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ABSTRACT
Because estimating interactions involving unobserved or latent variables in survey data has been difficult for substantive researchers (Aiken and West 1991), the paper proposes pseudo latent variable regression-- an Ordinary Least Squares Regression approach that uses reliabilities to adjust the regression input covariance matrix. Using simulated  data, the proposed approach performed adequately. A pedagogical example is provided to illustrate the use of the proposed technique.

Unobserved or latent variable interactions, for example XZ in

Y = b1X + b2Z + b3XZ + ζ, 
(1

where X, Z, XZ, and Y each have multiple indicators measured with error, have been difficult for substantive researchers to estimate (Aiken and West 1991). For example, Podsakoff, Todor, Grover and Huber (1984) examined 576 interactions involving moderators of leadership behaviors (i.e., interactions) using ordinary least squares (OLS) regression and survey data, and found 72 were significant, an incidence rate only slightly above that of chance. Later, McClelland and Judd (1993) demonstrated that interactions are inherently difficult to detect in survey data, and they suggested that experiments should be used instead.

Bohrnstedt and his colleagues (Bohrnstedt and Goldberger 1969, Bohrnstedt and Marwell 1978), among others, shed additional light on these difficulties when OLS regression is used. They demonstrated that regression is unreliable for estimating interaction coefficients when the interaction's constituent variables (e.g., X and Z in Equation 1) are measured with error: The resulting regression coefficients are biased (i.e., regression coefficient averages across many data sets do not approximate the population value) and inefficient (i.e., coefficient estimates vary widely across data sets from the same population).

Fortunately, other techniques for estimating interactions when there are errors in the constituent variables have been proposed (e.g., Cohen and Cohen 1975; Bohrnstedt and Marwell 1978; Feucht 1989; Fuller and Hidiroglu 1978; Hayduk 1987; Heise 1986; Kenny and Judd 1984; Ping 1995, 1996a, 1996b; Wong and Long 1987). Unfortunately, these techniques are difficult to use for reasons that include being limited to single indicator latent variables, the technique is inaccessable, it is tedious, or it requires structural equation analysis.

This paper proposes an accessible technique for jointly estimating several multiple indicator latent variable interactions using OLS regression software available in popular statistics software such as SAS and SPSS. The proposed technique, which we will term pseudo latent variable regression, uses sample based reliabilities to adjust the covariance matrix that is used in OLS regression. Thus, it could be used as an alternative to a structural model in structural equation analysis when estimating latent variable interactions. The technique may also be used for interactions involving formative latent variables (i.e., unobserved variables defined by their items rather than their items being observed instances of unobserved variables-- see Fornell and Bookstein 1982). In addition, the technique allows the joint investigation of multiple (or all possible) interactions, to either aid in the interpretation of significant effects as is routinely done in ANOVA studies, or to probe hypothesized but nonsignificant associations (i.e., to determine if the nonsiginificant associations are conditionally significant, or significant in subsets of the data).

The paper begins with a brief review of latent variable regression (Ping 1996b), upon which pseudo latent variable regression is based. Then it proposes substituting sample based reliabilities for latent variable regressions requirement for measurement model parameter estimates. Next, using simulated data sets, the paper evaluates the performance of this proposed substitution. It concludes with a pedagogical example illustrating the proposed technique.


LATENT VARIABLE REGRESSION
To estimate interactions involving unobserved or latent variables with multiple indicators Ping (1996b) suggested using an input covariance matrix, which is adjusted for measurement error using structural equation analysis parameter estimates, and OLS regression. Using simulated data the proposed technique, latent variable regression, performed adequately by producing unbiased regression coefficients under various conditions. The technique uses the sample covariance matrix (e.g., available from SAS, SPSS, etc.), which is adjusted for measurement error, as input to OLS regression. The adjustments to the sample covariance matrix involve loadings and measurement errors from structural equation analysis (i.e., λxi and εxi respectively in xi = λxiX + εxi, where λxi is the loading or path coefficient between xi and X, and εxi is the measurement error of xi). For example, for latent variables X, Z, XZ, and Y meeting the Kenny and Judd (1984) normality assumptions (i.e., indicators are multivariate normal with zero means and independent of their measurement errors, and measurement errors are independent of each other), a  measurement model for X, Z and Y is estimated (i.e., a structural equation analysis model in which X, Z and Y are specified with their indicators, and X, Z and Y are specified as intercorrelated). Then the error-adjusted variance, Var(X), for X (= x1+x2+...+xn) is estimated as follows:

Var(X) = Var(λx1x1 + εx1 + λx2x2 + εx2 + ... + λxnxn + εxn)

= ΛX 2 Var(X) + θX
and 

Var(X) = [Var(X)-θX]/[ΛX 2],
(2

where Var(X) is the sample variance of X (available from SAS, SPSS, etc.), θx is the sum of the measurement errors (= Var[εx1] +...+ Var[εxn]) provided by the measurement model, and ΛX is the sum of the loadings (= λx1 +...+ λxn) from that measurement model. The  error-adjusted variances of Z and Y are computed in a similar manner.

The error-adjusted covariance of X and Z is estimated using

Cov(X,Z) = Cov(X,Z)/[ΛXΛZ],
(3

where Cov(X,Z) is the attenuated covariance of X and Z (=z1+...+zm). The covariances of Y with X, and Z are estimated similarly.

