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Hypothesized Associations and 

Unmodeled Latent Variable Interactions/Quadratics:
An F-Test, Lubinski and Humphreys Sets, 
and Shortcuts Using Reliability Loadings
When hypothesized associations are non significant in model tests with survey data, researchers typically report this with little further analysis. However, an unmodeled population interaction or a quadratic may have produced this nonsignificant association. In this case, the association's significance varies with the levels of a moderating variable in the study, and its non-significance does not hold for all levels of this moderating variable. The association even may be significant in a future study. 

Model-testers are discouraged from looking for interactions or quadratics in survey data after the hypothesized model has been estimated, as experimental researchers routinely do in ANOVA to better interpret associations, because it appears unscientific. In addition, structural equation analysis techniques for detecting interactions and quadratics are difficult to use. 

This article discusses these matters, and proposes an accessible approach for post-hoc probing for latent variable interactions and quadratics to better interpret significant and nonsignificant associations.

Hypothesized Associations and

Unmodeled Latent Variable Interactions/Quadratics:
An F-Test, Lubinski and Humphreys Sets, 
and Shortcuts Using Reliability Loadings
Testing structural equation models in survey data, when one or more variables is measured with error, has received considerable attention since the 19th century (see Fuller, 1980 for a summary). The resulting approaches to specifying measurement error could be grouped into errors-in-variables approaches that use regression (see Fuller, 1991 for a summary), and covariant structure analysis (structural equation) approaches that use LISREL, EQS, AMOS, etc. (e.g., Bentler & Weeks, 1980; Jöreskog, 1970; and McDonald, 1978). These specification approaches were extended to multiplicative interactions and quadratics (e.g., XZ and XX respectively in

Y = b0 + b1X + b2Z + b3XZ + b4XX + ζ ,
(1

where ζ is error or structural disturbance) by Kenny and Judd (1984) for structural equation analysis, and Heise (1986) for errors-in-variables.

However, approaches for specifying interactions and quadratics with measurement error have been slow to diffuse in the Social Sciences (Cortina, Chen & Dunlap, 2001). Errors‑in‑variables approaches are inaccessible to many substantive researchers, and structural equation analysis approaches when applied to interactions and quadratics have proven difficult for substantive researchers to use (Aiken & West, 1991). (The extant interaction/quadratic specification approaches include Kenny & Judd, 1984; Algina & Moulder, 2001; Bollen, 1995; Jaccard & Wan, 1995; Jöreskog & Yang, 1996; Jöreskog, 2000; Klein & Moosbrugger, 2000/Schermelleh-Engle, Kein & Moosbrugger, 1998/Klein & Muthén, 2002; Marsh, Wen & Hau, 2004; Mathieu, Tannenbaum & Salas, 1992; Moulder & Algina, 2002; Ping, 1995, 1996a and 1996c; and Wall & Amemiya, 2001 and 2003. With rare exceptions these approaches are unknown outside of the methods literature (Cortina, Chen & Dunlap, 2001) and they are tedious to use (Jöreskog & Yang, 1996).) Perhaps as a result, interactions and quadratics are comparatively rare in published model tests involving latent variables and survey data.

Nevertheless, failing to consider unmodeled population interactions or quadratics in a survey model can produce erroneous research findings and misleading recommendations. For example, with a significant interaction in Equation 1, the coefficient of Z factors to 

Y = b0 + b1X + (b2 + b3X)Z + b4XX + ζ ,
(1a

 rather than b2 (see Aiken and West, 1991). Because the (factored) coefficient of Z in Equation 1a is now a variable that depends on the various levels of X in the survey, the magnitude, sign, and statistical significance of b2 + b3X are variable, and thus very different from the coefficient of Z in an Equation 1 without XZ (i.e., b2' in

Y = b0' + b1'X + b2'Z + ζ' ).






       (1b

For example, b2' could be nonsignifi​cant, while b2 + b3X could be significant over part(s) of the range of X in the survey. In this event, it is not the case that Z is unassociated with Y in the study. The hypothesized Z-Y association is simply conditional, and its significance depends on the various levels of X observed in the study. 

This has important implications. Because b2' is approximately the same as b2 + b3Xavg , where Xavg is the average of X in the study (see Aiken and West, 1991), if Xavg is low (small), b2 + b3Xavg may be numerically small, and thus b2' may be nonsignificant. In different words, Z may appear to be unrelated to Y in an Equation 1b model, when in the Equation 1 model, for larger values of X in the study b2 + b3X may be significant as hypothesized. This also implies that with a significant interaction XZ in Equation 1, the Z-Y association in Equation 1b may be significant in the next study if Xavg is larger (higher) in that study.

Alternatively, with a significant interaction in Equation 1, b2' could be sig​nif​i​cant, but b2 + b3X could be nonsig​nif​i​cant over part of the range of X in a study. In this case, the customary interpretation based on the significance of b2', that Z was associated with Y, is incorrect: there is a group of respondents in the study where changes in Z had no association with Y. Further, any "management implications" of the apparently significant Z-Y association in Equation 1b due to b2' may be misleading. Again, there is a group of respondents for which "managing" (changes in) Z had no effect on Y.

