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IV. WHY ARE INTERACTIONS AND QUADRATICS SELDOM SPECIFIED IN LATENT VARIABLE ANALYSIS?
Interactions and quadratics are theoretically likely in the social sciences (e.g., Ajzen and Fishbein 1980; Sherif and Hovland 1961-- see Aiken and West 1991 for a summary) (in Marketing theory, for example, see Walker, Churchill and Ford 1977; Weitz 1981; Engle, Blackwell and Kollat 1978; Howard 1977; Howard and Sheth 1969; Dwyer, Schurr and Oh 1987; and Stern and Reve 1980). They routinely occur in experimental data, and by default many commercially available statistical packages (e.g., SAS, SPSS, etc.) estimate all possible interactions in ANOVA. Experimental researchers also routinely estimate all possible quadratics in an ANOVA, to help them interpret significant "main effects" (conceptually similar to b1 and b2 in Equation 1-- see Hays 1963).

However, interactions and quadratics are seldom detected in studies involving survey data (e.g., Podsakoff, et al 1984). There are several factors that affect the likelihood of detecting interactions or quadratics in survey data, including the approach used to detect the interaction and certain characteristics of the data.

The following discussion will be restricted to latent variables in Equation 1 that are specified as shown in Figure J1, or using sums of indica​tors (e.g, X = x1 + x2 + ... + xn, XZ = X*Z = (x1 + x2 + ... + xn)(z1 + z2 + ... + zm), ZZ = Z*Z = (z1 + z2 + ... + zn)(z1 + z2 + ... + zm)).

The approaches used to detect interactions and quadratics in survey data can be categorized into correlational approaches, product-term regression, errors-in-variables regression approaches, subgroup analysis, and structural equation approaches. Because correlational approaches are now infrequently used the interested reader is directed to Jaccard, Turrisi and Wan (1990) for further discussion of this approach.

APPROACHES_
Product Term Regression
In product term regression (Blalock, 1965; Cohen, 1968), latent variables are formed using the sum of their indicators, and the dependent variable is regressed on the linear independent vari​ables plus one or more nonlinear variables formed as prod​ucts of these linear inde​pendent variables (e.g., as in Equation 1).

This technique is popular in the substantive literatures, and is generally recommended for continu​ous variables (Cohen and Cohen, 1983, Jaccard et al., 1990; Aiken and West, 1991). However, it is known to produce biased and inefficient coefficient estimates for latent variables (Busemeyer and Jones 1983; Bohrnstedt and Carter, 1971; see demonstra​tions in Aiken and West 1991, Cohen and Cohen 1983, Cochran 1968; Fuller 1987; and Kenny 1979) that can produce false positive or false negative theory test results.

Errors-in-variables  Regression
Typical of the errors-in-variables regression approaches are the Warren, White and Fuller (1974), Heise (1986), and Ping (1996c) proposals for adjusting the regression moment matrix to account for the error in vari​ables such as latent variables (see Feucht 1989 for a summary of the Fuller-Heise approach). The covariance matrix produced by the sample data is adjusted using estimates of the errors. Regression estimates are then determined using this adjusted matrix in place of the customary unadjusted matrix.

These approaches are infrequently seen in the social science literature, perhaps because, with the exception of Ping (1996c) (see Ping 2001), they ​lack significance testing statistics (Bollen, 1989), and are therefore not useful ​for theory tests.

Subgroup  Analysis
Subgroup analysis involves dividing the sample into subsets of cases based on different levels of a sus​pect​ed nonlinear vari​able (e.g., low and high). The coeffi​cients of the lin​ear-terms-only model (e.g., equation 1) are then esti​mated in each subset of cases using regression or structural equation analysis (Jöreskog, 1971). The resulting coef​fi​cients are tested for signif​icant differ​ences between the groups using a coeffi​cient differ​ence test (see Jaccard, et al., 1990, p. 49).

This technique is also popular in the substantive literatures, and is a preferred technique in some situations (see Jaccard et al. 1990 and Sharma, Durand and Gur-Arie 1981). However, subgroup analysis using regression is criticized in the psychometric literature for its reduction of statistical power and increased likelihood of Type II (false negative) error (Cohen and Cohen, 1983; Jaccard et al., 1990). Maxwell and Delaney (1993) showed that the dicotomizing-ANOVA approach can also produce Type I errors. In addition, because it relies on regression, it too produces biased and inefficient coefficient estimates for latent variables.

For subgroup analysis using structural equation analysis coefficient bias is not an issue. However coefficient estimates for the nonlinear terms are not available, and the sample size requirement limits its utility. Samples of 100 cases per subgroup are considered by many to be the minimum sample size, and 200 cases per group are usually recommend​ed to produce at least one case per element of the indicator covariance matrix in each subgroup and thereby increase the likelihood that the estimated covariance matrix is approximately asymptotically correct (see Jöreskog and Sörbom 1993) (Boomsma, 1983) (see Gerbing and Anderson 1985 for an alternative view).

Variations
Variations on the subgroup analysis theme include dummy variable regression (Cohen, 1968), and ANOVA analysis. The ANOVA_ approach to detecting an interac​tion among continuous variables typically involves dicotomizing the indepen​dent variables in Equation 1), for example, frequently at their medians. This is accomplished by creating categorical variables that represent two levels of each indepen​dent variable (e.g., high and low), then analyzing these categori​cal indepen​dent variables using an ANOVA ver​sion of Equation 1).