The adjusted covariance of XZ with Y is estimated using

Cov(XZ,Y) = Cov(XZ,Y)/[ΛXΛZΛY].
(4

The covariances of XZ with X and Z are estimated similarly.

Finally, the adjusted variance of XZ is estimated using

Var(XZ) = (Var(XZ) - ΛX 2Var(X)θZ - ΛZ 2Var(Z)θX - θXθZ)/[ΛX 2ΛZ 2] .
(5

The adjustments for more than one interaction are shown in Ping (1996b). 


PSEUDO LATENT VARIABLE REGRESSION
As an alternative to using measurement model parameter estimates, we propose using sample based reliabilities to estimate the loadings (e.g., ΛX) and measurement errors (e.g., θX) in the adjustment equations for latent variable regression (e.g., equations 2-5). Werts, Linn and Jöreskog (1974) suggested the latent variable reliability (ρ) of a measure of the unidimensional latent variable X (i.e., the measure has only one underlying latent variable) is 

ρX = ΛX 2Var(X)/[ΛX 2Var(X) + θX] .
(6

Using the definition of reliability, θX can be estimated by

θX = Var(X)(1 - ρX) .
(7

Authors defin the reliability of a unidimensional indicator as the square of the loading between the indicator and its latent variable (e.g., Bollen, 1989). Thus, the square root of ρ could be used to estimate Λ (Kenny, 1979), and

ΛX = ρX 1/2 .
(8

Anderson and Gerbing (1988) pointed out that for unidimensional constructs there is little practical difference between coefficient alpha (α) and ρ. Thus for unidimensional constructs an estimate of θX is

θX  Var(X)(1 - αX) ,
(9

and for reliable X an estimate of ΛX is

ΛX = αX 1/2 .
(10

Thus for unidimensional latent variables, the adjustment equations used in latent variable regression (e.g., equations 2-5) could utilize the equations 9 and 10 estimates of loadings and measurement errors. In the balance of this section the paper evaluates the performance of this suggestion using simulated data.

Simulated Data Sets
Table 1, which shows the results of recovering known population structural coefficients (i.e., bs in Y = b0 + b1X + b2Z + b3XZ + b4W + ζY) with reliabilities of .7 and .9, structural coefficient size corresponding to R2 's of .10 and .50, and sample sizes of 100 and 300 cases (see Appendix A for details), suggests that the suggested technique performed adequately. Table 1 also shows structural equation analysis estimation results for comparison. The pseudo latent variable regression coefficient averages (Column 4 in Table 1) were within a few points of the population values, and thus the biases were small. This suggests the suggested technique is unbiased. In addition, the variations of these coefficients around the population values (RMSEs in Table 1) were comparatively small (and equivalent to those from structural equation analysis). This suggests the proposed technique is at leaset as efficient as structural equation analysis.

Table 2 shows the performance of the latent variable regression standard error term proposed by Ping (2001) when used with pseudo latent variable regression. These results also suggest the proposed technique performed adequately. The average standard errors for pseudo latent variable regression (Column 4 in Table 2) were within a few points of the Root Mean Standard Errors of the coefficients, and as a result the biases were comparatively small (and also equivalent to those from structural equation analysis). This suggests the standard error term is unbiased in this application.


AN EXAMPLE
For pedagogical purposes we will reanalyze data reported in Ping (1993). There exiting (E) in interfirm economic and social exchange relationships between firms was argued to be associated with relationship satisfaction (S), alternative relationship attractiveness (A), investment in the relationship (I), and the cost to switch to an alternative relationship (C). To illustrate the use of pseudo latent variable regression we will investigate several of the nonsignificant associations reported in Ping (1993) by adding SxA and AxI interactions to the model

E = b1S + b2A + b3I + b4C + ζ,
(11

and estimating the model

E = b1'S + b2'A + b3'I + b4'C + b5SxA + b6AxI + ζ
(11'

(adding interactions changes the equation 11 regression coefficients-- see Aiken and West 1991).

First the unidimensionality of the measures for S, A, I, C, and E was assessed. Next the indicators for S, A, I, C, and E were zero centered. This was accomplished by subtracting the mean of an indicator from each case value of that indicator. Zero centering produces indicators with means of zero, which was assumed in deriving equations 2-5. It also reduces the otherwise high collinearity of an interaction (e.g., SxA) with its constituent variables (e.g., S and A). After zero centering, the indicators for each latent variable were summed to form the variables S, A, I, C, and E, then these variables were added to the data set. For emphasis, the indicators were summed, not averaged (averaging the indicators changes equations 2-5, and 7-10). Then the SxA and AxI interactions were formed by computing the products of S with A and A with I, and adding the results to each case in the data set. Next the sample (unadjusted) covariance matrix of S, A, I, C, E, SxA and AxI was obtained using SPSS (see Table 3).

Then, the coefficient alpha reliabilities for S, A, I, C, and E were produced by SPSS (see Table 3), and the sample covariance matrix was adjusted using EXCEL and equations 2-5 with Λ = n(α) and Λ 2 = nα, where  is the latent variable S, A, I, C, or E, and n is the number of indicators of  (n is required to make Λ and Λ 2 commensurate with Var()). Next the resulting adjusted covariance matrix (see Table 4) was used as input to OLS regression in SPSS, and this produced the pseudo latent variable regression results shown in Table 4.

