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INTERACTIONS AND QUADRATICS IN SURVEY DATA:


A SOURCE BOOK FOR THEORETICAL MODEL TESTING


INTRODUCTION
This book is written for model testers and others in the Social Sciences who want to estimate latent variable interactions or quadratics in survey data (e.g., b3, or b4 and b5 respectively, in the structural equation Y = b0 + b1X + b2Z + b3XZ + b4XX + b5ZZ + ζY, where X, Z, etc. are unobserved constructs that are measured or "indicated" by several observed variables or instances of these unobserved constructs). Although it assumes the reader is familiar with latent variables, the terminology of structural equation analysis, and a software package for the analysis of structural equations (e.g., LISREL, EQS, AMOS, etc.), I have tried to make the book accessible as possible.

The book focuses on latent variable interactions and quadratics. It brings together what is known about these variables that pertains to their estimation in survey data, and it selectively adds to this body of knowledge. The book begins with a discussion of interactions and quadratics, and it summarizes the available estimation techniques for interactions or quadratics involving latent variables. Perhaps more importantly, using examples involving real-world survey data, it also explains in detail how to estimate latent variable interactions and quadratics using LISREL and EQS.

I became involved in latent variable interactions and quadratics in survey data by accident. While estimating a survey-data model using the structural equation analysis package LISREL, I discovered that several hypothesized associations were not significant. While trying to plausibly explain why these associations were non-significant, I recalled that a significant interaction or quadratic can produce, for example, a non significant X‑Y association (e.g., b1 is non significant in the equation above). So, I began to look for significant interactions and quadratics. I was surprised by how difficult this was for latent variables. While ordinary least squares regression quickly identified several candidates for significant interactions and quadratics, testing these candidates for significance using structural equation analysis was a frustrating process (regression estimates cannot be trusted with latent variables because they are biased and inefficient, see Bohrnstedt and Carter 1971). I found that estimating an interaction or a quadratic using the recommended approach suggested by Kenny and Judd (1984) produced a model that did not converge using LISREL. After providing starting values, it did converge, but the model did not fit the data (see Jaccard and Wan 1993 for evidence of similar problems). In short, I was unable to test any of the likely interactions and quadratics using structural equation analysis beyond comparing coefficients between median splits of the data (which is well known to be unreliable, e.g., Maxwell and Delaney 1993). Later while testing another survey-data model that included an hypothesized latent variable interaction, I experienced the same difficulties. Shortly thereafter I began looking for ways to successfully estimate the strength and direction of latent variable interactions and quadratics in real-world data.


The purpose of this book is to help social science researchers and others to successfully estimate hypothesized or unhypothesized latent variable interactions and quadratics using structural equation analysis. The book discusses all the interaction and quadratic estimation approaches of which I am aware. However, it focuses on those I have found that consistently converge with real‑world data sets, and do not ruin model‑to‑data fit, in models with more than one interaction or quadratic involving just‑ or over‑determined latent variables (i.e., those with three or more indicators).

The list of those I should thank in this book is long and probably incomplete. My first exposure to structural equation analysis was while working with Bob Dwyer at the University of Cincinnati, and Neil Ritchie, also at UC helped refine that first exposure. My thinking about latent variables, structural equations, and about interactions and quadratics, was heavily influenced by the writings of Leona Aiken and Stephen West; James Anderson, David Gerbing and John Hunter;  Peter Bentler; Kenneth Bollen; Michael Browne; Leslie Hayduk; Karl Jöreskog and Dag Sörbom; John Kenny; and Scott Long.

This book is on my academic web site for several reasons. It allows me to direct inquiries about estimating latent variable interactions and quadratics to material the inquirer can easily access, and thus it usually avoids long-winded e-mails. A web book enables me to have this material "in print" comparatively rapidly (although I suspect that fewer potential readers are aware of its existence). I can also use my recent research to periodically extend and revise the book without the rigors of publishing a revised edition. Perhaps more important, because the book is searchable using standard "Find" functions, a web version may be useful more quickly than a printed version. However, the book is in Microsoft Word rather than HTML, for equation formatting reasons, so it may download rather slowly. It was also autoformatted from WordPerfect to Word, and so, in addition to my own errors of omission and commission, there may be reformatting errors as well.

