding (or deleting) variables such as interactions and/or quadratics in a structural model can change all the coefficients in a model.


� Parsimony could be argued to be unaltered by the introduction of interactions and/or quadratics: Because as factored coefficients, interactions and/or quadratics are no longer model effects; they can be viewed as "coefficient effects" (i.e., they determine the form of an association).


� Statistical power could be argued to be unaltered by the introduction of interactions and/or quadratics because in factored coefficients the interactions and/or quadratics capture the statistical power of the unfactored coefficients (however, see Jaccard, Turrisi and Wan 1990). This matter will become clearer later after the discussion of the standard error of factored coefficients in the interpretation of interactions and quadratics.


� Also see Footnote 2 for the restriction that Y is at least ordinal.


� Portions of this discussion are adapted from Ping (1996d).


� Portions of this discussion are adapted from Ping (2002).


� Portions of this discussion are adapted from Ping (2002).


� The variable names have been disguised to skirt non-pedagogical issues such as the theory behind the model, etc.


� All of the indicators of all of the latent variables should be mean or zero centered (i.e., deviation scored; the mean of the indicator is subtracted from each case value for that indicator). Mean centering the indicators of independent or exogenous variables is almost always required in order to use interaction and quadratic detection techniques with real-world data in order to reduce multicollinearity (e.g., between X and XZ, etc.). It is also required to use the currently available latent variable interaction and quadratic estimation technique, because zero means are assumed somewhere in every technique. Mean centering the indicators of dependent or endogenous variables is desirable to avoid possibly biased structural coefficient estimates (e.g., the b's in Equation 2) in latent variable interactions and/or quadratics when intercepts are not estimated in the model (see Jöreskog and Yang 1996).


� If there are any indicators of X with loadings greater than one in the structural model, the loadings of X should be respecified by fixing the loading of the indicator with largest loading to 1 and freeing the other indicators of X. A procedure for when there are no indicators with a loading equal to one will be explained later.


� This is not true with non mean centered data. With non mean centered data, the Column 2 factored coefficient value at the average of the moderating variable X for example will not


equal bZ in Table A line 1.
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