QUESTIONS of the MOMENT...

"What is the Average Variance Extracted for a Latent Variable Interaction (or Quadratic)?"

(The APA citation for this paper is Ping, R.A. (2005). "What is the average variance extracted for a latent variable interaction (or quadratic)?" [on-line paper]. http://home.att.net/ ~rpingjr/ave1.doc)

Average Variance Extracted was proposed by Fornell and Larker (1981) as a measure of the shared or common variance in a Latent Variable (LV), the amount of variance that is captured by the LV in relation to the amount of variance due to its measurement error (Dillon and Goldstein 1984). In different terms, AVE is a measure of the error-free variance of a set of items. 

AVE is used as measure of convergent validity. Authors in the Social Sciences disagree on what constitutes an adequate demonstration of validity. Nevertheless, a minimal demonstration of the validity of any LV should probably include the content or face validity of its indicators (how well they tap into the conceptual definition of the second-order construct), the LV's construct validity, and its convergent and discriminant validity (e.g., Bollen, 1989; DeVellis, 1991; Nunnally, 1993). The "validity" of this LV would then be qualitatively assessed considering its reliability and its performance over this minimal set of validity criteria.

Construct validity is concerned in part with an LV's correspondence or correlation with other LV's. The other LV's in the study should be valid and reliable, then their correlations with the target LV (e.g., significance, direction and magnitude) should be theoretically sound. Convergent and discriminant validity are Campbell and Fiske's (1959) proposals involving the measurement of multiple constructs with multiple methods, and they are frequently considered to be additional facets of construct validity. Convergent measures are highly correspondent (e.g., correlated) across different methods. Discriminant measures are internally convergent. However, convergent and discriminant validity are frequently not assessed in substantive articles as Campbell and Fiske (1959) intended (i.e., using multiple traits and multiple methods). Perhaps because constructs are frequently measured with a single method (i.e., the study at hand), reliability is frequently substituted for convergent validity, and LV correlational distinctness (e.g., the target LV's correlations with other measures are less than about 0.7) is substituted for discriminant validity.

However, LV reliability is a measure of the correspondence between the items and their LV, the correlation between an LV and its items, and "correlations less than 0.7" ignores measurement error. Fornell and Larker (1981) suggested that adequately convergent LV's should have measures that contain more than 50% explained or common variance in the factor analytic sense (less than 50% error variance, also see Dillon and Goldstein 1984). Their Average Variance Extracted (AVE) for X with indicators x1, x2, ... , xn is
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Σ[λi2]Var(X)+Σ[Var((i)]

where λi is the loading of xi on X, Var denotes variance, (i is the measurement error of xi, and Σ denotes a sum (Fornell & Larker, 1981).

Unfortunately, acceptably reliable LV's can have less than 50% explained variance (AVE). Nunnally raised his suggested minimum acceptable reliability from 0.7 (Nunnally 1978) to 0.8 (Nunnally 1993) perhaps in response to this. Thus, a compelling demonstration of convergent validity would be an AVE of .5 or above.

Although there is no firm rule for discriminant validity, correlations with other LV's less than |.7| are frequently accepted as evidence of discriminant validity. A larger correlation can be tested by examining its confidence interval to see if it includes 1 (see Anderson and Gerbing, 1988). It can also be tested by using a single-degree-of-freedom test that compares two measurement models, one with the target correlation fixed at 1, and a second with this correlation free (see Bagozzi and Phillips, 1982). If the difference in resulting chi-squares is significant, this suggests the correlation is not 1, and this suggests the LV's are correlationally distinct, thus suggesting discriminant validity. 

AVE can also be used to gauge discriminant validity (Fornell and Larker 1981). If the squared (error-disattenuated or structural equation model) correlation between two LV's is less than either of their individual AVE's, this suggests the LV's each have more internal (extracted) variance than variance shared between the LV's. If this is true for the target LV and all the other LV's, this suggests the discriminant validity of the target LV.

As far as I know, AVE for a LV Interaction (or a LV Quadratic) has not been derived. However, for LV's X and Z with indicators x1, x2, ... , xm, and z1, z2, ... , zn with the usual assumptions (the indicators are multivariate normal with mean zero, and the measurement errors are uncorrelated and not correlated with indicators), using the Equation 1 formula for AVE and substituting the variance of the Latent Variable interaction XZ

Var(XZ) = Var(X)*Var(Z) + Cov2(X,Z) ,

where Cov denotes covariance and Var and Cov are error dissattenuated or structural equation model estimates (Kendall and Stewart 1958), the AVE of a LV Interaction is 











(Σ[λxiλzj]2)Var(XZ)

AVEXZ =  ────────────  ,
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(Σ[λxiλzj]2)Var(XZ)+ΘXZ
where [λxiλzj]2 is the square of λxiλzj for all xi's and zj's (i.e., Σ[λxiλzj]2 is the sum of squares of the products of λx1 with λz1, λz2, ... , λzn, λx2 with λz1, λz2, ... , λzn, ... , and λxm with λz1, λz2, ... , λzn), and ΘXZ is 

   ΘXZ = Σλxi2Var(X)Σ[Var((zj)] + Σλzj2Var(Z)Σ[Var((xi)] + (Σ[Var((xi)])(Σ[Var((zj)]) ,
        (3

where Σλxi2 is the sum of the squares of the loadings on X, Σλzj2 is the sum of the squares of the loadings on Z, Σ[Var((xi)] is the sum of the measurement error variances of the indicators of X, and Σ[Var((zj)] is the sum of the measurement error variances of the indicators of Z. Equation 3 obtains using expectation algebra and by summing the error variances of the indicators xizj

Var(xizj) = Var([λxiX + (xi][λzjZ + (zj])

   = Var(λxiλzjXZ + λxiX(zj + λzjZ(zj + (xi(zj)



   = (λxiλzj)2XZ + λxi2XVar((zj) + λzj2ZVar((xi) + Var((xi)Var((zj) ,

where λxi2XVar((zj) + λzj2ZVar((zj) + Var((xi)Var((zj) is the error variance of xizj. For emphasis, Var in Equation 2 are error dissattenuated or structural equation model estimates, and λxi, λzj, Var((xi) and Var((zj) in Equation 3 are unaveraged values. 