The coefficient standard errors (SEs) for the pseudo latent variable regression coefficients were then computed as follows. The Table 3 unadjusted covariance matrix was used to obtain unadjusted regression coefficient SEs and the unadjusted regression standard error of the estimate (SEE) (SEE = Σ[yi - i]2, where yi and i. are observed and estimated ys respectively). To obtain an unadjusted regression SEE commensurate with that from latent variable regression, the unadjusted regression SEE was divided by the number of indicators of E (7). The adjusted pseudo latent variable regression SEs were then calculated by multiplying each unadjusted regression coefficient SE by the ratio of the unadjusted regression SEE to the pseudo latent variable regression SEE. This procedure was suggested in Ping (2001) for Latent Variable Regression, and it is similar to the procedure used in two stage least squares to produce correct coefficient SEs for the two stage least squares coefficient estimates.

The results are shown in Table 4, along with unadjusted regression results and structural equation estimates for comparison. Because the reliabilities of the variables were high (see Table 4), the unadjusted regression coefficient estimates were similar to those from pseudo latent variable regression and the structural equation analysis. However, with lower reliabilities the unadjusted regression coefficient estimates quickly diverge from the  pseudo latent variable regression and the structural equation analysis estimates (not shown).

The SxA interaction can be interpreted as follows. Table 5 shows the contingent A association resulting from the significant SxA interaction. At the Table 5 average value of S in the study, which b3 in equation 11 represents, the A-E association was significant. However when S was very high, the A-E association was nonsignificant. As S decreased, this association became stronger, and for lower levels of S it was significant. A substantive interpretation would be that when satisfaction was high, changes in alternative attractiveness had no association with exiting, as Rusbult and Buunk (1993) predicted, but as satisfaction decreased this association was significant and positive. As an aside, this illustrates the importance of post-hoc probing of significant associations for interactions. Although the unmoderated A-E association was significant, for very high values of S the association was nonsignificant. 

The latent variable A also moderated the S-E association and it could also be interpreted. As shown in Table 5, when A was lower the S-E association was significant and negative, and as it increased the S-E association became stronger. Thus the S-E association is contingent on the level of A, and at lower values of A S has a weaker association with E than at higher values of A. A substantive interpretation would be that with low alternative attractiveness satisfaction has a weaker association with exiting that when alternative attractiveness is higher.


DISCUSSION
Several observations may be of interest. As the Table 5 survey data results suggest, pseudo latent variable regression can produce results that are interpretationally equivalent to structural equation analysis (i.e., they provide coefficient estimates with equivalent interpretations of significance). However, interpretational equivalence may not always hold for an association with a significance close to |t| = 2 (i.e., one technique may suggest the association is significant while the other may suggest it is nonsignificant), or when Maximum Likelihood (ML) estimates are produced by structural equation analysis (instead of GLS estimates). Remedies include bootstrapping the covariance matrix of the items and X, Z, XZ, and Y to lessen the effects of sampling variation and clarify the interpretation of an association with a t-value close to 2. Bootstrapping a covariance matrix is accomplished by averaging the covariance matrices that result from taking a large number of subsamples of the cases (e.g., several hundred subsamples each with 10-20% of the cases randomly deleted) (see Bentler 1989:76, and Jöreskog and Sörbom 1996:173,185).

To obtain ML estimates for pseudo latent variable regression, a LISREL, EQS, AMOS, etc. structural model with single summed indicators for X, Z, XZ, and Y (= Σxi, Σzi, (Σxi)(Σzi), and Σyi, respectively), and loadings and errors fixed at the equations 9 and 10 values could be used. The reliability of XZ is ρXZ = (rXZ2 + ρXρZ)/(rXZ2 + 1), where ρ denotes reliability and rXZ2 is the correlation of X and Z. 

In addition, interpretational equivalence may decline with reliabilities below .7. We briefly investigated reliabilities of .6 and .5 (not reported), and the pseudo latent variable regression results appeared to diverge from those using structural equation analysis as reliability declined. Specifically, they became increasingly more biased than the structural equation analysis results, especially in samples of 100 cases. Thus pseudo latent variable regression should be used with caution in preliminary research, pilot tests, etc. where measures may can have reliabilities below .7. Similarly, we briefly investigated sample sizes below 100 (not reported). Again, pseudo latent variable regression results appeared to diverge from those of structural equation analysis as sample size declined, with  pseudo latent variable regression becoming increasingly more biased as sample size declined. Thus pseudo latent variable regression results should also be interpreted with caution if the sample size is below 100.

