QUESTIONS of the MOMENT...

"What is structural equation analysis?"

(The APA citation for this paper is Ping, R.A. (2009). "What is structural equation analysis?" [on-line paper]. http://home.att.net/~rpingjr/SEA.doc)

Structural equation analysis can be understood as "regression with factor scores." In fact, even a moderate grasp of factor analysis and regression can make structural equation analysis rather easy. 

Specifically, in the regression equation

1)
Y = b0 + b1X + b2Z + e ,

if X, for example, has a multiple item measure with items x1, x2 and x3, sample values for X can be constructed by summing or averaging the x's in each case, and regression can proceed using the values for Z and Y in each case.

However, instead of summing or averaging the items of X, for example, factor scores could be used instead. The items of X could be factored using x1, x2 and x3, and the resulting factor score for X in each case could be used in the Equation 1 regression. 

Equation 1 could be diagrammed as

Figure A
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The arrows in Figure A are the plus signs in Equation 1, and the figure is read, "Y is associated with (affected by, or less commonly, "caused by") X and Z." The regression coefficients, b1 and b2,  are shown on the arrows. Note the Equation 1 error term, e, also is diagrammed, but the intercept is not. 

If X is a single-item measure such as age (e.g., How old are you?), it would have the regression equation 

2)
AGE = c0 + c1age + e'

that could be diagramed as 

                      age
                                 e'
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                    AGE

where the intercept c0 again is missing, c1 is a constant equal to 1 and e also is a constant equal to 0. 

However, c1 and e' need not be constants. Recalling that some respondents misreport their age, and age is usually measured on an ordinal scale that under or over-estimates each respondent's actual age, the "true score" AGE is actually a combination of the observed variable, age, and measurement error, e'. However, the (true score) AGE is unknown. 

Structural equation analysis "solves" this unknown "true-score AGE problem" using three or more observations (indicators) of AGE. In this event, the items age1 (e.g., How old are you?), age2 (e.g., Please circle your age.) and age3 (e.g., How old were you on your last birthday?) can be factored to produce factor scores (estimates) for the true score of AGE. 

If respondents' (true score) AGE were known its regression equation would be 

3)
AGE = c0' + c1'age1 + c2age2 + c3age3 + e" ,

where e" is the variation of AGE not predicted by c1'age1 + c2age2 + c3age3. This could be diagramed as

Figure C
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However AGE also can be "inferred" using factor analysis (i.e., from its factor scores) and its indicators age1, age2 and age3, and this diagram is customarily drawn as

Figure D
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where e'' is assumed to be zero and not shown, the arrows are reversed to signal that factor analysis is involved, e1, e2 and e3 the are the (measurement) errors that result when e' is assumed to be zero, and c1', c2' and c3' are factor loadings (instead of regression coefficients). Stated differently, instead of regression relationships, Figure D is meant to show that the "true" (factor) score for AGE equals the observed score age1 plus the error e1 (i.e., AGETrue score = Observedage1. + Errore1). It also shows that the "true" score for AGE equals the observed score age2 plus (a different) error, e2, and the true score for AGE equals the observed score age3 plus (another) error, e3. (The observed scores, age1, age2 and age3 are scaled by the loadings, c1', c2' and c3' so the variance of AGE produced by age1, age2 and age3 is the same).

Figures A and D are customarily combined in structural equation analysis as

Figure E
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where X is AGE, which is "inferred" using factor analysis. Commonly seen in structural equation analysis, these diagrams are typically a combination of a regression diagram and one or more factor analysis diagrams.

Using the cases with observations (and/or factor scores) for Z and Y, the regression coefficients (the b's) in Figure E could be determined using factor scores as values for AGE.

This could be done using factor analysis and regression. Or it could be done using structural equation analysis software (AMOS, LISREL, EQS, etc.) that accomplishes the "factor-scores-for-AGE, then-regression" process by estimating Figure E in "one step." This software can be learned beginning with estimating factor scores for one factor. To illustrate, starting with an independent variable from your model, X, and its measure with the items x1, x2, etc., estimate factor scores for X by (exploratory) factoring it using maximum likelihood exploratory factor analysis. 

Then, if X is unidimensional, estimate factor scores for X and its items x1, x2, etc. by factor analyzing X (alone, using only X's items, x1, x2, etc.) using structural equation analysis and maximum likelihood estimation. (The "diagram" that is frequently used to "program" structural equation analysis software should be similar to Figure C with X instead of AGE, and possibly more indicators for X.) The standardized factor loadings that will be available in the structural equation analysis (confirmatory) factor analysis output should be roughly the same as the factor loadings from the exploratory factor analysis. (Some will be nearly the same and a few will be considerably different, but the averages should be about the same.) 

Next, using a dependent variable from your model, Y, and its measure with the items y1, y2, etc., exploratory factor analyze Y. If Y is unidimensional, confirmatory factor analyze the factor Y (alone), as was just done with the factor X. Again, the standardized factor loadings for Y that will be available in the structural equation analysis output should be roughly the same as the factor loadings from the exploratory factor analysis of Y. 