If you see anything you like, or dislike, errors, etc., please e-mail me with the details.

Robert A. Ping, Jr.

Department of Marketing

Wright State University

Dayton, Ohio 45435-0001

rping@wright.edu
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When an hypothesized association is significant in a model test using survey data, researchers report this observation. However, an interaction or a quadratic in the population equation (e.g., XZ, or XX and ZZ, respectively in Y = b0 + b1X + b2Z + b3XZ + b4XX + b5ZZ + e). may be lurking "below the surface" (i.e., undetected in the present study), ready to render this association non significant in the next study. In addition, survey researchers usually report an hypothesized but non significant association with little further analysis. However, an undetected interaction or quadratic in the population equation may have been responsible for this significant association.


Sadly, survey researchers who wish to probe post hoc (i.e., after the proposed model has been estimated) for interactions or quadratics in unobserved or latent variable models, as their brethren who conduct experiments do with ANOVA, are discouraged from doing so because this is considered unscientific in model tests involving survey data.


For hypothesized interactions or quadratics, there is confusion over whether significant interactions or quadratics are likely to be observed in survey data (see McClelland and Judd 1993, Podsakoff, Tudor, Grover and Huber 1984). Nevertheless, authors believe interactions and quadratics are more likely than their reported occurrence in published survey research suggests (e.g., Aiken and West 1991; Busemeyer and Jones 1983; Birnbaum 1973, 1974; Jaccard, Turrisi and Wan 1990).


The following chapters address these matters. Together they bring together what is known about these variables that pertains to their estimation in survey data, and they selectively add to this body of knowledge. The monograph begins with a definition of latent variable interactions and quadratics, and it summarizes the available estimation techniques for these variables. Perhaps more importantly, using examples involving real‑world survey data, it also explains in detail how to estimate latent variable interactions and quadratics using LISREL and EQS.

I. INTERACTIONS AND QUADRATICS IN SURVEY DATA
The amount of interaction between the variables X and Z in their association with Y (also termed X's moderation of the Z-Y association, or Z's moderation of the X-Y association) is the strength (i.e., the significance) of the coefficient of the XZ variable, b3, in the prediction or structural equation mentioned in the introduction

1)

Y = b0 + b1X + b2Z + b3XZ + b4XX + b5ZZ + ζY ,

where bi are unstandardized "regression" or structural coefficients (also called associations or effects), b0 is an intercept, and ζ is the error or structural disturbance term. XZ is called an interaction term or interaction variable (or simply an interaction). The XX and ZZ variables are quadratics. Equation 1 can be factored to produce a factored coefficient of Z due to the interaction XZ, i.e.,

2)

Y = b0 + b1X + (b2 + b3X)Z + b4XX + b5ZZ + ζY.

Similarly Equation 1 can be factored to produce a factored coefficient of X due to the interaction XZ (i.e., b1 + b3X), a factored coefficient of Z due to the quadratic ZZ (i.e., b2 + b5Z), and  a factored coefficient of X due to the quadratic XX (i.e., b1 + b4X).