Similarly, for a LV Quadratic, XX, substituting the variance of a LV quadratic

Var(XX) = 2Var2(X)

(Kendall and Stewart 1958) into Equation 1
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(Σ[λxiλxj]2)Var(XZ)+ΘXX
where [λxiλxj]2 is the square of the unique products of the loading of the xi's and xj's, λxiλxj, for all xi's and xj's (i.e., Σ[λxiλxj2] is the sum of squares of the products of λx1 with λx1, λx2, ... , λxm, λx2 with λx2, λx3, ... , λxm, ... , and λxm with λxm), and ΘXZ is 

      

ΘXZ = 2(Σ[λxi]2)Var(X)Σ[Var((xi)] + (Σ[Var((xi)])2 ,       


        (5

where Σ[λxi]2 is the square of the sum of the loadings on X, and Σ[Var((xi)] is the sum of the measurement error variances of the indicators of X. Equation 5 obtains using expectation algebra and by summing the error variances of the indicators xixj

Var(xixj) = Var([λxiX + (xi][λxjX + (xj])

   = Var(λxiλxjXX + λxiX(xj + λxjX(xi + (xi(xj)



   = (λxiλxj)2XX + λxi2XVar((xj) + λxj2XVar((xi) + Var((xi)Var((xj) ,

where λxi2XVar((xj) + λxj2XVar((xi) + Var((xi)Var((xj) is the error variance of xixj. Again for emphasis, Var in Equation 4 are error dissattenuated or structural equation model estimates, and λxi and Var((xi) in Equation 5 are unaveraged values. 

To compute an AVE for an LV Interaction or Quadratic, first compute the squared (unique) products of loadings from the structural model, then sum them. Then, sum the loadings and measurement errors, and sum the sum of squares of the loadings, and compute the variance of the LV Interaction or Quadratic. Next, substitute these values into Equations 3 or 5. Then, substitute the results into Equations 2 or 4. For example the EXCEL Spreadsheet "For a Single Indicator LV..." on this web site calculates AVE. (The squared (unique) products of the loadings are in (hidden) columns P through AA. To unhide them, click on a cell in column R. Then, holding down the shift key click on the cell immediately to the right. Next, click on Format, Column, Unhide.) 

Unfortunately, experience suggests that AVE in LV Interactions and Quadratics is typically low, frequently less than 50%. For example, while they are not below 50% see the low LV Interaction and Quadratic AVE's in the EXCEL Spreadsheet "For a Single Indicator LV...," on this web site, that result from the comparatively high reliabilities of X and Z. Thus, to judge the validity of an LV Interaction or Quadratic, first it must be acceptably reliable (validity assumes reliability). Content or face validity is usually assumed unless fewer than all the indicators of the constituent variables are used to itemize the LV Interaction or Quadratic. Construct or correlational validity is usually difficult to judge, and it might be ignored. Convergent validity (AVE) should be 0.50 or above (the LV Interaction or Quadratic should be composed of 50% or less error) and it should be discriminant valid with the other model LV's, except perhaps its constituent variables (X or Z) (i.e., it is empirically distinct from the other model LV's--its AVE is larger than the squared correlations of the other LV's). In summary, while there are no hard and fast rules, reliability, and content, convergent and discriminant validity are probably sufficient to suggest the validity of an LV Interaction or Quadratic. Reliability, and content and convergent validity would be necessary, and construct (correlational) validity is usually ignored. With an AVE near 0.50 an LV Interaction or Quadratic might be argued to be empirically indistinct from 5-10% of the other model LV's by chance (depending on reviewers). More than that would suggest the LV Interaction or Quadratic is discriminant invalid, and its validity is impugned.

Experience suggests the substantive effect of the typically low AVE's in LV Interactions and Quadratics is their structural coefficients and their significances vary widely across replications. Specifically, with an AVE near 0.50 an hypothesized interaction or quadratic can be significant in one study but nonsignificant in a replication or near-replication. As a result, replication of a model test with hypothesized interactions or quadratics becomes comparatively more important. Specifically, an hypothesized interaction or quadratic that is NS in a model test could be significant in a replication, or vice versa. A Scenario Analysis using student subjects (see the Testing Latent Variable Models Using Survey Data on this web site) might provide a comparatively easily executed second study of the hypothesized interaction or quadratic using the existing questionnaire. The result could become a paper with two studies. "Multiple study" papers are common in social science disciplines such as Social Psychology and Consumer Behavior, and it might be instructive to examine a few of them to determine how best to present two-study results (see recent issues of The J. of Consumer Research, for example). 

For an LV Interaction or Quadratic with an AVE below 0.50, the alternatives besides ignoring AVE and hoping reviewers do likewise are to improve AVE in the LV Interaction or Quadratic. Low AVE in XZ is caused by low correlation between X and Z and/or comparatively large measurement errors in the items of X and or Z (i.e., low X and/or Z reliability). I have a few strategies besides rerunning the study with a measurement study to improve the reliability of X and Z that would take to long to explain here. If you need to improve AVE a few points you might consider e-mailing me for details of these strategies--more than about a 3 point improvement in AVE, however, may be unattainable without rerunning the study.
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