This technique is infrequently seen in the substantive literatures, and it too is criticized in the psychomet​ric litera​ture for its reduced statis​tical power that increases the likeli​hood of Type II (false nega​tive) errors (Cohen, 1968; Humphreys and Fleishman, 1974; Maxwell, Delaney and Dill, 1984). In addi​tion, Maxwell and Delaney (1993) showed that this approach can also produce Type I (false positive) errors. 

To use dummy variable  regression to detect an interac​tion between X and Z in Equation 1, the terms involving the interacting variable X and ZZ in Equation 1 are dropped, and dummy variables are added to create the regression model

Y = b"0 + a0D + b"2Z + a1DZ ,

where D = {0 if Xi < the median of the val​ues for X, 1 otherwise}, (i=1,..., the number of cases) and DZ = D*Z . A signif​icant coeffi​cient for a dummy variable corre​sponding to an independent variable (e.g., a1) sug​gests an interaction be​tween that indepen​dent variable (e.g., Z) and the variable that pro​duced the subsets (e.g., X).

This technique is recommended (Dillon and Goldstein, 1984), but is seldom seen in the substantive literatures. It involves sample splitting which is widely criticized, and relies on regression that is known to produce biased and inefficient coefficient estimates for latent variables.

A Chow (1960) test is used with dummy variable regres​sion and subgroup analysis to suggest the pres​ence of an interac​tion. Its use in subgroup analysis involves splitting the sample using the values of X in Equation 1 for example, and dropping X from the equation. If there is a significant sum of squared errors differ​ence when comparing the total of the sum of squared errors associ​ated with the estimation of Equation 1 without X in each subset, and the sum of squared error associated with the full data set, this is considered to be evidence of an interaction between X and Z.

This test has appeared in the substantive literatures, it can be used for detecting a quadratic, and it can be adapted for use in dummy variable regression (see Dillon and Goldstein, 1984). This technique is also recommended (Dillon and Goldstein, 1984), but because it involves regression it has all of the drawbacks associated with regression involving latent variables.

EFFICACY OF REGRESSION-BASED TECHNIQUES
Jaccard and Wan (1995) reported that product-term regression detected true interactions with a frequency of 50% to 74% in realistic research situations (population interaction coefficient sizes of .05 and .1, linear unobserved variables with .7 reliability, 175 cases, and linear unobserved variable correlations of .2 to .4). For linear unobserved variable reliabilities of .9, the detection rates improved to 83% and 98% under the same conditions for population interaction coefficient sizes of .05 and .1 respectively) (see Dunlap and Kemery 1987 for similar results).

Ping (1996b) reported on the ability of other regression-based techniques to detect interactions that are present in the population equation (a true interaction) or reject those not in the population equation (a spurious interaction) using Monte Carlo simulations. His results suggested that the Chow test is not effective for detecting latent variable interactions. He observed that it detected 4% of known interactions, and detected spurious interactions in 46% of cases in which interactions were known not to be present. In summary, his results suggested that product-term regression, followed by subgroup analysis and dummy variable regression ​detected true inter​actions better than ANOVA or the Chow test. These techniques also rejected spurious interac​tions better than the Chow Test. Overall, ​​product-term regression followed by subgroup analysis and dummy variable regression  performed best at both tasks.

CLASSICAL STRUCTURAL EQUATION APPROACHES
In the classic structural equation approaches, interac​tion and quadratic latent vari​ables are specified using all possible pairwise products of the indi​cators for the linear latent variables that comprise the interac​tion or quadratic (e.g., Bollen 1995; Hayduk 1987; Jaccard and Wan 1995; Jöreskog and Yang 1996; Kenny and Judd 1984; Ping 1996a; Wong and Long 1987) (see Figure J1).

Kenny and Judd  (1984)
 Kenny and Judd proposed the use of product indicators (e.g., x1z1 in Figure J1) to specify interaction and quadratic latent variables. They also derived the variance of these product indicators. For example in Figure J1, Kenny and Judd showed that the variance of a nonlinear indicator such as x1z1 depends on measurement parameters associated with X and Z. In particu​lar, under the Kenny and Judd normality assumptions,
 the variance of x1z1 is given by

Var(x1z1) = Var[(λx1X + εx1)(λz1Z + εz1)]

6)

   = λx12λz12Var(XZ) + λx12Var(X)Var(εz1)

+ λz12Var(Z)Var(εx1) + Var(εx1)Var(εz1)

6a)

   = λx12λz12[Var(X)Var(Z)+Cov2(X,Z)] + λx12Var(X)Var​(εz1)

+ λz12Var(Z)Var(εx1) + Var(εx1)Var(εz1) .

In Equation 6 and 6a, λx1 and λz1 are the loadings of the indicators x1 and z1 on the latent variables X and Z; εx1 and εz1 are the error terms for x1 and z1; Var(a) is the variance of a; and Cov(X,Z) is the covariance of X and Z. In particular the loading (λx1z1) and error variance (Var(εx1z1)) of the indicator x1z1 is given by

6b)

λx1z1 = λx1λz1 ,

and

6c)

Var(εx1z1) = λx12Var(X)Var​(εz1) + λz12Var(Z)Var(εx1) + Var(εx1)Var(εz1) .