Similarly, with a significant quadratic such as XX in Equation 1, Equation 1 can be refactored into Y = b0 + (b1 + b4X)X + b2Z + b3XZ + ζ , and the coefficient of X is given by b1 + b4X, rather than by b1' in Equation 1b. In this case, the association between X and Y depends on the particular level of X at which this association is evaluated. (Interpreting quadratics and "the association between X and Y depending on the particular level of X at which this association is evaluated" is discussed later.) As a result, b1' could be significant while b1 + b4X could be nonsignificant, or vice versa, which creates the same interpretation and implications issues as a significant interaction.

Thus, for improved interpretation of study results, interactions and quadratics should be investigated post-hoc (i.e., after the hypothesized model has been estimated). Specifically, this may provide plausible explanations for hypothesized but nonsignificant associations, which avoids casting a shadow on the relevant theory because it appears not to apply, and it improves the interpretation of significant associations that may be conditional.

Unfortunately, survey researchers are discouraged from post-hoc probing for interactions (e.g., Aiken & West, 1991; Cohen & Cohen, 1983) on grounds this is unscientific because these variables were not hypothesized. However, the logic of model testing and its variables can easily be separated from the logic of discovery and its variables (interactions/quadratics) (e.g., Hunt, 1983) as long as any discovered interactions/quadratics and their relationships in the hypothesized model are properly presented as hypothetical and to be tested in a later study. Specifically, any interactions/quadratics discovered in post-hoc probing should be presented as potentially an artifact of the sample: Their existence in any population and thus in other samples/studies should be viewed as an empirical question to be answered in later studies. 

However, given the estimation difficulties mentioned above in identifying significant interactions or quadratics among latent variables in survey data, substantive researchers who want to probe for these variables may decide to use approaches such as ordinary least squares (OLS) regression or analyzing subsets of data (e.g., median splits). Unfortunately regression estimates of interaction or quadratic structural coefficients for latent variables are well known to be biased (see the demonstrations in Aiken and West, 1991). Similarly, subset analysis is criticized in the psychometric literature for a variety of reasons, including its reduced ability to detect interactions or quadratics (see Maxwell and Delaney, 1993 and the citations therein).

There are other post-hoc estimation concerns as well, such as correlations among interactions and quadratics that can produce no significant interactions or quadratics when several interactions or quadratics are estimated jointly, and extant search techniques, such as forward selection and backward elimination, can be indeterminate in that they can produce different subsets of significant interactions and/or quadratics.

This article discusses these matters: It proposes an accessible approach for, and an example of, post-hoc probing for latent variable interactions and quadratics in model tests involving survey data.


A Suggested Approach

Because of the potential for detecting spurious interactions or quadratics (unhypothesized interactions or quadratics that do not exist in the population and are significant by chance), an F-test is desirable to determine if any unhypothesized interactions or quadratics are likely to be significant above the level of chance. To accomplish this, after the hypothesized structural model has been estimated, all possible interactions and quadratics should be added to the hypothesized model. To decrease the attendant amount of specification work, reliability loadings and measurement errors for these interactions and quadratics could be used (e.g., Mathieu, Tannenbaum and Salas, 1992; see Cortina, Chen and Dunlap, 2001, and Appendix A).

An F-Test

To reduce the likelihood of spurious (chance) interactions or quadratics, the increase in R2 (e.g., the "Squared Multiple Correlations for Structural Equations" in LISREL) due to adding all implied interactions and quadratics to a model should be significant. A test statistic that assesses this increase is

F = [( R22 - R12 )/( k2 - k1 )] / [( 1- R22 )/( N - k2 - 1 )]
(2

where R22 is the total explained variance (Squared Multiple Correlations for Structural Equations) in the structural model with the interactions and quadratics added, R12 is the total explained variance in the structural model with no interactions and quadratics added, k1 is the number of exogenous variables (predictors) in the structural model without the interactions and quadratics, k2 is the number of exogenous variables in the structural model plus the number of interactions and quadratics added, and N is the number of cases (see for example Jaccard, Turrisi and Wan, 1990). This F statistic has k2 - k1 and N - k2 - 1 degrees of freedom.

Calculating F


With a single endogenous or dependent variable (e.g., in the structural model Y = b1X + b2Z + b3W + ζ, Y is the endogenous or dependent variable and there are three exogenous variables or predictors of Y on the right-hand side of the equal sign) the F statistic is a straightforward calculation. Specifically, k1 = 3 and R12 is the explained variance in Y. The interactions are those involving the exogenous variables XZ, XW and ZW, and the quadratics are those involving these exogenous variables XX, ZZ, and WW. So, k2 = k1 + 6 = 9 and R22 is the explained variance of Y in the structural equation with the interactions and quadratics added (i.e., Y = c1X + c2Z + c3W + c4XZ + c5XW + c6ZW + c7XX + c8ZZ + c9WW). 

