QUESTIONS of the MOMENT...

"How does one specify and estimate latent variables with only 1 or 2 indicators?"

(The APA citation for this paper is Ping, R. A. (2008). "How does one specify and estimate latent variables with only 1 or 2 indicators?" [on-line paper]. http://home.att.net/~rpingjr/Under_Det.doc)

One view of a latent variable X, where X is a manifest, observed, continuous, single-indicator, etc. variable, is that X is still a latent variable, but it has only 1 indicator. The loading of x, X's indicator, is 1, and the measurement error of x is 0.

The only difficulty is that it is well known that X seldom has zero measurement error (see Nunnally 1993). As a result, the reliability of X is overstated because the reliability of x is rarely 1, and the structural coefficient in X's association with Y, for example, is typically biased in real-world data. To account for this, one approach would be to relax the assumption of zero measurement error in x. However, X with a single indicator is underdetermined, and a input value for the loading and the measurement error of x must be provided. There has been some confusion over the next steps because the loading and measurement error variance are not independent of each other. The relationship between them involves ρx, the assumed reliability of x, and the familiar ex = Varx*(1 - ρx), where ex is the measurement error variance of x, and Varx is the error-attenuated variance of x (e.g., from SAS, SPSS, etc.). In addition, a well-known estimate of ρx is the square of the loading of x on X (see for example Bollen 1989). This estimate is exact for standardized Varx (Varx = 1). Thus, the loading of x and the corresponding measurement error variance of x vary together, and they depend on the choice of the assumed reliability, which usually ranges from 0.7 to 1 (e.g., for an assumed reliability of 0.7 for x, the corresponding loading of x on X is the square root of 0.7, 0.837, and the measurement error variance is computed using Varx(1 - 0.7) or 0.3 if Varx is standardized).


To make things simple, consider testing just the "theory-testing extremes" of reliability, ρx = 0.7 and ρx = 1, to see if the structural coefficient of the X-Y association becomes non significant (NS) with either of these choices. In particular, to estimate the X-Y structural coefficient at px = 1, specify X's loading (λx) with the square root of ρx = 1 (λx = SQRT(1) = 1), and specify X's measurement error variance (ex) with Varx*(1 - ρx) = 1*(1 - 1) = 0 ("*" denotes multiplication) in the structural model. Next, repeat this process using ρx = 0.7 (λx = SQRT(0.7) and ex = Varx*0.3). If neither structural coefficient of X-Y is NS at these "extreme" ρx's, the safest approach is probably to be conservative and interpret the smaller of the two associations (with the caveat and limitations suggested below). 

However, if either of the structural coefficients of X-Y become NS with these "extreme" ρx's, there are several possibilities. If a structural coefficient is NS at reliabilities of 0.7 and 1 it probably should be judged to be zero in the population. If it is NS at ρx = 0.7 and significant at ρx = 1, the conservative approach would be to judge the NS association(s) to be very likely to be zero in the population. This is because the reliability of X might actually be less than 0.7. If it is NS at 1 and significant at 0.7, the conservative approach again would be to judge the NS association(s) to be somewhat likely to be zero in the population. This is because there is some chance the reliability of X might actually be high. 

Thus, if either of the structural coefficients of X-Y is significant for one of the reliability "extremes" and non significant (NS) for the other, that association should probably be judged to be zero in the population. However, depending on the model, this may not be a fatal blow. The lack of significance is likely due to a small standardized structural coefficient for the NS association, and thus this association would not be comparatively "important" to helping explain variance in Y. To practitioners this result could actually be as or more important than a "confirmed" association.

Unfortunately, however, there is more. There is a risk that the reliability of X is less than 0.7 (see below). This may be why theory testers prefer to avoid manifest variables if they can. The possibility that the reliability of X could be less than 0.7 should obviously be stated as a study limitation, and it should be a caveat to any interpretations or implications involving the X-Y association, even if it was significant at both "extremes" of reliability. In addition, because the reliability of X is actually unknown in the study, in the strictest sense this suggests that the X-Y association observed in the study should not be trusted. Thus, the study limitation and caveats that attend manifest variables are (or should be) very serious.