In the quadratic case 

Var(x1x1) = Var[(λx1X + εx1)2] = Var[λx12X2 + 2λx12εx1 + εx12]

7)

   = λx12λx12Var(X2) + 4λx12Var(X)Var(εx1) + 2Var(ε​x1)2
7a)

   = 2λx12λx12Var2(X) + 4λx12Var(X)Var(εx1) + 2Var(ε​x1)2 .

The loading (λx1x1) and error variance (Var(εx1z1)) of the indicator x1x1 is given by

7b)

λx1x1 = λx1λx1 ,

and

7c)

Var(εx1x1) =  4λx12Var(X)Var(εx1) + 2Var(ε​x1)2 .

Kenny and Judd estimated Figure J1 using COSAN by creating ​​variables for the terms in these equations. For example, Equation 6a required five addition​al variables, one each for λxλz, Var(X)Var(Z)+Cov2(X,Z), Var(X)Var(εz), Var(Z)Var(εx), and Var(εx)Var(εz).

While the Kenny and Judd approach was clearly a breakthrough, it is seldom used in the social sciences for several reasons that will be summarized next.

Hayduk  (1987)
Perhaps because EQS and AMOS (and at the time LISREL 7) do not accept variables set equal to products of parameters (e.g., λxλz), Hayduk (1987) and others (e.g., Wong and Long 1987) have proposed approaches that create additional latent variables to specify, for example, the right‑hand side of Equation 6a. Hayduk's approach to specifying the first term of Equation 6a, for example, was to create a "string" of "convenience" latent variables that affected the indicator x1z1. It is difficult to summarize adequately Hayduk's approach and the interested reader is directed to Hayduk (1987, Ch. 7).

Hayduk's approach is useful with structural equation software such as AMOS and EQS that cannot specify latent variable interactions and quadratics. However, for a latent variable with many indicators, or for a model with several interaction or quadratic latent variables, the Hayduk approach of adding vari​ables is arduous. For example, the single interaction model shown in Figure J1 requires an additional thirty latent variables to specify the loadings and error variances of the indicators for XZ.

The task of specifying the additional variables required in these classic approaches can be daunting (e.g., Joreskog and Yang 1996). In general, programs that use COSAN-like nonlinear constraint capabilities require (p+1)2 +p additional vari​ables for each quadratic latent variable with p indica​tors for the linear latent variable, and (p+1)(q+1)+pq additional variables for each inter​action latent variable with p and q indicators for the linear latent variables. For a model with four or five indicators per linear latent variable, for example, the specification of an interaction and a quadratic variable requires the specification of 70 to 102 additional variables.

LISREL 8 provides a nonlinear constraint capability similar to COSAN, and the effort required to specify the additional variables is reduced. To specify Equation 6a in LISREL 8, three constraint equations are required, one each for λx12λz12, Var(X)Var(Z)+Cov2(X,Z), and λx12Var(X)Var​(εz1)+ λz12Var(Z)Var(εx1) + Var(εx1)Var(εz1). LISREL 8 then creates additional COSAN-like variables by taking partial derivatives of these equations. However, writing the required p(p+1) quadratic equations or 2pq interaction equations can become a tedious task. In addition, the number of additional variables that result can create convergence and improper solution problems because the size of the resulting information matrix is increased by the addition of these variables. Further adding more than about 6 product indicators usually ruins model-to-data fit.

RECENT STRUCTURAL EQUATION APPROACHES
Jaccard and Wan  (1995)
Jaccard and Wan (1995) proposed using a subset of the Kenny and Judd (1984) product indicators. In their Monte Carlo simulation study using synthetic data sets, they used a subset of four product indicators. This novel approach relieves much of the specification tedium in specifying the full set of Kenny and Judd indicators, and it is less likely to ruin model-to-data fit. However, they did not provide guidance regarding how to obtain a subset of product indicators that retain the content or face validity of the interaction.

Bollen  (1995)
The Kenny and Judd approach assumes that for the interaction XZ and the quadratic XX, for example, the indicators of X and Z are multivariate normal. Bollen (1995) proposed using the Kenny and Judd approach with 2 Stage Least Squares estimation to avoid this assumptions of multivariate normality.

While it addresses the multivariate normality assumption in the Kenny and Judd approach, Maximum Likelihood is the preferred estimator in model tests. In addition, there is evidence that Maximum Likelihood estimation is robust to departures from normality (Anderson and Amemiya 1985, 1986; Bollen 1989; Boomsma 1983; Browne 1987; Harlow 1985; Ping 1995, 1996a; Sharma, Durvasula and Dillon 1989; Tanaka 1984). Further, the Bollen (1995) technique requires the use of the full set of Kenny and Judd indicators, which can ruin model-to-data fit in just- or over-determined latent variables X and Z, for example.