While X, Z and Y can be any type of variable, we are most interested in unobserved or latent variables (e.g., the unobserved variable X is measured with multiple observed items, such as Likert scaled items, each of which is measured with error and is imperfectly correlated with X). Such variables are also termed reflexive variables (see Fornell and Bookstein 1982), and they can be diagramed as shown in Figure A.
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 II. THE IMPORTANCE OF INTERACTIONS AND QUADRATICS IN SURVEY RESEARCH
Authors in the social sciences have warned of the risks involved in ignoring interactions and quadratics in surveys (e.g., Aiken and West 1991; Blalock 1965; Cohen 1968; Cohen and Cohen 1975, 1983; Darlington 1990; Friedrich 1982; Kenny 1985; Howard 1989; Jaccard, Turrisi and Wan 1990; Neter, Wasserman and Kunter 1989; Pedhazur 1982). Failure to consider interactions and quadratics is likely to lead to erroneous interpretations of the study's results. For example, in Equation 2 ​the actual or factored coeffi​cient (or simple slope-- see Aiken and West 1991) of Z is (b2 + b3X). When the coefficient of XZ in Equation 1 (b3) is significant in a survey (e.g., the t-value of b3 is greater than 2), this factored coefficient of Z will be significant for some X values in the study, and this will produce a very differ​ent interpretation of the Z-Y association than will the coefficient of Z in Equation 1 without XZ (i.e., Y = b0' + b1'X + b2'Z) (see Aiken and West 1991). ​If b2' in Equation 2 is not signifi​cant, failing to include the significant XZ in Equation 1 will produce a misleading interpretation of the Z-Y associa​tion. A nonsignifi​cant b2' implies the Z-Y association is disconfirmed, but it would be misleading to state that Z is not associated with Y in the study. The Z-Y association simply depends on the level of X in the study, and this information may be more important to some researchers and practitioners than the disconfirmation of the Z-Y association.

Alternatively, b2' could be sig​nif​i​cant while (b2 + b3X) could be nonsig​nif​i​cant for some (but not all) values of X in the study. In this case, not including a significant XZ will produce a misleading confirmation of the Z-Y association. The Z-Y association is actually nonsignificant for some values of X in the study, and this information may also be more important than a confirmation of the Z-Y association

The algebra and implications of not including quadratics in Equation 1 are similar. The equation for the factored coefficient of Z in Equation 1, for example, is (b2 + b5Z), and, as with an interaction, b2' in Equation 2 could be significant (non significant) when (b2 + b5Z) is non significant (significant) over part(s) of the range of Z.

These comments apply regardless of how large the coefficient of the interaction XZ (b3) is, and this has a perhaps surprising implication. There is always some amount of interaction between X and Z in Equation 1, except in the unlikely event that the survey data is multivariate normal. Thus for proper interpretation of a study's results, the issue is how large is this interaction? If it is small (e.g., b3 is not significant), it can safely be ignored because the Y relationships with X and Z, though they are nearly always variable in the sample, are not sufficiently variable to warrant special attention. However, if b3 is not small, the almost always variable Y relationships with X and Z are sufficiently variable to warrant special attention.

For emphasis, Equation 1 is a better specification of a model with the three variables X, Z and Y. Similarly, a model with four variables (e.g., X, Z, W, and a dependent variable Y) should be specified by including all possible interactions and quadratics among X, Z and W (i.e., XZ, XW, ZW, XX, ZZ, and WW).
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III. UNDERSTANDING INTERACTIONS AND QUADRATICS
In Equation 1, when there is no interaction between the variables X and Z in their associations with the variable Y, their joint relationship with Y can be visualized as forming a plane in three dimensional space, the edges of which are the regression line of Y on Z (line 1 in Figure 1A), and the regression line of Y on X (line 2 in Figure 1A). The slope of regression line 1, for example, gives the strength, direction and significance of the association between Z and Y. For any values of X (e.g., xa and xb in Figure 1A) the regression lines of Y on Z at x (e.g., lines 1' and 1" at xa and xb, respectively) are identical to line 1: they do not change orientation (i.e., they have the same slope). For any values of X the slope of the Z-Y regression line, or the association between Z and Y, at these x's is independent of the value of x chosen. Similarly, for all values of Z the slope of the corresponding X-Y regression line is independent of Z, and thus the association of X and Y is independent of Z.