Finally, the Tables 1 and 2 results for the coefficients of X, Z and W suggest that pseudo latent variable regression might be used to estimate equation 11 (i.e., in models with no interaction(s) specified). In fact, we have used  pseudo latent variable regression in models with no second-order terms to produce error-adjusted forecasting equations. This is accomplished by "stepping in" the variables, based on their R2, to produce a forecast equation that contains only the "important" forecast variables. This can also be accomplished using structural equations analysis, but the process is tedious.
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Table 1-- Simulated Data Sets Coefficient Estimates

                                         Pseudo LV Regression        Structural Equation Analysis 
                                          Coef-                                        Coef-

                 Popu-               ficient                                       ficient

  Coeffic-  lation  Sample  Aver-                                        Aver-

    ient       Valuea   Size      ageb     Biasc   RMSEd               ageb    Biasc   RMSEd      
bY,XZ  0

ρ = .7e
    bY,X
‑0.15
100
‑0.174
 0.024
0.1490
‑0.170
 0.020
0.1510

300
‑0.163
 0.013
0.0867
‑0.162
 0.012
0.0847

    bY,Z
 0.17 
100
 0.203
 0.033
0.1340
 0.196
 0.026
0.1350

300
 0.191
 0.021
0.0781
 0.186
 0.016
0.0801

    bY,W
 0.25
100
 0.219
 0.019
0.1810
 0.205
 0.005
0.1790

300
 0.211
 0.011
0.1059
 0.202
 0.002
0.1069

    bY,XZ
 0.12
100
 0.103
‑0.017
0.1438
 0.093
‑0.027
0.1458

300
 0.110
‑0.010
0.0916
 0.109
‑0.011
0.0896

ρ = .9e
    bY,X
‑0.15
100
‑0.137
‑0.013
0.1221
‑0.139
‑0.011
0.1211

300
‑0.142
‑0.008
0.0754
‑0.140
‑0.010
0.0764

    bY,Z
 0.17 
100
 0.159
‑0.011
0.1085
 0.157
‑0.013
0.1075

300
 0.163
‑0.007
0.0674
 0.162
‑0.008
0.0664

    bY,W
 0.25
100
 0.190
‑0.010
0.1483
 0.193
‑0.007
0.1493

300
 0.193
‑0.007
0.0919
 0.197
‑0.003
0.0929

    bY,XZ
 0.12
100
 0.131
 0.011
0.0922
 0.134
 0.014
0.0912

300
 0.125
 0.005
0.0649
 0.139
 0.019
0.0659

ρ = .7e
    bY,X
‑0.35
100
‑0.332
‑0.018
0.1078
‑0.331
‑0.019
0.1088

300
‑0.340
‑0.010
0.0639
‑0.339
‑0.011
0.0649

    bY,Z
 0.37 
100
 0.349
‑0.021
0.0965
 0.350
‑0.020
0.0975

300
 0.358
‑0.012
0.0570
 0.360
‑0.010
0.0560

    bY,W
 0.40
100
 0.409
 0.009
0.1313
 0.407
 0.007
0.1303

300
 0.401
 0.001
0.0777
 0.400
 0.000
0.0787

    bY,XZ
 0.30
100
 0.315
 0.015
0.1056
 0.316
 0.016
0.1066

300
 0.308
 0.008
0.0704
 0.310
 0.010
0.0694

 ρ = .9e
    bY,X
‑0.35
100
‑0.355
 0.005
0.0842
‑0.354
 0.004
0.0849

300
‑0.353
 0.003
0.0520
‑0.353
 0.003
0.0512

    bY,Z
 0.37 
100
 0.377
 0.007
0.0754
 0.378
 0.008
0.0762

300
 0.374
 0.004
0.0471
 0.375
 0.005
0.0479

    bY,W
 0.40
100
 0.398
‑0.002
0.1016
 0.404
 0.004
0.1024

300
 0.400
 0.000
0.0647
 0.401
 0.001
0.0640

    bY,XZ
 0.30
100
 0.298
‑0.002
0.0668
 0.294
‑0.006
0.0675

300
 0.300
 0.000
0.0454
 0.296
‑0.004
0.0462

___________

a Population coefficient values correspond to R2's of .10 and .50 .

b Average over 100 replications.

c Difference between population coefficient value and coefficient average (Columns 4 or 7).

d Root mean squared error or average difference across 100 data sets between the coefficient estimates and the population value.

e Reliability.
Table 1 (Continued)-- Simulated Data Sets Coefficient Estimates

                                         Pseudo LV Regression        Structural Equation Analysis 
                                          Coef-                                        Coef-

                 Popu-               ficient                                       ficient

  Coeffic-  lation  Sample  Aver-                                        Aver-

    ient       Valuea   Size      ageb     Biasc   RMSEd               ageb    Biasc   RMSEd      
bY,XZ = 0