Jöreskog and Yang  (1996)
To simplify the variance calculations for XZ, XX and ZZ in Equation 1, for example, the Kenny and Judd (1984) approach required the indicators of X, Z and Y to be mean or zero centered. Mean centering of X, for example, obtains by subtracting the mean of the indicator x1 from each case value of x1, the mean of the indicator x2 from each case value of x2, etc. Jöreskog and Yang (1996) provided the details for interactions involving noncentered latent variables.

Although it addresses the use of uncentered variables, the approach requires the use of the full set of Kenny and Judd indicators, which can ruin model-to-data fit.

2-step Estimation
Ping (1996a) suggested an approach that uses fixed loadings and error terms for the Kenny and Judd (1984) product indicators. He observed that estimates of the variables in Equations 6 and 7 are available in the  measure​ment model for Figure J1. As a result, he suggested that λx1z1 (=λx1λz1), Var(εx1z1) (=λx12Var(X) Var(εz1) + λz12Var(Z)Var(εx1) + Var(εx1)Var(εz1)), λx1x1 (=λx1λx1), and Var(εx1x1) (=4λx12Var(X)Var(εx1) + 2Var(ε​x1)2 ) in Figure J1 could be specified as constants in the structural model.

Ping (1996a) observed that with "​sufficient unidimensional​ity" the measurement model parameter estimates change trivial​ly, if at all, between the measurement model and alterna​tive struc​tur​al models. As a result, he proposed that as an alternative to specifying Var(x1z1) or Var(x1x1) ​​​as variables in the structural model for Figure J1 for example, λx1z1 and Var(εx1z1), ​or λx1x1 and Var(εx1x1) ​could be specified as constants in that model when X and Z are each sufficiently unidimensional. Specifi​cally, parame​ter estimat​es from a linear-terms-only measurement model for Figure J1 (e.g., involv​ing X and Z only) could be used as values for λx1, λz1, Var(εx1), Var(εz1), Var(X), and Var(Z) in Equa​tions 6b and 6c, and Equations 7b and 7c. The resulting calculated values for λx1z1 and Var(εx1z1), ​or λx1x1 and Var(εx1x1) ​could then be specified as fixed (constant) loadings and errors for λx1z1 and Var(εx1z1), or λx1x1 and Var(εx1x1) in the Figure J1 structur​al model.

He argued that this was possible because the unidimensionality of X and Z enables the omission of the nonlinear latent variables from the linear-terms-only measurement model: Because X and Z are each unidimensional, their indicant loadings and error variances are unaffected by the presence or absence of other latent variables in a measurement or structural model. Stated differently, sufficient unidimensionality provides trivially dissimilar measurement parameter estimates between measurement and structural models, and enables the use of λx1z1 and Var(εx1z1), or λx1x1 and Var(εx1x1) measurement model estimates in the structural model.

Therefore to use this technique for Figure J1, the Equation 6b and 6c, and Equations 7b and 7c parameters (i.e., λx1, λx2, λz1, λz2, Var(εx1), Var(εx2), Var(εz1), Var(εz2), Var(X), and Var(Z)) are estimated in a linear-terms-only measurement model (e.g., a Figure J1 model that excludes XX and XZ) (Step 1 in the 2-step estimation technique). The measurement parameters for the other nonlinear indicators in Figure J1 are also available in this measurement model. Then the indica​tors of the interaction and quadratic latent variables are created as products of the indica​tors of linear latent variables in each case. Next using the measure​ment parameter estimates from the measurement model, the loadings and error variances for the nonlinear indicators in Figure J1 are calculated using Equations 6b, 6c, 7b, and 7c. The loading and error variance of x2z1 for example are λx2λz1 and λx22Var(X)Var​(εz1) + λz12Var(Z)Var(εx2) + Var(εx2)Var(εz1). For x1x2 they are λx1λx2 and λx12Var(X)Var​(εx2) + λx22​Var(X)Var(εx1) + Var(εx1)Var(εx2).
 Finally, employing a nonlinear structur​al model (e.g., the Figure J1 model) in which the calculated loadings and error variances for the nonlinear indica​tors are specified as constants (i.e., fixed rather than free variables), the relations among the linear and nonlinear latent variables are estimated (Step 2 in the 2-step estimation technique).

If the structural model estimates of the measurement parameters (i.e., λx1, λx2, λz1, λz2, Var(εx1), Var(εx2), Var(εz1), Var(εz2), Var(X), and Var(Z)) are not similar to the measurement model estimates (i.e., equal in the first two decimal places), the nonlinear loadings and error variances can be recomputed using the structural model estimates of the measurement parameters. Zero to two of these iterations are usually sufficient to produce exact effect estimates (i.e., equal to Kenny and Judd direct LISREL 8 or COSAN estimates) (Ping 1996a).

To improve execution times with the Kenny and Judd (1984) approach and LISREL 8, I have used these calculated loadings and error variances as starting values, rather than fixing them. This calculated starting value approach works best when the measurement models for each linear latent variable each fit the data well (e.g., AGFI=.8 or better, CFI=1, Chi-square p-value greater than .1, etc.).

The Ping (1996a) approach requires less specification effort than the Kenny and Judd approach, and it creates no additional variables for estimating interactions or quadratics in latent variables, which reduces estimation problems. In addition, it enables the Kenny and Judd technique to be used with EQS and AMOS. Nevertheless, because it uses the full set of Kenny and Judd product indicators, it can produce model-to-data fit problems with interactions or quadratics that have more than about 6 product indicators.