Multiple Endogenous Variables
With multiple dependent or endogenous variables the suggested F-test is performed multiple times, once for each endogenous variable. (An overall F-test is discussed later.) First, the linear equations implied by the structural model are written out, and the relevant interactions/quadratics are added. For example, in the structural model with the structural equations

Z = d1X









       (3a

A = d2X + d3Z








       (3b

Y = 
      d4Z









       (3c

B = 
      d5Z + d6C ,







       (3d

the interactions implied by the model are those involving the variables on the right-hand side of each equation (i.e., XZ and ZC, and not XC--C and X did not occur together in any equation). The quadratics in the variables that comprise these interactions are the quadratics in the variables on the right-hand side of each equation (i.e., XX, ZZ, and CC). Thus, with the relevant interactions and quadratics added to their respective equations the origonal equations become

Z = d1'X +                    d7XX







      (3e

A = d2'X + d3'Z +         d8XX + d9XZ + d10ZZ




      (3f

Y = 
      d4'Z +                                    d11ZZ




      (3g

B = 
      d5'Z + d6'C +                         d12ZZ + d13ZC + d14CC


      (3h

(d1 through d6 will change with the addition of the interactions and quadratics). F is computed for Equation 3e with R12 equal to the explained variance for Z in the structural model with Equations 3a, 3b, 3c and 3d all specified together, and k1 = 1. R22 for Equation 3e is Z's explained variance in the structural model with Equations 3e through 3h all specified together, and k2 = k1 + 1. Similarly, for the F of Equation 3f, R12 for Equation 3b is A's explained variance in the structural model with Equations 3a through 3d specified together, and k1 = 2. R22 for Equation 3f is A's explained variance the structural model with Equations 3e through 3h specified together, and k2 = k1 + 3. F's for Equations 3g and 3h are computed as F for Equations 3e and Equation 3f, respectively, were.

Several comments may be of interest. If F is significant, it means there is likely to be one or more non-spurious interactions or quadratics in the population model (represented by the present sample). However, because interactions and quadratics are usually highly correlated, none of the interactions or quadratics in the structural equation with all the relevant interactions and quadratics added may be significant. We will discuss this matter later.

If F is not significant, it suggests it is unlikely there are any population interactions or quadratics in the population model. Because the reliability loadings and measurement errors are approximations, so are R22 and F. If the p-value of F is in a neighborhood of 0.05, R22 could be re-estimated using more exact loadings and errors for the interactions and quadratics (e.g., by standardizing X, Z and W so that their variances are equal to 1). However, experience suggests that more exact loadings and errors do not improve the F statistic materially, and it is usually less tedious to conclude there are no population interactions or quadratics in the model.


Examples

We will reanalyze model test data involving the latent variables T, U, V, W, and Y, and their indicators ti (i = 1,5), uj (j = 1,4), vk (k = 1,4), wp (p = 1,4), and yq (q = 1,5), involving at least 200 usable survey responses. (Other study details have been omitted to skirt details that are of lesser importance to the example.) The example will also develop a suggested approach for finding significant interactions/quadratics. 

The latent variables T through W were hypothesized to be associated with Y, the measures for the latent variables were judged to be unidi​mensional, valid and reliable, and the unidimensionally specified measurement model for T, U, V, W, and Y was judged to fit the data. However, estimating the structural model

Y = β1T + β2U + β3V + β4W + ζ
(4

(Model I) using LISREL 8 and Maximum Likelihood estimation suggested that T, V and W were not associated with Y (see Table 1). Nevertheless, these non-significant associations seemed counterintuitive. Thus, the possibility that quadratics in T, V or W (i.e., TT, VV, or WW), or interactions involving these variables (i.e., TU, TV, TW, UV, UW or VW), were "masking" the nonsignificant associations was investigated using the approach suggested above.

To do so, each indicator of the independent and dependent variables was mean-centered by subtracting the indicator's average from its value in each of the cases (see Aiken and West, 1991). Then, the indicators for the constituent variables of the interactions and quadratics (i.e., T, U, V and W) were summed and averaged in each of the cases, and a single indicator for each of these interactions and quadratics was formed as the product of the indicator averages of the relevant constituent variables and added to each case (see Ping, 1995). (Averaging reduces the magnitude of the variance of these product-variables, which avoids estimation difficulties produced by a large determinant of the input covariance matrix.) Specifically, the single indicators t:t (= [(t1+t2+t3+t4+t5)/5]2), t:u (= [(t1+t2+t3+t4+t5)/5][(u1+u2+u3+u4)/4]), t:v (= [(t1+t2+t3+t4+t5)/5] [(v1+v2+v3+v4)/4]), t:w (= [(t1+t2+t3+t4+t5)/5][(w1+w2+w3+w4)/4]), u:u, u:v, u:w, v:v, v:w, and w:w were added to each case.

Next, the Equation 4 structural model was re-specified to include all interactions and quadratics:

Y = β1T + β2U + β3V + β4W + βTTTT + βUUUU + βVVVV + βWWWW 

+ βTUTU + βTVTV + βTWTW + βUVUV + βUWUW + βVWVW + ζ .

       (4a

These interactions and quadratics were specified using the Equations A7, A7a, A8 and A8a reliability approximations for the product indicator loadings and measurement errors. The previous structural model (i.e., without the interactions and quadratics) values for the correlations among the latent variables, and coefficient alphas for T, U, V and W, were used to calculate the interaction/quadratic reliabilities. In addition, the variances of the interactions and quadratics were freed, and the interactions and quadratics were allowed to covary with each other and the other exogenous variables. (With multivariate normality, interactions and quadratics have zero correlations with their constituent variables (Kendall and Stewart, 1958, see Kenny and Judd, 1984). However, it is well known that interactions and quadratics are correlated with their constituent variables in (non-normal) real-world data, and not correlating these variables diminishes model-to-data fit and thus it may bias structural coefficient estimates. Similarly, with multivariate normality the variance of interactions and quadratics should equal their Kendall and Stewart (1958) values (see Kenny and Judd, 1984). However, constraining interaction/quadratic variances to their Kendall and Stewart values in real-world data can produce several difficulties, including lack of estimation convergence.)