However, when there is an interaction between X and Z in their associations with Y, their joint relationship with Y can be visualized as a warped plane (see Figure 1B). In this case, for different values of x (e.g., xc and xd in Figure 1B) the regression lines of Y on Z (e.g., lines 3 and 4) are different: each line has a different orientation or slope. The equation for the slope of each of these lines, or the association between Z and Y, is the factored coefficient of Z in Equation 2 due to the XZ interaction (e.g., the slope of line 3, or the Z-Y association at xc, is the number b2 + b3xc ; the association between Z and Y for the value of X, xd, illustrated by line 4 is the number b2 + b3xd ; etc.). In this case, for each value of X the slope of the regression line, or the association between Z and Y, is different (i.e., the slope of regression line 3 is different from regression line 4, etc.), and thus the association between Z and Y (the variable slope) depends on the level of X.

Notice that in Equation 1 a factored coefficient of X due to the XZ interaction is b1 + b3Z, and if regression lines of Y on X were drawn in Figure 1 for different values of Z, each of these lines would also have a different orientation. Thus an XZ interaction produces a plane that is warped in both the Z-Y direction and the X-Y direction, and an XZ interaction affects the relationship or association between Z and Y, and the relationship between X and Y. In different words, a significant XZ changes the Z-Y and the X-Y associations from constants to variables (e.g., b2 + b3X and b1 + b3Z in Equation 1).

The effect of a quadratic can be visualized using tangent lines to a surface. When there is no quadratic in X in Equation 1 (i.e., b4 is non significant), the joint relationship of X and Z with Y can be visualized as forming a plane as it did when there was no interaction. However, when there is a significant quadratic in X, the joint association plane is deformed into a trough (see Figure 1C). The shape of the trough is independent of Z (i.e., it is the same for all values of Z), but each different value of X has a different tangent line to the trough (e.g., the tangent lines 3 and 4 for xe and xf, respectively, have different slopes), the slope of which is the association between X and Y at each of these different values of X. Stated differently, the association of X with Y at xc is different from the association of X with Y at xd because the tangent lines at each of these points have different slopes. The equation for the slope of each of these tangent lines (i.e., line 3 and 4) is the factored coefficient of X due to the XX quadratic from Equation 1 (i.e., b1 + b4xe or b1 + b4xf ). Thus the size and direction of the slope, or the association between X and Y, in a small neighborhood of x (e.g., xc) depends on the level of X (e.g, xc): in Figure 1C when X is low (e.g., xc) the X-Y association (the slope if line 3) is negative, but when X is higher the X-Y association (the slope of line 4) is nearly zero.

Warps and troughs are not the only possible shapes of the Y-X-Z response surface. Other possibilities include shapes corresponding to third order terms (e.g., interactions between Z and XX or ZZ, cubics in Z such as ZZZ, etc.), fourth order terms (e.g., interactions between ZZ and XZ), and more. However, the strength of these higher order terms (i.e., their structural coefficients or their b's) depends directly on their reliability, which is a function of the product of powers of the reliabilities of the first order variables that make up these higher order terms (e.g., X and Z for ZXZ) (e.g., Bohrnstedt and Marwell 1978). Because reduced reliability in higher order variables reduces their structural coefficient strength in survey data (see Aiken and West 1991), higher order terms above second order are likely to have small structural coefficients (i.e., b's), and thus they are likely to have minimal effects on the primary associations in a study (e.g., X-Y and Z-Y in Equation 1).

INTERPRETING INTERACTIONS AND QUADRATICS IN LATENT VARIABLES
To gain a deeper understanding of interactions and quadratics in survey data, it is helpful to discuss the interpretation of these variables.

There have been several proposals for interpreting interactions found in survey data using regression (e.g., Aiken and West 1991; Darlington 1990; Denters and Van Puijenbroek 1989; Friedrich 1982; Hayduk 1987; Hayduk and Wonnacott 1980; Jaccard, Turissi and Wan 1990; Stolzenberg 1980). Some of these approaches to interpreting an interaction, XZ for example, involve evaluating the coefficient of XZ (e.g., b3 in Equation 1), and others involve constructing graphs of Y in Equation 1, for example, and Z at various values of X similar to the graphs employed in ANOVA. Other approaches compare Z coefficients from splits of the data at various levels of X (e.g., high, medium and low X), or they evaluate the factored coefficients (e.g., b2 + b3X from Equation 1) at various levels of X. However, there appears to be little guidance for interpreting quadratics in survey data, and there is no guidance for interpreting latent variable interactions and quadratics. To help fill this gap, I will propose an approach adapted from Friedrich's (1982) suggestions for interpreting interactions in regression (see also Darlington 1990; Jaccard, Turrisi and Wan 1990).