ρ = .7e
    bY,X
‑0.15
100
‑0.172
 0.022
0.1470
‑0.172
 0.022
0.1450

300
‑0.165
 0.015
0.0847
‑0.164
 0.014
0.0827

    bY,Z
 0.17 
100
 0.204
 0.034
0.1350
 0.197
 0.027
0.1360

300
 0.193
 0.023
0.0771
 0.185
 0.015
0.0761

    bY,W
 0.25
100
 0.217
‑0.033
0.1830
 0.207
‑0.043
0.1850

300
 0.212
‑0.038
0.1079
 0.204
‑0.046
0.1099

    bY,XZ
 0.12
100
 0.013
 0.013
0.0469
 0.012
 0.012
0.0459

300
 0.009
 0.009
0.0325
 0.011
 0.011
0.0345

ρ = .9e
    bY,X
‑0.15
100
‑0.138
‑0.012
0.1231
‑0.138
‑0.012
0.1241

300
‑0.141
‑0.009
0.0764
‑0.139
‑0.011
0.0774

    bY,Z
 0.17 
100
 0.158
‑0.012
0.1075
 0.156
‑0.014
0.1065

300
 0.162
‑0.008
0.0684
 0.163
‑0.007
0.0694

    bY,W
 0.25
100
 0.191
‑0.009
0.1493
 0.194
‑0.006
0.1503

300
 0.194
‑0.006
0.0909
 0.196
‑0.004
0.0899

    bY,XZ
 0.12
100
 0.009
 0.009
0.0317
 0.010
 0.010
0.0327

300
 0.007
 0.007
0.0226
 0.008
 0.008
0.0236

ρ = .7e
    bY,X
‑0.35
100
‑0.331
‑0.019
0.1088
‑0.330
‑0.020
0.1098

300
‑0.339
‑0.011
0.0629
‑0.340
‑0.010
0.0619

    bY,Z
 0.37 
100
 0.350
‑0.02
0.0975
 0.351
‑0.019
0.0985

300
 0.357
‑0.013
0.0560
 0.359
‑0.011
0.0550

    bY,W
 0.40
100
 0.408
 0.008
0.1323
 0.408
 0.008
0.1333

300
 0.402
 0.002
0.0787
 0.401
 0.001
0.0797

    bY,XZ
 0.30
100
 0.010
 0.01
0.0362
 0.011
 0.011
0.0372

300
 0.007
 0.007
0.0225
 0.006
 0.006
0.0215

ρ = .9e
    bY,X
‑0.35
100
‑0.354
 0.004
0.0849
‑0.353
0.0033
0.0857

300
‑0.354
 0.004
0.0527
‑0.352
0.0023
0.0535

    bY,Z
 0.37 
100
 0.378
 0.008
0.0762
 0.379
0.0087
0.0769

300
 0.375
 0.005
0.0464
 0.374
0.0043
0.0456

    bY,W
 0.40
100
 0.399
‑0.001
0.1024
 0.405
0.0047
0.1031

300
 0.399
‑0.001
0.0640
 0.400
0.0003
0.0632

    bY,XZ
 0.30
100
 0.006
 0.006
0.0215
 0.005
0.0053
0.0208

300
 0.004
 0.004
0.0159
 0.005
0.0048
0.0166

___________

a Population coefficient values correspond to R2's of .10 and .50 .

b Average over 100 replications.

c Difference between population coefficient value and coefficient average (Columns 4 or 7).

d Root mean squared error or average difference across 100 data sets between the coefficient estimates and the population value.

e Reliability.
Table 2-- Simulated Data Sets Coefficient Standard Error Results

                 Popu-              Pseudo LV Regression        Structural Equation Analysis 
  Coeffic-  lation  Sample                Average                                 Average

    ient       Valuea   Size      RMSEb     SEc   Biasd              RMSEb     Sec    Biasd       
bY,XZ = 0