The resulting structural model was estimated using LISREL 8 and Maximum Likelihood estimation (chi square/df/p-value/RMSEA/GFI/AGFI = 659/394/0.0/0.055/0.950/0.799). The squared multiple correlations from this model and those from the previous structural model (without the additional interactions or quadratics) were used in Equation 2 to calculate the proposed F statistic with R12 = 0.12, R22 = 0.24, k1 = 4, k2 = k1 + 10, and N = 200. The resulting F statistic with 10 and 185 degrees of freedom was significant (F = 2.95, p = 0.002), which suggested there was likely to be at least one significant interaction or quadratic in the population Equation 4 model. 

However, none of the interactions or quadratics in Equation 4 when they were all estimated together was significant (not reported). Experience suggests this is common in real-world data because interactions and quadratics are typically highly correlated. Thus, Equation 4 was probed for significant interactions and quadratics. 

As implied earlier, depending on the search technique, different search results can obtain. However, Lubinski and Humphreys' (1990) suggestion that an interaction, XZ for example, should be estimated with its relevant quadratics, XX and ZZ, suggests an alternative search approach: Gauge each interaction with its relevant quadratics (Step 1); then estimate a final model containing only the significant interaction(s)/quadratic(s) from each of these tests (Step 2). This avoids mistaking an interaction for it's related quadratic (see Lubinski and Humphreys, 1990), or vice versa, and the number of interactions/quadratics to be jointly tested in Step 2 is reduced to the number of interactions or fewer, which should materially reduce masking.

Thus, the interaction TU was tested with its relevant quadratics TT and UU. (A significant UU could not be used to explain the nonsignificant T, V or W associations with Y. However, a significant UU would mean the U-Y association was conditional, and it should be interpreted accordingly.) To accomplish this the path coefficients (β's) for the paths between the dependent variable Y and each of the interactions and quadratics in Equation 4a were fixed at zero so their (LISREL) modification indices (MI's) could be examined. This model was estimated (Estimation A-- chi square/df/p-value/RMSEA/GFI/AGFI = 695/409/0.0/0.056/0.844/0.798) and the interaction or quadratic β with the largest MI in the Lubinski and Humphreys interaction set TU, TT and UU was found (i.e., other MI's were ignored). Because β for TT-Y had the largest MI of the three, its path coefficient was freed and the model was re-estimated. In this re-estimation the TT-Y path was significant and the β's for TU and UU had MI's that suggested they were non-significant (i.e., below 3.8 which roughly corresponds to a t-value of 2 with 1 degree of freedom). Next, this process of examining the MI's in Estimation A for the Lubinski and Humphreys interaction set for TV was repeated, and VV had the largest MI. Because its MI was above 3.8 its path to Y was significant when it was freed. The process was repeated for each of the other the Lubinski and Humphreys interaction sets (i.e., TW, TT and WW; UV, UU and VV; UW, UU and WW; and VW, VV and WW) using the Estimation A MI's. Finally, the significant interaction(s)/quadratic(s) from the Step 1 Lubinski and Humphreys interaction sets were estimated in a structural model in which only they were specified (Step 2).

The results are shown in Table 2 (Part a), along with the results of estimating the Table 2 (Part a) model using the Ping (1995) estimation approach (with averaged loadings and measurement errors).

Next, the structural equations 

U = β5T + β6W + ζ








       (5a

W = β7V + ζ









       (5b

T = β8W + ζ









       (5c

were added to Equation 4 to create Model II. For Equation 4, estimating this model produced results similar to those in Table 1 (only the U-Y association was significant). The T-U and W-U associations were significant in Equation 5a, and the V-W association in Equation 5b was significant (not reported). As a result, we probed not only the nonsignificant hypothesized Y associations with T, V and W in Equation 4, and the W-T association in Equation 5c for unmodeled interactions or quadratics that might be used as explanations for nonsignificance, but also the significant associations for any unmodeled interactions or quadratics that would mean they were contingent instead of linear as hypothesized in Equations 4, 5a, 5b and 5c. The procedure was the same as before with one addition: Interactions were not relevant for Equations 5b and 5c, and the relevant quadratics were added to those equations to obtain 