Single Indicator Approaches
The Ping (1996a) two step approach replaces nonlinear constraint equations in Kenny and Judd direct estimation using LISREL 8 with calcula​ted values that are used as fixed or starting values in a nonlinear structural model. For larger models with many Kenny and Judd (1984) product indicators to specify, Ping (1995) suggested a different approach. For each interaction or quadratic latent variable, he suggested using a single indicator that is the product of sums of indicators. For example, in Figure J2 the Figure J1 indicators of XX and XZ are replaced by single indicators

4)
x:x = (x1+x2)(x1+x2) and x:z = (x1+x2)(z1+z2).

The loadings and error variances for these single indicators are similar in appearance to Equations 6 and 7:

Var(x:z) =  Var[(x1+x2)(z1+z2)]

  = Var(x1+x2)Var(z1+z2) + Cov((x1+x2),(z1+z2))2
  = [ΛX2Var(X)+θX][ΛZ2Var(Z)+θZ] + [ΛXΛZCov(X,Z)]2
  = ΛX2ΛZ2[Var(X)Var(Z)+Cov(X,Z)2] + ΛX2Var(X)θZ
+ ΛZ2Var(Z)θX + θXθZ
8)

  = ΛX2ΛZ2Var(XZ) + ΛX2Var(X)θZ + ΛZ2Var(Z)θX + θXθZ
8a)

  = λx:z2Var(XZ) + θεx:z ,

where ΛX = λx1 + λx2, θX = Var(εx1) + Var(εx2), Λz = λz1 + λz2, θz = Var(εz1) + Var(εz2), λx:z = ΛXΛZ , and θεx:z = ΛX2Var(X)θZ + ΛZ2Var(Z)θX + θXθZ , because Kenny and Judd showed that under the Kenny and Judd normality assumptions Var(a*b) = Var(a)Var(b) + Cov(a,b)2. In particular the loading (λx:z) and error variance (θεx:z) of the indicator x:z is given by

8b)

λx:z = ΛXΛZ ,

and

8c)

θεx:z = ΛX2Var(X)θZ + ΛZ2Var(Z)θX + θXθZ
Similarly

Var(x:x) = Var[(x1+x2)(x1+x2)] 

  = 2Var(x1 + x2)2
  = 2Var[(λx1X+εx1)+(λx2X+εx2)]2
  = 2[Var((λx1+λx2)X)+Var(εx1)+Var(εx2)]2 

  = 2[Var(ΛXX) + θX]2
9)

  = 2ΛX4Var(X)2 + 4ΛX2Var(X)θX + 2θX2
9a)

  = λx:x2Var(XX) + θεx:x ,

where λx:x = ΛXΛX , and θεx:x = 4ΛX2Var(X)θX + 2θX2 , because Kenny and Judd showed that under the Kenny and Judd normality assumptions Var(a*a) = 2Var(a)2. The loading (λx:x) and error variance (θεx:x) of the indicator x:x is given by

9b)

λx:x = ΛXΛX ,

and

9c)

θεx:x = 4ΛX2Var(X)θX + 2θX2 .

Using artificial data sets with data conditions representative of survey data (i.e., four indicators per X and Z latent variable, X and Z loadings ranging from 1 to .6, sample sizes of 100 and 300 cases, and linear latent variable reliabili​ties of .6 and .9), Ping's (1995) results suggested using the proposed single indicator for an interaction or quadratic produced unbiased and consistent coefficient estimates for interactions and quadratics. For emphasis, these results were obtained using loadings for the indicators of X and Z that were not all the same (i.e., tau equivalent).

This approach can be used in two ways. The Figure J2 structural model could be estimated in two steps in a manner similar to the two step approach suggested by Ping (1996a) described earlier. Alternatively, the Equations 8b and 8c, or 9b and 9c loadings and error variances of XZ or XX can be specified in LISREL 8 as free variables and estimated directly.

To utilize the two-step version of the Ping (1995) technique for Figure J2, the measurement parameters in Equations 8b and c, and 9b and c (i.e., λx1, λx2, λz1, λz2, θεx1, θεx2, θεz1, θεz2x1, Var(X), and Var(Z)) are estimated in a linear-terms-only measure​ment model. Then the single indica​tors of the interaction and quadratic latent variables are created as products of sums of the indica​tors of linear latent variables in each case, as they would be in product term regression. Next, using the linear-terms-only measure​ment model estimates, the loadings and error variances for the nonlinear indicators (λx:z and θx:z , or λx:x and θx:x) are computed. Finally, employing a nonlinear structur​al model in which the calculated loadings and error variances for the nonlinear indica​tors λx:z and θx:z , or λx:x and θx:x are specified as constants, the Figure J2 relations among the linear and nonlinear latent variables are estimated.

As before, if the structural model estimates of the measurement parameters (i.e., λx1, λx2, λz1, λz2, Var(εx1), Var(εx2), Var(εz1), Var(εz2), Var(X), and Var(Z)) are not similar to the measurement model estimates (i.e., equal in the first two decimal places), the nonlinear loadings and error variances can be recomputed using the structural model estimates of the measurement parameters. Again zero to two of these iterations are sufficient to produce exact effect estimates (i.e., equal to Kenny and Judd direct LISREL 8 or COSAN estimates) (Ping, 1996a).