ρ = .7e
    bY,X
‑0.15
100
 0.1490
0.1315
0.882
0.1510
0.1329
0.880


300
 0.0867
0.0813
0.938
0.0847
0.0813
0.938

    bY,Z
 0.17 
100
 0.1340
0.1180
0.881
0.1350
0.1190
0.882



300
 0.0781
0.0733
0.939
0.0801
0.0753
0.941

    bY,W
 0.25
100
 0.1810
0.1589
0.878
0.1790
0.1575
0.880



300
 0.1059
0.0998
0.942
0.1069
0.1008
0.943

    bY,XZ
 0.12
100
 0.1438
0.1211
0.842
0.1458
0.1226
0.841



300
 0.0916
0.0753
0.822
0.0896
0.0738
0.824

ρ = .9e
    bY,X
‑0.15
100
 0.1221
0.1122
0.919
0.1211
0.1114
0.920



300
 0.0754
0.0739
0.981
0.0764
0.0750
0.982

    bY,Z
  0.17 
100
 0.1085
0.0998
0.919
0.1075
0.0987
0.918



300
 0.0674
0.0661
0.981
0.0664
0.0651
0.980

    bY,W
  0.25
100
 0.1483
0.1366
0.921
0.1493
0.1376
0.922



300
 0.0919
0.0900
0.979
0.0929
0.0911
0.980

    bY,XZ
  0.12
100
 0.0922
0.0866
0.939
0.0912
0.0857
0.940



300
 0.0649
0.0579
0.891
0.0659
0.0588
0.892

ρ = .7e
    bY,X
‑0.35
100
 0.1078
0.0950
0.881
0.1088
0.0960
0.882



300
 0.0639
0.0600
0.939
0.0649
0.0610
0.940

    bY,Z
 0.37 
100
 0.0965
0.0850
0.881
0.0975
0.0860
0.882



300
 0.0570
0.0536
0.939
0.0560
0.0526
0.938

    bY,W
 0.40
100
 0.1313
0.1154
0.879
0.1303
0.1146
0.880



300
 0.0777
0.0731
0.941
0.0787
0.0741
0.942

    bY,XZ
 0.30
100
 0.1056
0.0877
0.831
0.1066
0.0887
0.832



300
 0.0704
0.0569
0.809
0.0694
0.0561
0.808

ρ = .9e
    bY,X
‑0.35
100
 0.0842
0.0775
0.921
0.0849
0.0783
0.922



300
 0.0520
0.0510
0.981
0.0512
0.0502
0.980

    bY,Z
 0.37 
100
 0.0754
0.0695
0.921
0.0762
0.0702
0.922



300
 0.0471
0.0462
0.979
0.0479
0.0469
0.980

    bY,W
 0.40
100
 0.1016
0.0936
0.921
0.1024
0.0943
0.922



300
 0.0647
0.0634
0.979
0.0640
0.0626
0.979

    bY,XZ
 0.30
100
 0.0668
0.0621
0.931
0.0675
0.0628
0.930



300
 0.0454
0.0400
0.881
0.0462
0.0407
0.882

___________

a Population coefficient values correspond to R2's of .10 and .50 .

d Root mean squared error or average difference across 100 data sets between the coefficient estimates and the population value.

 c Average coefficient standard error over 100 replications.

d Average SE divided by RMSE. Values less than 1 indicate the SE is biased downward.

e Reliability.
Table 2 (Continued)-- Simulated Data Sets Coefficient Standard Error Results

                 Popu-              Pseudo LV Regression        Structural Equation Analysis 
  Coeffic-  lation  Sample                Average                                    Average

    ient       Valuea   Size      RMSEb     SEc   Biasd                RMSEb     SEc   Biasd      
bY,XZ = 0

ρ = .7e
    bY,X
‑0.15
100
 0.1470
0.1379
0.938
0.1450
0.1363
0.940



300
 0.0847
0.0836
0.988
0.0827
0.0815
0.986

    bY,Z
 0.17 
100
 0.1350
0.1270
0.941
0.1360
0.1281
0.942



300
 0.0771
0.0765
0.992
0.0761
0.0754
0.991

    bY,W
 0.25
100
 0.1830
0.1724
0.942
0.1850
0.1739
0.940



300
 0.1079
0.1069
0.991
0.1099
0.1091
0.993

    bY,XZ
 0.12
100
 0.0469
0.0445
0.949
0.0459
0.0437
0.951



300
 0.0325
0.0299
0.918
0.0345
0.0318
0.920

ρ = .9e
    bY,X
‑0.15
100
 0.1231
0.1207
0.981
0.1241
0.1216
0.980



300
 0.0764
0.0764
1.001
0.0774
0.0775
1.002

    bY,Z
 0.17 
100
 0.1075
0.1053
0.979
0.1065
0.1042
0.978



300
 0.0684
0.0684
0.999
0.0694
0.0694
1.000

    bY,W
 0.25
100
 0.1493
0.1464
0.981
0.1503
0.1476
0.982



300
 0.0909
0.0910
1.001
0.0899
0.0899
1.000

    bY,XZ
 0.12
100
 0.0317
0.0315
0.991
0.0327
0.0324
0.990



300
 0.0226
0.0211
0.931
0.0236
0.0220
0.932

ρ = .7e
    bY,X
‑0.35
100
 0.1088
0.1013
0.931
0.1098
0.1024
0.932



300
 0.0629
0.0617
0.981
0.0619
0.0607
0.980

    bY,Z
 0.37 
100
 0.0975
0.0908
0.931
0.0985
0.0918
0.932



300
 0.0560
0.0549
0.979
0.0550
0.0538
0.978

    bY,W
 0.40
100
 0.1323
0.1232
0.931
0.1333
0.1240
0.930



300
 0.0787
0.0772
0.981
0.0797
0.0782
0.982

    bY,XZ
 0.30
100
 0.0362
0.0341
0.941
0.0372
0.0350
0.942



300
 0.0225
0.0204
0.909
0.0215
0.0195
0.908

ρ = .9e
    bY,X
‑0.35
100
 0.0849
0.0833
0.981
0.0857
0.0841
0.982



300
 0.0527
0.0527
0.999
0.0535
0.0535
1.000

    bY,Z
 0.37 
100
 0.0762
0.0747
0.981
0.0769
0.0755
0.982



300
 0.0464
0.0464
1.001
0.0456
0.0456
1.000

    bY,W
 0.40
100
 0.1024
0.1004
0.981
0.1031
0.1012
0.982



300
 0.0640
0.0639
0.999
0.0632
0.0631
0.999

    bY,XZ
 0.30
100
 0.0215
0.0211
0.979
0.0208
0.0203
0.980



300
 0.0159
0.0146
0.921
0.0166
0.0153
0.922

___________

a Population coefficient values correspond to R2's of .10 and .50 .

d Root mean squared error or average difference across 100 data sets between the coefficient estimates and the population value.

 c Average coefficient standard error over 100 replications.

d Average SE divided by RMSE. Values less than 1 indicate the SE is biased downward.

e Reliability.
Table 3-- Unadjusted Covariances for S, A, I, C, and E; with Reliabilities, Estimated Loadings (Λs), and Estimated Measurement Errors (θ)