U = β5'T + β6'W + βTT'TT + βTW'TW + βWW'WW + ζ
 ,



       (5d

W = β7'V + βVV'VV + ζ ,







       (5e

and

T = β8'W + βWW"WW + ζ







       (5f

for the F-tests. In this case F for Equation 4a was again significant (F = 2.88, k1 = 4, k2 = k1 + 10, N = 200, R12 = 0.13, and R22 = 0.25). Similarly F for Equation 5d was (barely) significant (F = 2.44, k1 = 2, k2 = k1 + 3, N = 200, R12 = 0.31, and R22 = 0.34), F for Equation 5e was nonsignificant (F = 1.94, k1 = 1, k2 = k1 + 1, N = 200, R12 = 0.31, and R22 = 0.32), and F for Equation 5f was significant (F = 9.36, k1 = 1, k2 = k1 + 1, N = 200, R12 = 0.01, and R22 = 0.06). (Overall confidence of the significant F's was at least 93% using a Bonferroni approach, which is discussed later.) Next, Lubinski and Humphreys (L&H) interaction sets for Equation 4a suggested TT and VV were again significant, and the L&H interaction set for Equation 5d suggested TT was significant. In Equation 5f L&H interactions sets did not apply, but the modification index for WW suggested it was significant. In the Step 2 structural model with TT and VV added to Equation 4, TT added to Equation 5a and WW added to Equation 5c, these quadratics were significant (not reported). 


Discussion

The next step would normally be to interpret the significant post-hoc interactions and quadratics. However, because they were not hypothesized, theoretical justifications were developed for them to further reduce the likelihood of their being an artifact of the data. Stated differently, if a post-hoc interaction or quadratic cannot be theoretically justified, it should not be interpreted or used as an explanation for nonsignificance association because this difficulty with theoretical justification will likely reoccur in subsequent studies. In fact, if an interaction or quadratic cannot be theoretically justified, it probably should not be included in the Step 2 estimation.

Interpreting the theoretically plausible Table 2 Part b results (from probing Model I), U remained significant with the addition of TT and VV; T and V were moderated by TT and VV, respectively, (i.e., TT and VV were significant); and W was now significant. In the conditional structural coefficient for T, (β1 + βTTT) (Equation 4 with TT and VV added, Y = β1T + β2U + β3V + β4W + βTTTT + βVVVV + ζ = (β1 + βTTT)T + β2U + β3V + β4W + βVVVV + ζ), for a low level of existing T in the study (e.g., T = - 2.96 in Table 3--T was mean centered), small changes in that level of T were nonsignificantly associated with Y. This was true for increasing levels of T, until at a high level of existing T in the study (e.g., T = 1.8), small changes in that level of T were negatively and significantly associated with Y. The V-Y association was similar, except this moderated association became significant just above the average of V in the study (see Table 3). Specifically, for levels of V above the study average of V (V = 0), small changes in those levels of V were negatively and significantly associated with Y.

Turning to the second half of the example (Model II), the nonsignificant associations in Equation 4 for T and V were likely to be explained by the suppressing effects of TT and VV in the sample, and with these quadratics added, W was significant in the sample. Similarly, the nonsignificant W-T association in Equation 5f was likely explained by the suppressing effect of WW in the sample. Since these associations were determined to be theoretically plausible, they ought to be significant in subsequent studies; and with TT and VV added, the W-Y association ought to be significant. However, these results may have been an artifact of the sample and their existence in the study population and thus in other samples from that population is an empirical question to be answered in future studies.

Parenthetically, the significant U-Y association in Equation 4, the significant W-U association in Equation 5a, and the significant V-W association in Equation 5e were likely to be unconditional (unmoderated) in the study, and these associations would be candidates for the customary "provisional confirmation" interpretation (i.e., they were not disconfirmed). The W-Y association in Equation 4 might also receive this interpretation. However, since its significance was the result of TT and VV, and thus may be an artifact of the sample, a caveat such as, "...if confirmed in subsequent studies...," should probably be added.

There was one Step 1 combination of an interaction and its related quadratics in Equation 4 with modification indices that suggested the interaction and both quadratics were significant, and the modification indices were trivially different from each other. This supports Lubinski and Humphreys' (1990) observation that interactions and quadratics can be difficult to distinguish. 

In this case the "tie" was broken using substantive theory. Specifically, the interaction seemed implausible. However, this also suggests that the "exact" nonlinear form of an association (i.e., interaction or quadratic) occasionally might be difficult to determine in real-world data without considering relevant theory. 

In general, the "winner" in case of "ties" should probably be the interaction/quadratic best supported by theory. This seemingly "backward science" of observing a relationship then finding theory to explain it should not conflict with the logic of science (justification) (see Hunt, 1989): The observed relationship was within the logic of discovery. Finding theoretical support for an observed relationship simply suggests its observation should be likely in the future. 

It is possible that when the significant interactions and quadratics resulting from each of the Step 1 Lubinski and Humphreys interaction sets are estimated together (Step 2), one or more of these interactions/quadratics will be nonsignificant. In that case, several approaches could be taken to further investigate the "true" set of (population) interactions and quadratics (e.g., "trimming" nonsignificant interactions/quadratics, backward selection, etc.). However, these approaches could be characterized as capitalizing on chance, and the suggestion of theoretically justifying the significant Step 1 interactions/quadratics, then estimating them in Step 2 (and not proceeding further) may be more defensible. 

The Step 2 results with significant quadratics illustrates several points. Experience suggests, and authors believe, that quadratics are more likely than their presence in published substantive research suggests (e.g., Howard, 1989). In addition, while the modification indices for the TV interaction in Equation 4a was significant when considered in its Lubinski and Humphreys interaction set, it was judged to be plausible for one moderation (T moderates V) but implausible for the other (V moderates T). This underscores that a significant interaction, in this case TV, creates two moderations, the T-Y association with the factored coefficient (βT + βTVV)T, and the V-Y association with the factored coefficient (βV + βTVT)V, and theoretical support should probably apply to both of the moderations.