To illustrate this approach I will use examples that are based on disguised data from several of my own surveys. The abbreviated results of a LISREL 8 (Maximum Likelihood) estimation of a structural model similar to Equation 1 is shown in Figure 2A. In these results the XZ interaction is large enough to warrant interpretation (i.e., it is significant). The proposed interpretation approach for interactions relies on tables such as Table 1 and factored coefficients such as the factored coefficient of Z, bZ + bXZX in Figure 2A. Column 2 in Table 1, for example, shows the factored coefficient of Z from Figure 2A (.047 - .297X) at several Column 1 levels of X in the study that produced the Figure 2A results. Column 3 shows the standard errors of these factored coefficients of Z at the various levels of X, and Column 4 shows the resulting t-values. Footnotes a) through d) further explain the Columns 1-4 entries, and Footnote a) provides a verbal summary of the moderated Z-Y association produced by the significant XZ interaction in Figure 2A.

Because there are always two factored coefficients produced by an interaction, and the XZ interaction was large enough to warrant the Table 1 attention, Columns 5-8 are shown to interpret the factored coefficient of X, -.849 - .297Z. Column 6 shows this factored coefficient at several Column 5 levels of Z. Column 7 shows the standard errors of this factored coefficient at the various levels of Z, and Column 4 shows the resulting t-values. Again additional information regarding Columns 5-8 is provided in Footnotes e) through i), and Footnote e) provides a verbal summary of the moderated X-Y association produced by the significant XZ interaction in Figure 2A.

To provide an example of the interpretation of a quadratic, the abbreviated results of the LISREL 8 (ML) estimation of another model similar to Equation 1 is shown in Figure 2B. The interpretation of the significant VV quadratic shown there uses Table 2 and the factored coefficient of V, .348 - .159V. Column 2 of Table 2 shows the factored coefficient of V at several Column 1 levels of V in the study that produced the Figure 2B results. Column 3 shows the standard errors of the factored coefficient of V at the various levels of V, and Column 4 shows the t-values. Again, the Footnotes further explain the column entries, and Footnote a) in Table 2 provides a verbal description of the effect of V on the V-Y association.

The Procedure
The suggested interpretation procedure is:

a) Request that the structural equation output include the variances and the covariances of the structural coefficients (e.g., Var(bZ)'s and Cov(bZ,bXZ)) required to compute factored coefficient standard errors (see Footnotes d and h).

b) Create table(s) similar to Table 1 for a significant interaction, or Table 2 for a significant quadratic, using a spreadsheet. For emphasis, use mean centered X (Z) values in Column 2 (Column 6). Use the standard errors of the factored coefficients for an interaction that are shown in Footnotes d) and h) of Table 1, and the standard error of the factored coefficient for a quadratic that is shown in Footnote d) of Table 2. For the minimum, maximum, and average values shown in Column 1 (and 5) use those of the observed indicator whose loading was fixed at 1 (e.g., in Column 1 use the minimum, maximum, and average values of the indicator x with a structural model loading of 1, since this is the indicator that establishes the metric for X).

c) Use Footnotes a) and e) as a guide to develop a verbal description(s) of the moderated association(s). These verbal description(s) should then be used in the discussion of the study results and their implications.

Discussion_
Several comments about Tables 1 and 2 may be of interest. As Columns 2 and 4 of Table 2 suggest, quadratics can behave like interactions. A factored coefficient for a quadratic can be negative at the high end of the range of the moderating variable (where it may or may not be significant), and it could be positive at the other end (where it may or may not be significant).