        S
       A
     I
   C
    E
 SxA              AxI

S
 16.78816
  ‑9.80047
  7.58572
  6.57148
  ‑20.73284
   53.51358
  ‑7.73302

A
  ‑9.80047
 19.65213
 ‑4.71621
 ‑8.50311
   20.44497
  ‑55.59004
    7.34272

I
   7.58572
  ‑4.71621
22.22471
14.73352
    ‑8.08200
  ‑7.733023
   ‑2.69775

C
   6.57148
  ‑8.50311
14.73352
25.13758
    ‑8.86009
     5.52795
 ‑3.685302

E
‑20.73284
 20.44497
 ‑8.08200
 ‑8.86009
   66.64125
‑117.17370
    1.22814

SxA
 53.51358
‑55.59004
 ‑7.73302
  5.52795
‑117.17370
 857.81926
113.15626

AxI
  ‑7.73302
   7.34272
 ‑2.69775
 ‑3.68530
     1.22814
 113.15626
386.20813

                S            A            I              C             E

Reliabilities:

                         0.9325    0.9262    0.9271    0.9494     0.9622

Estimated Loadings (Λs)a
          6.75962  5.77435  5.77716  4.87185   9.80917

Estimated Measurement Errors (θ)a      1.13320  1.45032  1.62018  1.27196   2.51903

───────────────────────
a See p. 6.
Table 4-- Adjusted Covariances for S, A, I, C, and E, with Coefficient Estimates

     S
   A
    I
   C
     E
  SxA            AxI

S
 0.34261
‑0.25108
 0.19424
 0.19954
‑0.31268
 0.20282
‑0.03429

A
‑0.25108
 0.54589
‑0.14137
‑0.30225
 0.36095
‑0.24664
 0.03811

I
 0.19424
‑0.14137
 0.61735
 0.52347
‑0.14261
‑0.03429
‑0.01399

C
 0.19954
‑0.30225
 0.52347
 1.00550
‑0.18540
 0.02906
‑0.02267

E
‑0.31268
 0.36095
‑0.14261
‑0.18540
 0.66641
‑0.30603
 0.00375

SxA
 0.20282
‑0.24664
‑0.03429
0.02906
‑0.30603
 0.55758
 0.04549

AxI
‑0.03429
 0.03811
‑0.01399
‑0.02267
 0.00375
 0.04549
 0.33604

Pseudo Latent Variable Regression Coefficient Estimates:

                   S            A             I             C           SxA         AxI

bi
‑0.571
0.335
‑0.027
0.048
‑0.192
‑0.057
(Line 1

SEa
 0.0969
0.0728
 0.0726
0.0557
 0.0751
 0.0798

t-value
‑5.89
4.59
‑0.37
0.86
‑2.55
‑0.71

SEEb
0.59024

OLS (Unadjusted) Regression Coefficient Estimates:

                   S            A             I             C           SxA        AxI

bi
‑0.526
0.314
‑0.037
0.034
‑0.235
‑0.018

SEa
 0.0932
0.0700
 0.0698
0.0535
 0.0722
 0.0767

t-value
-5.64
4.48
-0.53
0.64
-3.26
-0.24

SEEb      0.56737

Kc          1.04030

LISREL 8 Coefficient Estimates:

                   S             A             I             C          SxA          AxI       χ2/df      GFId  AGFId  CFIe  RMSEAf
bi
‑0.553
0.333
‑0.071
0.076
‑0.160
‑0.040

SEa
 0.1096
0.0767
 0.0798
0.0624
 0.0644
 0.0823

t-value
‑5.04
4.34
‑0.90
1.22
‑2.49
‑0.49     1519/575  .721   .677    .883     .086

_________

a Coefficient standard error.

b Standard error of the estimate-- see p. 7.

c K is the adjustment factor used to obtain the pseudo latent variable coefficient SEs, and is equal to the ratio of the SEEs (i.e., 0.59024/ 0.56737) (see p. 7).

d Shown for completeness only-- GFI and AGFI may be inadequate for fit assessment in larger models (see Anderson and Gerbing 1984).

e .90 or better indicates acceptable fit (see McClelland and Judd 1993).

f .05 suggests close fit, .051-.08 suggests acceptable fit (Brown and Cudeck 1993, Jöreskog 1993).
Table 5-- SxA Interaction Significance

               A-E Association                             S-E Association                

                 A        SE of                                   S          SE of                

     S       Coef-    A Coef-        t-         A       Coef-     S Coef-        t-     

 Valuea  ficient b   ficientc      value  Valued  ficiente    ficientf     value   

  1.20
0.90       0.24         3.76
1
 -0.27        0.13       -2.04    

    2 
0.75       0.18         4.02
2
 -0.46        0.07       -6.15    

    3
0.56       0.12         4.42     2.56g
 -0.57        0.06       -9.14    

    4
 0.36       0.09         3.99
3
-0.65        0.07       -9.27   

  4.17g
 0.33       0.09         3.67        4
-0.84        0.12       -6.79    

    5
0.17       0.11         1.58
5
-1.04        0.19       -5.37  

───────────────────────
a S ranged from 1.2 (=low) to 5 in the study. 

b The coefficient of A is given by (.335-.192S)  with S zero centered (i.e., S = Col. 1 - 4.16) (see Line 1 in Table 4). 