For emphasis, these post-hoc results should be presented as an artifact of the study's sample, and their existence in a population should be viewed as an empirical question to be answered in future studies. Specifically, they should be hypothesized in a future study, with theoretical support, and these hypotheses should be tested. However, there are several difficulties with this approach. In addition to the question of the contribution-versus-journal-space of a replication based solely on a previously observed interaction/quadratic (this matter is discussed later), experience suggests that providing theoretical support for an interaction/quadratic can be demanding. Interested readers are directed to Howard (1989); Jaccard, Turrisi and Wan (1990); and Kenny and Judd (1984) for accessible discussions and examples of quadratics in substantive data, and to Aiken and West (1991), and the citations therein, Ajzen and Fishbein (1980), Kenny and Judd (1984) and Ping (1994, 1999) for interactions.

The suggested F-test can become an overall test with multiple structural equations using a Bonferroni approach to significance (e.g., Model II) (see Neter, Kunter, Nachtsheim and Wasserman, 1996; however, also see Perenger, 1998). Specifically, the confidence of multiple F-tests is greater than 1 minus the sum of the p-values of each test. Thus, in the example the confidence of the three significant F-tests was at least 93% (= 1 - [0.002 + 0.065 + 0.002]).

Although the Table 2 (Part a) reliability results were similar to the Ping (1995) (Part b) results for Model I, final estimation of a Step 2 model should probably use a technique that does not use approximate loadings and error variances, because the behavior of the reliability loadings and measurement errors under all circumstance is unknown.

The model-to-data fit in the example illustrates the utility of single indicator interaction/quadratic specification. In the example, Model I had five latent variables, and specifying an additional 10 interactions and quadratics produced a fit of RMSEA/GFI/AGFI = 0.055/0.950/0.799. While there is little agreement on fit indices (see Bollen and Long, 1993), a Root Mean Error of Approximation (RMSEA) (Steiger, 1990) of 0.05 suggests a close model-to-data fit (see Brown and Cudeck, 1993; Jöreskog, 1993).

As previously mentioned, the coefficient alpha reliability loadings and measurement error variances used in the example, were approximate. Improved estimations could use standardized variables (see Equation A2) and latent variable reliabilities (see Equation A1), or a different interaction/quadratic estimation approach. However, experience suggests the suggested (coefficient alpha) reliability approach may be trustworthy for latent variables with moderate to lower intercorrelations, high reliability, and moderate to larger sample sizes (e.g., Table 2 Part a versus Part b).

Using Maximum Likelihood (ML) estimation is not without its apparent difficulties. While it is now widely believed that ML estimates are robust to "reasonable" departures from normality (i.e., in survey data), their standard errors are believed to be biased (in unknown directions) (see Cortina, Chen and Dunlap, 2001 for more). Nevertheless, in the present case, it is probably safe to use the customary t-value cutoff of 2 in absolute value to judge post-hoc significance because the results are exploratory. However, if more precision is desired, EQS offers an ML (ROBUST) estimator that is less sensitive to data distributional assumptions.

Future Research


Experience suggests that coefficient alpha reliability loadings and measurement error variance estimates are trustworthy under the conditions mentioned earlier. However, it would be interesting to investigate these estimates under more demanding conditions. Specifically, the reliability approximations could be formally investigated using a "best conditions" (realistic) scenario: artificial data sets with many cases, high reliability, and low correlations between XZ, for example, and X and Z. If they appear sufficiently unbiased and efficient, a "worse case" simulation scenario of fewer cases, lower reliabilities and higher intercorrelations might be investigated. This is usually done first for normal data to see if there is any point in repeating the investigation with non-normal data.

In the example, significant interactions and quadratics were identified given a significant F-Test. However, experience suggests the suggested F-test may be conservative. Specifically, even with a nonsignificant F-test, significant interactions and quadratics can frequently be found in survey data. Thus, the F-test may be (conservatively) biased in structural equation analysis, and artificial data sets and an approach similar to that described above could be used to investigate these matters further. 

While the logic of discovery does not necessarily require identifying "the" set of population interactions/quadratics, it would be interesting to recover known interactions/quadratics in artificial data sets (see above) using the suggested approach to gauge its efficacy. Specifically, the suggested approach could be formally investigated using several scenarios: normal and nonnormal artificial data sets with many or few cases, high or low reliability, and low and high correlations between XZ, for example, and X and Z. 

Summary and Conclusion

The article provided arguments against neglecting the possibility of significant unmodeled interactions or quadratics in theoretical model tests using survey data, and thus for post-hoc probing for interactions/quadratics (after the hypothesized model has been estimated). For example, the article argued that significant unmodeled interactions or quadratics might explain hypothesized but nonsignificant model associations. Not exploring this possibility casts a shadow on the theory that generated the association, it appears not to explain the association. Similarly, in the present era of infrequent replication, it may be unnecessarily risky to interpret (or provide "management implications" for) a significant model association without checking first to see if the association could actually be contingent or moderated by another variable, and thus not significant in some study circumstances. 