There are other possibilities as well. With different combinations of coefficients, interactions and quadratics could start out positive then become negative, or they could be consistently positive or consistently negative and simply become larger or smaller across the range of values of the moderating variable.

Notice that in Figure 1A bZ was nonsignificant (t = 0.59), yet the factored coefficient of Z was significant at both ends of the range of X in the study (see Column 4 of Table 1). Z had a negative association with Y when X was high or above its study average for the sample, but its association with Y was positive when X was lower or below its study average. Similarly, bX was significant in Figure 1A (t= -5.32), yet the coefficient of X moderated by Z was non significant when Z was very low (see Column 8 of Table 1). X was positively associated with Y for almost all levels of Z, except when Z was very low, where it was not associated with Y.

Standardized Factored Coefficients
If standardized factored coefficients are desired (e.g., to compare the strength of the moderated coefficients to those of other variables, for example), they can be computed by multiplying the Column 2 factored coefficients in Table 1, for example, by the ratio of the variances of Z and Y (i.e., Column 2 value*Var(Z)/Var(Y), where Var is the dissattenuated variance available in the structural equation output).

Invariance with Mean Centering
As Aiken and West (1991) point out, the Column 2 (and 6) factored coefficient value at the average of the moderating variable is approximately the coefficient (and significance) of Z, for example, if XZ were omitted from Equation 1. Stated differently, if XZ were not specified in the Figure 2A equation, the observed Z-Y association would bZ'  .04. Similarly, if XZ were not specified in the Figure 2A equation the X-Y association would be bX'  -.84, and if VV were not specified in the Figure 2B equation bV' would be approximately .34. Notice that because mean centered data was used, the Column 2 value (and significance) of the factored coefficient for Z, for example, at the mean value of the moderating variable X was equal to the bZ value in Figure 2A (i.e., bZ + bXZX at X = 0, the mean of X, is bZ + bXZ0 = .047 = bZ).
 

This has several implications. Omitting a significant interaction or quadratic will not change the size, direction or significance of first order variables (e.g., X and Z in Equation 1), as long as mean centered variables are used. Omitting them simply reduces what we know about significant and nonsignificant first order variables and therefore clouds what we can say about them. For example in Figure 1A, bX would still have been significant if XZ were omitted; thus any hypothesis involving X and Y would have been supported, and many would be tempted, for example, to recommend increasing X to decrease Y. However, this would be a poor recommendation because X actually had no effect on Y when Z was low (see Column 8 of Table 1).

Similarly if XZ were omitted from Figure 2A, any hypothesis involving Z-Y would have been disconfirmed, but we would not have known that the Z-Y hypothesis could have just as easily been confirmed if the study average of X were lower (or higher) (see Column 2 of Table 1). Stated differently, a significant XZ interaction, for example, can mask or suppress the Z-Y association. Based on our experience, when interactions and quadratics are omitted in the analysis of survey data, an hypothesized association, such as bZ for example, that turns up nonsignificant is frequently a signal that there is a significant XZ interaction or a significant XX or ZZ quadratic that is masking the hypothesized association (i.e., making it nonsignificant).

The invariance of bx or bz, for example, in Figure 2A to the presence or absence of significant interactions and quadratics also suggests that a significant interaction or quadratic adds to the explained variance of Y in Equation 1. In different words, omitting significant interactions and quadratics understates the impact of the first order variables X and Z in Equation 1, for example, on Y.

In addition, omitting a significant interaction or quadratic distorts any comparison of main effects (e.g., the comparison of βX and βZ, the standardized versions of bx or bz). For example, if the variances of X and Z were approximately equal (and thus Var(X)/Var(Y)  Var(Z)/Var(Y)), X does not actually explain more variance in Y than the nonsignificant Z in Figure 2A. When X was low, X and Z explained about the same amount of variance in Y (see the bottom of Column 2 in Table 1).