Then, factor X and Y jointly (using X's and Y's items together) using maximum likelihood exploratory factor analysis. Next, find the factor scores for X and Y jointly by (confirmatory) factor analyzing X and Y using structural equation analysis (allow X and Y to be correlated). As before, the factor loadings for X in the joint exploratory factor analysis of X and Y should be roughly the same as X's standardized factor loadings shown in the joint structural equation analysis output. The same should be true for Y. The joint loadings for X should be nearly identical to those from factor analyzing X by itself (i.e., the loadings of X should be practically invariant across measurement models). Similarly, the joint loadings for Y should be practically invariant when compared to the measurement models for Y by itself.

Finally, regress Y on X using averaged indicators. Then, replace the correlated path between X and Y in the joint (confirmatory) factor analysis of X and Y above with a directional path from X to Y to produce the structural model of X and Y. The regression coefficient for X should be roughly the same as the directional path (structural) coefficient from X to Y. Further, the loadings in the structural model should be only trivially different from those in the measurement models above.

The balance of your model now could be added one unidimensional variable at a time to produce a series of exploratory factor analyses, confirmatory factor analyses, a regression, and the full structural model. As before, loadings for each factor (latent variable) should be roughly the same between the exploratory and confirmatory factor analyses, and the structural equation analysis loadings for each latent variable should be practically invariant. (The regression and structural coefficients will change as more variables are added, but corresponding latent variables should have roughly the same regression and structural coefficients.) 

If loadings are not "trivially different" as more latent variables (e.g., Z) are added, this suggests that the unidimensional measures are not unidimensional enough for structural equation analysis. To remedy this, examine the Root Mean Error of Approximation (RMSEA) in the measurement models for the latent variables added so far. Improve reliability for the latent variable(s) in their (alone) measurement model(s) with an individual RMSEA that is more than .08 by deleting items that reduce its reliability. (Procedures for this are available in SAS, SPSS, etc.) Do this for any other latent variable that has an (alone) RMSEA more than .8 as it is added. The result should be that corresponding latent variable loadings are practically invariant across all their measurement and structural models. 

After all the latent variables have been added to the model, the results are that the model's structural coefficients have been estimated using structural equation analysis, and the full measurement and structural models (i.e., with all the variables) "fit the data" (their RMSEA's are less than .08). 

If the structural model does not fit the data, but the full measurement model does, it is because there is a path somewhere that should not be assumed to be zero. Because this exact path could be anywhere, structural equation analysis works best on models in which all paths are (adequately) predicted by theory.

Obviously there is more to learn. But, estimating your model's structural coefficients was the immediate objective, and one could use the above process again to estimate other structural equation models. 

However, you may be wondering why factor scores were never actually used. Structural equation analysis can produce factor scores, but they are not used in the actual structural equation analysis computer algorithm.
 Factor scores were a pedagogical device used to help explain things.

You also may be wondering, if regression estimates are "roughly the same" as structural equation analysis estimates, why not use the regression estimates (or exploratory factor analysis factor scores with regression)? The problem is that regression "sameness" becomes "rougher and rougher" as more latent variables are added to the model (the direction (sign) of one or more coefficients can eventually be different between regression and structural equation analysis).

Some of the structural equation analysis jargon and "standard practice" may be of interest. 

There is little agreement measures of model to data fit (e.g., Bollen and Long 1993). I used RMSEA because it is adequate for these purposes. 

In the measurement and structural models, one indicator of each latent variable is customarily "fixed" (set) to the value of 1. 

Reliability and validity receive considerable attention in structural equation analysis. However, there is little agreement on validity criteria (see QUESTIONS of the MOMENT... "What is the "validity" of a Latent Variable Interaction (or Quadratic)?" for details). 

Improving model-to-data fit by maximizing reliability can degrade construct or face validity (again see QUESTIONS of the MOMENT... "What is the "validity" of... "). In general, care must be taken when deleting items from a measure in the measurement or structural model estimation process. 

In structural equation analysis, significance is customarily suggested by a t-value greater than 2 in absolute value (p-values are not used).

Structural equation analysis can accommodate multiple dependent variables in a single model. And, dependent variables can affect each other. For these reasons a dependent variable is termed an endogenous variable in structural equation analysis (independent variable are called exogenous variables). 

In structural equation analysis models it is standard practice to correlate (free) exogenous variables, but not to correlate endogenous variables. 

The term "consistency" is used to imply the stronger unidimensionality required by structural equation analysis (e.g., the indicators of X are consistent). 
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� Structural equation analysis minimizes the difference between the input covariance matrix of the observed items and the covariance matrix of these items implied by the measurement or structural model. For example, in the Figure E model the indicators of AGE and the variable Z were not allowed to correlated (i.e., they are assumed to have no paths connecting them), even though their input data are correlated.


Simulation studies have "confirmed" (consistently suggested) that with multi-item measures, known factor structures, with known loadings and known regression coefficients, are "better" estimated by structural equation analysis' "minimize the (chi-square) difference between the input covariance matrix of the observed items and the covariance matrix of these items implied by the measurement or structural model" than by regression. For this reason, regression estimates now labeled as "biased" when one or more multi-item measure is present in a regression equation (e.g., Aiken and West 1991, Bohrnsted and Carter 1971, Cohen and Cohen 1983, Kenny 1979).