To guard against finding them by chance, the article suggested an F-Test of the additional explained variance from adding all possible interactions and quadratics. The article also suggested the use of reliability approximations for interaction/quadratic loadings and error variances as a laborsaving approach. 

Because interactions and quadratics are correlated, they may suppress each other in a model in which all possible interactions and quadratics are all estimated together. Thus, the article suggested an approach to detecting significant interactions and quadratics using an implication from Lubinski and Humphrey (1990) that some of this suppression involves an interaction (XZ) and its related quadratics (XX and ZZ). The suggested procedure was to write the structural equations implied by the model. Then, all implied interactions and quadratics are added to each of these structural equations, and the change in an F statistic from adding these interactions/quadratics is examined. Next, if this F-test is significant, any significant interaction/quadratic in each Lubinski and Humphreys interaction set is found using modification indices. Next, theoretical justification for each significant interaction/quadratic that results is provided. Then, the interactions/quadratics that were successfully theoretically justified are added to the hypothesized model (the model with no post-hoc interactions/quadratics) and the resulting model is estimated. Finally, the significant interactions/quadratics are interpreted in detail to identify the resulting zones of significance and nonsignificance for the moderated association (e.g., Table 3).

The article argued that this post-hoc probing for interactions/quadratics (after the hypothesized model has been estimated) was within the logic of science as long as any significant interaction/quadratic that was found was also presented as an artifact of the study's sample, and its existence in the study population was viewed as an empirical question to be answered in subsequent studies. A Scenario Analysis could provide an easily conducted subsequent study to be reported along with the study where interactions and/or quadratics were post-hoc probed. Scenario analysis has been used elsewhere in the Social Sciences, and it is an experiment in which subjects, usually students, read written scenarios in which they are asked to imagine they are the subjects of an experiment in which variables are verbally manipulated. Then, these subjects are asked to complete a questionnaire containing the study measures, in this case the same questionnaire as the study with post-hoc probing (see Ping, 2004). The results of this research design when compared with other research designs such as cross sectional surveys (see for example Rusbult, Farrell, Rogers and Mainous, 1988), have been reported to be similar enough to suggest that scenario analysis may be useful in "validating" interaction/quadratic(s) discovered post-hoc in a previous study. When reported with the post-hoc probing study, it would provide a replication without the rigors of finding an outlet for a replication. 

References

Aiken, Leona S. & Stephen G. West (1991). Multiple Regression: Testing and Interpreting Interactions. New​bury Park, CA: SAGE Publications.

Ajzen Icek & Martin Fishbein (1980). Understanding attitudes and predicting social behavior. Englewood Cliffs, NY: Prentice-Hall.

Algina, James & Bradley C. Moulder (2001). A note on estimating the Jöreskog-Yang model for latent variable interaction using Lisrel 8.3. Structural Equation Modeling, 8 (1) 40-52.

Anderson, James C. & David W. Gerbing (1982). Some methods for respecifying measurement models to obtain unidimensional construct measurement. Journal of Marketing Research, 19 (November), 453-60.

Anderson, James C. & David W. Gerbing (1984). The effect of sampling error on convergence, improper solutions, and goodness of fit indices for maximum likelihood confirmatory factor analysis. Psychometrika, 49, 155-173.

Anderson, James C. & David W. Gerbing (1988). Structural equation modeling in practice: a review and recommended two-step approach. Psychological Bulletin, 103 (May), 411-23.

Bentler, Peter M. & D. G. Weeks (1980). Linear structural equations with latent variables. Psychometrika, 45, 289-308.

Bollen, Kenneth A. & J. Scott Long (1993). Introduction. In Testing Structural Equation Models, K. A. Bollen and J. S. Long, eds., Newbury Park, CA: SAGE.

Bollen, Kenneth A. (1995). Structural equation models that are nonlinear in latent variables: a least squares estimator. Sociological Methodology, 25, 223-251.

Browne, Michael W. & Robert Cudeck (1993). Alternative ways of assessing model fit. In Testing Structural Equation Models, K. A. Bollen et al. eds. Newbury Park CA: SAGE.

Busemeyer, Jerome R. & Lawrence E. Jones (1983). Analysis of multiplicative combination rules when the causal variables are measured with error. Psychological Bulletin, 93 (May), 549-62.

Cohen, Jacob & Patricia Cohen (1983). Applied Multiple Regres​sion/Correlation Analyses for the Behavior​al Sciences. Hillsdale, NJ: Law​rence Erlbaum.

Cortina, Jose M. Gilad Chen & William P. Dunlap (2001). Testing interaction effects in Lisrel: examination and illustration of available procedures. Organizational Research Methods, 4 (4), 324-360.

Fuller, Wayne A. (1980). Properties of some estimators for the errors-in-variables model. The Annals of Statistics, 8 (2-March), 407-422).

Fuller, Wayne A. (1991). Regression estimation in the presence of measurement error. In Measurement Errors in Surveys, Paul; P. Biemer et al. eds. NY: Wiley, 617-635.

Heise, David R. (1986). Estimating nonlinear models. Sociological Methods and Research, 14 (4-May), 447-472.

Howard, John A. (1989). Consumer Behavior in Marketing Strategy. Englewood Cliffs, NJ: Prentice Hall.