c The Standard Error (SE) of the A coefficient is given by 

     ____________      ______________________________ 

   Var(bA+bSxAS)  = (Var(bA)+S2Var(bSxA)+2SCov(bA,bSxA) ,

   where Var(a) is the squares of the Standard Errors (SE) of a at Line 1 of Table 4, and Cov(bA,bSxA) = K*bcov(bA,bSxA)

   where K is the SE adjustment factor (see Line 1 of Table 4) and bcov is the unadjusted covariance of bA and bSxA available in SPSS.

d A ranged from 1 (=low) to 5 in the study .

e The coefficient of S is given by (-.160+.276A) with A zero centered (i.e., A = Col. 5 - 2. 56) (see Line 5 of Table 2).

f The Standard Error (SE) of the S coefficient is given by

     ____________      ______________________________

   Var(bS+bSxAA)  = Var(bS)+A2Var(bSxA)+2ACov(bS,bSxA) ,

   where Var(a) is the squares of the Standard Errors (SE) of a at Line 5 of Table 2, and Cov(bS,bSxA) = r*SEbS*SEbSxA,

   where r is the covariance of bS and bSxA available in SPSS.

g Mean value.
Appendix A-- Simulation Details

To produce the Table 1 and 2 results, the model

(A1)

Y = b1X + b2Z + b3W + b4XZ + ζY
was estimated using simulated data sets that met the Kenny and Judd (1984) normality assumptions (indicators are multivariate normal with mean zero and independent of their measurement errors, and measurement errors are independent of each other), using the population parameters shown in Table A1. These parameters represent the original Kenny and Judd (1984) values for the variances of X, Z, and W, and polar but plausible values for model validation studies. For example, the loadings and measurement errors produced reliabilities of .7 (the minimum acceptable reliability in model validation studies) and .9, and the structural parameters (i.e., bs and ζs) corresponded to R2 's of .10 and .50.

X, Z, W, and their indicators x1, ..., x4, z1, ..., z4, w1, ..., w4 were created in data sets using PRELIS, and its normal random number generator. Each data set contained 100 or 300 cases and was replicated 100 times. Next, the values for x1, ..., x4 were summed (not averaged-- see p. 7) to form X in each case. vales for Z and W were added similarly, and the value of XZ (= X*Z) was added to each case. Y was determined using equation A1, the Table A1 population values, and PRELIS random number generator (for ζY). Then the Table A1 population parameters were used to generate the indicators of Y, y1, ..., y4, again using PRELIS normal random number generator.

For each of the resulting data sets, the sample (unadjusted) covariance matrix for X, Z, W, Y and XZ was generated. Then these sample covariances were imported to an EXCEL spreadsheet, and the coefficient alphas for X, Z, W, and Y were calculated usung SPSS. Next these coefficient alphas were used in equations 2-5 with Λ = n(α) and Λ2 = n2α, where  is the latent variable X, Z, W, or Y, and n is the number of indicators of  (= 4 in this case-- n is required to make Λ and 2Λ commensurate with Var()), to adjust the attenuated covariance matrix. Then this adjusted covariance matrix was exported to SPSS matrix regression procedure.

The SPSS matrix regression procedure produced pseudo latent variable regression structural coefficients, coefficient standard errors, and a standard error of the estimate (SEE) (SEE = Σ[yi - i]2, where yi and i. are observed and estimated ys respectively). Then the unadjusted covariance matrix was input to SPSSs matrix regression procedure to produce unadjusted coefficient standard errors and an unadjusted Standard Error of the Estimate (uSEE). Next the coefficient standard errors for the pseudo latent variable regression coefficients were computed as described on p. 7. Finally the raw data was input to LISREL 8 to produce structural coefficient estimates for comparison purposes.

Table A1-- Population Parameters for Simulated Data Sets

          Population            
     Parametera
Variance 
Coefficient
All Data Sets:

X

2.15 



Z, Y
1.60 



W

1.00

Corr(X,Z)

0.20

Corr(X,W)

0.20

Corr(Z,W)

0.20

b0


0.00b
High Reliability Samples (ρ = .9):

λx1

1.00



λx2-λx4

0.90



λz1

1.00



λz2-λz4

0.90 



λw1

1.00



λw2-λw4

0.90 



εx1-εx4
0.82 



εz1-εz4
0.61 



εw1-εw4
0.38 



Low Reliability Samples (ρ = .7):

λx1

1.00



λx2-λx4

0.70



λz1

1.00



λz2-λz4

0.70 



λw1

1.00



λw2-λw4

0.70 



εx1-εx4
2.21 



εz1-εz4
1.65 



εw1-εw4
1.03 



Small Coefficients (R2 = .10)

ζY

1.6 



bY,X

-0.15 


bY,Z

0.17 


bY,W

 0.20

bY,XZ

 0.12 


Large Coefficients (R2 = .50):

ζY

0.8 



bY,X

-0.35 


bY,Z

0.37 


bY,W

 0.40

bY,XZ

0.30 


─────────────────────────────────
a In Y = bY,XX + bY,ZZ + bY,WW  + bY,XZXZ + ζY xi = λxiX + εxi zi = λziZ + εzi wi = λwiW + εwi .

b The indicators, including those for Y were zero centered.