Alternatively, to use this technique to directly estimate the Figure J2 model effects using LISREL 8, the linear-terms-only measurement model step is skipped, and the single indica​tors of the interaction and quadratic latent variables are created as sum of products of the indica​tors of linear latent variables in each case. Then the loadings and error variances for these nonlinear indicators are specified using Equations 8b and c, and 9b and c. The loading and error variance of x:z for example are λx:z = ΛXΛZ and θx:z =  ΛX2Var(X)θZ + ΛZ2Var(Z)θX + θXθZ. ​For x:x they are λx:z = ΛXΛX and θx:x =  ΛX2Var(X)θZ + ΛZ2Var(Z)θX + θXθZ. Finally, using ​the Figure J2 structural model in which the loadings and error variances for the nonlinear indica​tors are specified as free variables, the relations among the linear and nonlinear latent variables are estimated. As before, calculated values for the loadings and error variances of the interactions and quadratics (i.e., from the measurement model step of the two-step version of the Ping 1995 technique) could be used as starting values to speed up convergence for this direct estimation.

The single indicator approach has been used (e.g., B. Lee 1999, G. Lee 1999, Ping 1999a, Singh 1998, Osterhuis1997), and it solves the estimation and model-to-data fit problems mentioned earlier. However, in direct estimation, it can be used for only one interaction or quadratic because of limitations in LISREL 8 (see the example in Appendix AD).

In summary, researchers have at least five alterna​tives for estimating interaction and quadratic latent variables using structural equation analysis. Direct estimation using LISREL 8 and a full set of Kenny and Judd (1984) product indicators is possible with the Kenny and Judd (1984), Bollen (1995), and Jöreskog and Yang (1996) approaches. Indirect estimation using EQS and AMOS (and LISREL 8) and Kenny and Judd (1984) product indicators is possible with the Hayduk (1987) convenience variables approach, and the Ping (1996a) two-step approach. These direct and indirect estimation techniques could also be used with a reduced set of product indicators and the Jaccard and Wan (1995) approaches.

Alternatively, direct estimation using LISREL 8 and the Ping (1995) single indicator approach could be used, or indirect estimation using EQS and AMOS could be used with a single Ping (1995) single indicator and the two step version of Ping (1995).

LATENT VARIABLE REGRESSION
Ping (1996c) proposed estimating latent variable interactions using ordinary least squares regression with an input covariance that was adjusted for measurement error. Under the Ping (1995) assumptions, the covariance matrix for X (=x1+x2), Z (=z1+z2), XZ (= [x1+x2][z1+z2] = x1z1 + x1z2 + x2z1 + x2z2), and the other latent variables in the model specified as sums of their indicators, is determined using SAS, SPSS, etc. In addition, a full measurement model containing X, Z, the other linear latent variables, but not XZ, is estimated. Next each entry in the covariance matrix from SAS, SPSS, etc. is adjusted using the loadings and measurement errors from the full measurement model and equations that are related to Equation 1. The resulting adjusted covariance matrix is input to ordinary least squares regression.

Ping's (1996c) results using artifical data sets suggested this latent variable regression approach was unbiased and consistent. It solves the estimation and model-to-data fit problems discussed earlier, and it is useful in estimating many interactions and quadratics, or probing for significant interactions or quadratics.

While latent variable regression was proposed without a standard error term for the coefficients, Ping (2001) proposed a standard error term for this approach when used with interactions. The coefficient standard errors (i.e., the SEs of b1 through b5 Equation 1) produced by ordinary least squares (OLS) regression using the error-adjusted covariance matrix from latent variable regression are incorrect because they assume variables that are measured without error (e.g., Warren, White and Fuller 1974). A common approach to this problem (e.g., in instrumental variables and two-stage least squares-- see Hanushek and Jackson 1977) is to adjust the coefficient standard error from unadjusted OLS regression by changes in the standard error of the Y estimate, RMSE (= [Σ[yi - i]2], where yi and i. are observed and estimated ys respectively). Thus an adjusted standard error for latent variable regression coefficients would involve the standard error from unadjusted OLS regression, and a ratio of the standard error from unadjusted OLS regression and the standard error from latent variable regression. Specifically, it is well known that coefficient standard errors (SE's) produced by unadjusted OLS regression (i.e., a standard error produced using covariances unadjusted for measurement error) are attenuated by measurement error, and that RMSE in OLS regression is reduced by accounting for measurement error (e.g., Warren, White and Fuller 1974, see Myers 1986 for additional citations). Thus an adjustment for the SE from unadjusted OLS regression would be the ratio of the RMSE produced by unadjusted OLS regression (U) and that produced by latent variable regression (LVR), or

SELVR = SEU*RMSEU/RMSELVR ,

where SELVR is the LVR standard error, SEU is the SE produced by unadjusted OLS regression (i.e., the SE produced using covariances unadjusted for measurement error), RMSEU is the standard error produced by unadjusted OLS regression, and RMSELVR is the standard error produced by latent variable regression.