What are the options if the study is complete and X is a focal variable? In general there are several alternatives. These include ignoring X's reliability issue and hoping that reviewers will too (this is not recommended, however, because readers might notice it after publication and dismiss the study), performing a reliability study, and "argumentation." Unfortunately, the term "reliability study" has several meanings. Reliability studies for manifest variables in theoretical model tests should involve estimates of intra- and inter-subject rating or measurement of the manifest variables. However, I have not found anything that might be useful in theoretical model tests yet. In the meantime, consider reading the material on "Scenario Analysis" in the Testing Latent Variable Models Using Survey Data monograph on this web site. It may be possible to use Scenarios with students to provide multiple inter-subject or inter-subject estimates of X, or a surrogate for X, from which its reliability could be roughly estimated. 

A plausible argument might be used to limit the possibilities for the amount of error in X, and provide a rough estimate of its reliability. For example, in several social science literatures the length of the relationship (LENG) is negatively associated with relationship exiting. However, LENG is usually measured in years, which obviously contains measurement error. Nevertheless, the "true" value of LENG for each respondent, informant, or subject (case) is unlikely to be more than about 10 years different from the "observed" or reported LENG in each case. Thus, one more "observation" of LENG could be computed in the data set by adding a (uniform) random number from -10 to 10 to LENG in each case to create LENG_T, an artificial  "true" value for LENG. The coefficient alpha of the resulting (artificial) "measure" with the items LENG and LENG_T might be successfully argued to be a plausible estimate of the reliability of LENG. "Might" of course would depend on the reviewers.

As you might suspect the "reliability" depends on several attributes of the distribution of LENG, for example. The coefficient alpha of LENG and LENG_T in a real-world data set of committed relationships (mean = 13.46 years, maximum = 76) was 0.9560. In the same data set the "reliability" of the reported number of employees, EMPL (mean = 7.78, maximum=167), that could be argued to be "off" by 10, 20 or 50 employees, was 0.9612, 0.8693, and 0.5299 respectively. A "better" "reliability" estimate might involve averaging the reliabilities produced by a 100 replications of this procedure. 

A slightly different approach might involve estimating a range of values such as those for EMPL, and picking the most conservative, likely, etc. However, this could be labeled "not good science," because "the argument/hypothesis" should always come first in theory testing. Because there are additional difficulties with this range approach, consider resisting it and develop a plausible argument for one "different from" number instead. I would chose 10 for EMPL because experience suggests that in the real world most people know these things and the mean for EMPL was 7.78. 

If X has 2 indicators, its specification is slightly less tedious. Nevertheless, X with 2 indicators is still underdetermined, and input values for 2 of X's five measurement parameters must be provided. Alternatively, x1 and x2 could be averaged to create a single indicator for X, avg(x1,x2) (see Baggozzi and Heatherton 1994). This single indicator would have a loading that is equal to the square root of the reliability of avg(x1,x2) (see Bollen 1989). Its measurement error variance is the familiar eavg(x1,x2) = Varavg(x1,x2)*(1 - ρavg(x1,x2)), where eavg(x1,x2) is the measurement error variance of avg(x1,x2), and Varavg(x1,x2) is the error-attenuated variance of avg(x1,x2) (e.g., from SAS, SPSS, etc.). 

It is easy to show that the latent variable reliability of avg(x1,x2) is the reliability of the 2 indicators x1 and x2 (see Werts, Linn and Jöreskog 1974 for a proposed formula for latent variable reliability). In addition, Anderson and Gerbing (1988) noted that coefficient alpha is practically equivalent to Latent Variable reliability. Thus, to specify X with 2 indicators, the reliability of x1 and x2 (ρavg(x1,x2)) should be determined using coefficient alpha, x1 and x2 should be averaged to produce avg(x1,x2), and the error attenuated variance of avg(x1,x2) (Varavg(x1,x2)) should be determined using SAS, SPSS, etc. Next, X should be specified with the single indicator avg(x1,x2), the loading of which is the square root of ρavg(x1,x2), and the measurement error variance of which is Varavg(x1,x2)*(1 - ρavg(x1,x2)).

Because coefficient alpha is not identical to latent variable reliability, any t-values involving X (e.g., in an X-Y association) probably should have a significance cut off higher than |t| = 2 (e.g., in the X-Y association with X having 2 indicators, significance might be suggested by |t| greater than or equal to 2.1). 
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