For emphasis, mean or zero centered variables (i.e., deviation scores, where the mean of a variable is subtracted from each case value for that variable) were used in Tables 1 and 2. Mean centering is required for all variables, including Y, in order to use structural equation analysis with the available interaction and quadratic detection techniques (see Kenny and Judd 1984). However, there has been much confusion over the use of deviation scores and interactions in the regression literature. Nevertheless, as Aiken and West (1991) showed, when factored  coefficients are used, mean centering has no effect on interpretation (i.e., the factored coefficients are scale invariant: the factored coefficients, their standard errors, and thus their t-values are identical with or without mean centering).

Verbally Explaining Interactions and Quadratics
Explaining a quadratic usually requires some thought and care in wording. At first, it seems confusing to speak of the variable V, for example, as moderating itself. But when VV is significant, this is exactly what is implied: the variable V's association with Y depends on the existing level of V. For study respondents with a lower level of V in Table 2, increases in the variable V are associated with increased Y (see Column 2 of Table 2). For study respondents with a high level of V, changes in V are not associated with changes in Y.

Explaining both sides of an interaction can also be challenging. For example, a weakening and eventually non significant X-Y association (e.g., Columns 6 and 8 of Table 1) could be theoretically (or practically) plausible, but a positive then negative Z-Y association (e.g., Columns 2 and 4 of Table 1) could challenge existing theory. Associations that are significantly positive and significantly negative in one study can be difficult to explain, and it is natural to want to dismiss the result as faulty analysis. However, an implausible Z-Y association in Column 2 of Table 1, for example, can always be verified by restricting the model to cases where X (actually the indicator x whose loading was set to 1) is above 4.05 and below 3, and one may be left with a result that creates more questions than it answers.

Standard_Errors
The Columns 3 and 7 standard errors must be manually computed. While the output of variances and covariances of the structural coefficients (i.e., b's) required in Footnotes d) and h) can be requested, LISREL produces correlations instead. Nevertheless, the variance of a structural coefficient b is the square of its standard error, and standard errors are always available. In addition, the covariance of bX and bZ, for example, is rX,Z*SEbx*SEbz), where rX,Z is the correlation of bX and bZ produced by LISREL.

Critical (Significance) Points
It is also possible to calculate the point(s) at which the factored coefficients become significant (see Aiken and West 1991). For t = 2, the Column 1 (or 5) values (xc) at which the factored coefficient t-value equals 2 are

                                                                ______________________________________

                            -[2ab - 8Cov(a,b)]   [2ab - 8Cov(a,b)]2 - 4[a - 4Var(a)][b2 - 4Var(b)]

                           --------------------------------------------------------------------------------------- ,

                                                                   2[b2 - 4Var(b)]

where a and b are the coefficients in the factored coefficient a + bX (e.g., b2 + b3X, b1 + b4X, etc.); Var denotes the variance of a structural coefficient (i.e., the square of its standard error); and Cov denotes covariance. For emphasis a or b could be negative.

Common First Order Terms 
While it is possible to have significant pairs of second order variables that share a common first order variable (e.g., XZ and ZZ, XZ and XX, etc.), such occurrences appear to be rare with survey data in the social sciences (second order variables with no common first order variable, such as XZ and VV, are more likely). However, for completeness, the factored coefficient of Z, for example, for significant XZ and ZZ is (b2 + b3X + b5Z), and the standard error of this factored coefficient is

      ___________________________________________________________________

     Var(bZ) + X2Var(bXZ) + 2XCov(bZ,bXZ) + 2XZCov(b3,b5) + Z2Var(b5) + 2ZCov(b2,b5).

Table 1 is replaced by several interpretation tables, one for each level of X. The factored coefficient for X is similar, and it too has multiple interpretation tables.

(end of chapter)

� If there are any indicators of X with loadings greater than one, the loadings of X should be respecified by fixing the loading of the indicator with largest loading to 1 and freeing the other indicators of X.


� This is not true with non mean centered data. With non mean centered data (which should not be used to detect interactions or quadratics with structural equation analysis), the Column 2 factored coefficient value at the average of the moderating variable X, for example, will not equal bZ in Figure 2A.
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