Ping (2001) demonstrated the performance of this suggested standard error in detecting known population structural coefficients, including and interaction (i.e., bs in Y = b0 + b1X + b2Z + b3XZ + b4W +ζY) in artificial data sets under several data conditions (i.e., .7 and .9 reliability, interaction coefficient sizes that produced R2's of .10 and .50, and sample sizes of 100 and 300 cases). The results included the performance of LISREL 8 for reference, and overall, the suggested standard error performed adequately. The bias (i.e., the ratio of the average of the standard errors to the root mean square difference of the coefficients from their population values) of the suggested standard errors was similar to the downward bias experienced by LISREL 8 and the LISREL 8 biases reported by Jaccard and Wan (1995). The number of significant coefficients produced by the suggested standard error was similar to LISREL 8 over the simulation conditions, except for the low reliability-small sample condition, where the power of the test for the suggested standard error (i.e., the number of true positive interpretations) was slightly higher than for LISREL 8.

I have performed a similar analysis of the suggested stand error in detecting quadratics and the results were equivalent.

PROBING FOR LATENT VARIABLE INTERACTIONS AND QUADRATICS
It is possible to approximate Equations 8b, 8c, 9b and 9c using the reliabilities of X and Z. To explain, Werts, Linn and Jöreskog (1974) suggested the latent variable reliability (ρX) of a measure of a unidimensional latent variable X (i.e., the measure has only one underlying latent variable) is 

           ΛX2Var(X)

ρX =  -------------------
(14

         ΛX2Var(X) + θX
and it is well known that the measurement error variance, θX, of X is given by

θX = Var(X)(1 - ρX) .
(15

Solving Equation 14 for the loading of X, ΛX, and substituting Equation 15 into the result,
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Busemeyer and Jones (1983) showed that the reliability of an interaction such as XZ, ρXZ, is

            rXZ2 + ρXρZ
ρXZ =  ---------------    ,
(17

              rXZ2 + 1

where rXZ2 is the correlation of X and Z. Thus using Equation 16
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Using Equation 15, 17, and the Kenny and Judd (1984) result for normal X and Z that Var(XZ) = Var(X)Var(Z) + Cov (X,Z)2 ,

θXZ = Var(XZ)(1 - ρXZ)

           (Var(X)Var(Z) + Cov(X,Z)2)(1 - ρXρX)

       =  ----------------------------------------------

                   rXZADVANCE \r02 + 1

           (Var(X)Var(Z) + Cov(X,Z)2)(1 - ρXρX)

       =  ----------------------------------------------

                   Cov(X,Z)2 + Var(X)Var(Z) 

                  ----------------------------------

                 Var(X)Var(Z)

       = Var(X)Var(Z)(1 - ρXρX) .
(19

Similarly from Equation 17 the reliability of a quadratic such as XX, ρXX, is

            rXX2 + ρXρX
ρXX =  ----------------

              rXX2 + 1

            1 + ρX2
       =  ----------

                2

and Equation 16 becomes
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Using Equation 15, 20, and the Kenny and Judd (1984) result for normal X that Var(XX) = 2Var(X)2,

θXX = Var(XX)(1 - ρXX)

       = 2Var(X)2(1 - ρXX)

       = Var(X)2(1 - ρX2) .
(22

Anderson and Gerbing (1988) pointed out that for unidimensional constructs there is little practical difference between coefficient alpha (α) and ρ. Thus for unidimensional constructs Equations 18, 19, 21, and 22 can be approximated by
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θXZ  Var(X)Var(Z)(1 - αXαZ) ,


(24
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and                                

θXX  Var(X)2(1 -αX2) ,
(26

where αX and αZ are the coefficient alpha reliabilities of X and Z respectively.

As a result, interactions and quadratics of interest could be added to a structural equation model using single indicators, and the loadings and measurement error variances of these single indicators could be specified using the approximations given by Equations 23-26. The structural model could then be estimated adding significant interactions and quadratics one-by-one using a procedure in LISREL 8 called modification indices that in this case is similar to stepwise regression. To accomplish this the path coefficients (βs) for the paths between the dependent variable(s) and each of the interactions and quadratics are fixed at zero, then they are stepped in using modification indices according to which one has the highest modification index. This procedure is illustrated in the examples.

DATA CONDITIONS THAT INFLUENCE INTERACTION DETECTION

Interactions and quadratic may not be widely reported because of data conditions. These include reliability, systematic error and sample size, research design and intercorrelation.

Reliability_
Low reliability reduces the observed size of the coefficient of a true interaction. Aiken and West (1991) observed that when the reliabilities of X, Z, and the dependent variable Y, all drop from 1 to .7, the observed interaction coefficient for XZ is reduced to 33% of its population size. As a result, reduced reliability in X, Z and Y attenuates the R2 contribution of XZ (Busemeyer and Jones 1983). In addition, low X, Z and Y reliability attenuates the standard error of XZ, which in turn reduces its power of the test (Aiken and West 1991).

The reliability of XZ is a function of the reliability of X times the reliability of Z (see Bohrnstedt and Marwell 1978; Busemeyer and Jones 1983). For X and Z that are uncorrelated, bivariate normal, and have zero means, the reliability of XZ is the product of the reliabilities of X and Z. As the correlation between X and Z increases, the reliability of XZ increases slightly. However, for X and Z intercorrelated in a range typical of survey data (0 to .5), the reliabilities of X and Z should generally be .7 or above to produce interaction reliabilities of .6 or more (see Jaccard, Turissi and Wan 1990).

Systematic Error and Sample  Size
Correlated (systematic) error between the independent and dependent variables also attenuates the observed coefficient sizes of interactions (Evans 1985). As a result, survey data gathered using a single questionnaire and the use of scales that are identical for the independent and dependent variables could attenuate the coefficient estimate of a population interaction.

Sample size and power are directly related in the detection of interactions. In order to detect a weak population interaction, a relatively large sample size is required.  For example, in a model with an R2 of .20 or .30, samples of 119 or 103 are required to detect an interaction that raises the model R2 by 5 points to .25 or .35 respectively (Jaccard, Turrisi and Wan 1990) (see also McClelland and Judd 1993). In addition, larger samples can offset the loss of power of the test for XZ induced by low interaction reliability (Jaccard, Turrisi and Wan 1990).

Research  Design 
In an exploration of the difficulties of detecting interactions using survey data and regression, McClelland and Judd (1993) showed that because field studies are similar to an experiment with unequal cells sizes, field studies are less efficient than experiments in detecting interactions (see also Stone-Romero, Alliger and Aguinis 1994). They concluded an optimal experimental design for detecting interactions exhibits an independent variable distribution that is polar (i.e., has many cases containing extreme independent variable values) and balanced (i.e., has equal cell sizes). The most efficient of these distributions McClelland and Judd characterized as a four-cornered data distribution (which has, for two independent variables with more than two levels, a three-dimensional frequency distribution that looks like the four legs on an upside-down kitchen table), and an X-model (which has, for two independent variables with more than two levels, a three-dimensional frequency distribution that resembles a bas-relief X anchored on the four polar cells).

Because field studies produce mound-shaped distributions for independent variables instead of uniform (balanced), four-cornered, or X distributions (McClelland and Judd 1993), they are not usually as efficient as experiments in detecting interactions. Comparing an experiment with two independent variables and a four-cornered data distribution to the equivalent mound-shaped field study distribution, they argued that the field study would produce a data distribution that is 90% to 94% less efficient in detecting interactions as the four-cornered distribution.

In order to detect a population interaction with a field study they suggested over-sampling the extremes or poles of the scales. Based on their results, a stratified sample that produces a uniform distribution for two independent variables increases the efficiency of detecting an interaction between these two variables by a factor of between 2.5 and 4. A field study that samples only the poles, such as Dwyer and Ohs (1987) study of output sector munificence effects in marketing channels, improves the efficiency of interaction detection by 1250% to 1666% (although they did not test for interactions).

Intercorrelation_
Interactions are correlated with their linear component variables (Blalock 1979). This collinearity produces inflated standard errors for the linear component variables (Jaccard, Turrisi and Wan 1990; see Aiken and West 1991 for a demonstration). For scales that have an arbitrary zero point such as Likert scales, mean centering is recommended to reduce this correlation (Aiken and West 1991; Cronbach 1987; Jaccard, Turrisi and Wan 1990).
 For X = Σxi this is accomplished by subtracting the mean of xi from the value for xi in each case. The result is a zero mean for xi (and X).

In an investigation of spurious interactions, Lubinski and Humphreys (1990) noted that interactions and quadratics are correlated. As the correlation between X and Z approaches 1, the correlation between XX (or ZZ) and XZ also approaches 1. As a result, a population quadratic can be mistaken for an interaction. They argued that quadratic combinations of the linear unobserved variables comprising an interaction should be entered in the regression model before that interaction is entered and tested for significant incremental variance explained. I will call this approach saturated product-term regression in the balance of the book.

Parenthetically, spurious interactions (i.e., known to be absent in the population model) have not been shown to be induced by measurement error or correlated (systematic) errors between the independent and dependent variables (see Aiken and West 1991). In addition, the use of standardized coefficients does not affect the observed significance of the interaction (Jaccard, Turrisi and Wan 1990).

(end of chapter)

� The following is based on Ping (1996b).


� The Kenny and Judd normality assumptions were that each of the latent variables X and Z is independent of the errors (εx1, εx2, εz1, and εz2), the error terms are mutually indepen�dent, the indicators x1, x2, z1, and z2 are multivariate normal, and the errors (εx1, εx2, εz1, and εz2) are multivar�iate nor�mal.


� In addition, I scanned the social sciences literature, and this also seems to be true for 1st order variables as well (see Bagozzi and Heatherton 1994:43; also see Anderson and Gerbing 1984) (see McClelland and Judd 1993 for indirect evidence).


� Ping (1995b) showed that in general the loading of an indicator xz is given by λxλz and the error variance is given by  Kλx2Var(X)Var�(εz) + Kλz2�Var(Z)Var(εx) + KVar(εx)Var(εz) (K=2 if x=z, K=1 otherwise).


� This discussion is based on Ping (1996b).


� While it is a standard assumption in structural equation modeling (e.g., Bollen 1989), mean or zero centering has been the source of much confusion in regression analysis. The interested reader is directed to Aiken and West (1991) for an exhaustive and compelling demonstration of the efficacy of mean centering.
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