Hunt, Shelby D. (1983). Marketing Theory: The Philosophy of Marketing Science. Homewood, IL: Irwin.

Jaccard, James, Robert Turrisi & Choi K. Wan (1990). Interaction Effects in Multiple Regression. Newbury Park, CA: SAGE Publications.

Jaccard, James & C. K. Wan (1995). Measurement error in the analysis of interaction effects between continuous predictors using multiple regression: multiple indicator and structural equation approaches. Psycho​logi​cal Bulletin, 117 (2), 348-357.

Jöreskog, Karl G. (1970). A general method for analysis of covariance structures. Biometrika, 57 (August), 239-251.

Jöreskog, Karl G. (1993). Testing structural equation models. In Testing Structural Equation Models, Kenneth A. Bollen and J. Scott Long eds. Newbury Park, CA: SAGE.

Jöreskog, Karl G. & Fan Yang (1996). Nonlinear structural equation models: the Kenny and Judd model with interaction effects. Advances in Structural Equation Modeling Techniques, G.A. Marcoulides, R.E. Schumacker, eds. Hillsdale, NJ: LEA.

Jöreskog, Karl G. (2000). Latent variable scores and their uses. (on-line paper), http://www.ssicentral.com/lisrel/ techdocs/lvscores.pdf.

Kendall, M. G. & A. Stewart (1958). The advanced theory of statistics (Vol. 1). London: Griffin. 

Kenny, David & Charles M. Judd (1984). Estimating the non​linear and interac​tive effects of latent variables. Psycho​logical Bulletin, 96 (July), 201-10.

Klein, A. G. & H. Moosbrugger (2000). Maximum likelihood estimation of latent interaction effects with the LMS method. Psychometrika, 65, 457-474.

Klein, A. G. & B. O. Muthén (2002). Quasi maximum likelihood estimation of structural equation models with multiple interactions and quadratic effects. Unpublished ms., Graduate School of Education, UCLA.

Lubinski, D. & Humphreys, L.G. (1990). Assessing spurious moderator effects: illustrated substantively with the hypothesized ("synergistic") relation between spatial and mathematical ability. Psychological Bulle​tin, 107, 385-393.

Marsh, Herbert W., Zhonglin Wen & Kit-Tai Hau (2004). Structural equation models of latent interactions: evaluation of alternative estimation strategies and indicator construction. Psychological Methods, 9 (3), 275-300.

Mathieu, J. E., S. I. Tannenbaum & E. Salas (1992). Influences of individual and situational characteristics on measuring of training effectiveness. Academy of Management Journal, 35, 828-847.

Maxwell, Scott E. & Harold D. Delaney (1993). Bivariate median splits and spurious statistical significance. Psychological Bulletin, 113 (1), 181-190.

McDonald, R. P. (1978). A simple comprehensive model of the analysis of covariant structures. British Journal of Mathematical and Statistical Psychology, 31, 59-72.

McClelland, G. H. & C. M. Judd (1993). Statistical difficulties of detecting interactions and moderator effects. Psycho​logi​cal Bulletin, 114 (2), 376-390.

Molder, Bradley C. & James Algina (2002). Comparison of methods for estimating and testing latent variable interactions. Structural Equation Modeling, 9 (1), 1-19.

Neter, John, Michael H. Kunter, Christopher J. Nachtsheim & William Wasserman (1996). Applied linear statistical models. Homewood, IL: Irwin.

Perenger, T. V. (1998), What's wrong with Bonferroni adjustments? British Medical Journal, 316 18 Apr), 1236-1238.

Ping, R. (1994). Does satisfaction moderate the association between alternative attractiveness and exit intention in a marketing channel?" Journal of the Academy of Marketing Science, 22 (1 Fall), 364-371.

Ping, R. (1995). A parsimonious estimating technique for interaction and quadratic latent variables. The Journal of Marketing Research, 32 (August), 336-347.

Ping, R. (1996a). Latent variable interaction and quadratic effect estima​tion: a two-step technique using structural equation analysis. Psychological Bulletin, 119 (January), 166-175.

Ping, R. (1996c). Latent variable regression: a technique for estimating interaction and quadratic coefficients. Multivariate Behavioral Research, 31 (1), 95-120.

Ping, R. (1999). Unexplored antecedents of exiting in a marketing channel. Journal of Retailing, 75 (2), 218-241.

Ping, R. (2004). On assuring valid measures for theoretical models using survey data. Journal of Business Research, 57 (2, February), 125-141.

Rusbult, C. E., D. Farrell, D. Rogers & A. G. Mainous (1988). Impact of exchange variables on exit, voice loyalty and neglect: an integrative model of responses to declining job satisfaction. Academy of Management Journal, 39 (September), 599-627.

Schermelleh-Engle, K., A. Kein & H. Moosbrugger (1998). Estimating nonlinear effects using a latent moderated structural equations approach. In Interaction and Nonlinear Effects in Structural Equation Modeling, R. E, Schumacker and G. A. Marcoulides, eds. Mahwah, NJ: Erlbaum.

Steiger, J. H. (1990). Structural model evaluation and modification: an interval estimation approach. Multivariate Behavioral Research, 25, 173-180.

Wall, M. M. & Y. Amemiya (2001). Generalized appended product indicator procedure for nonlinear structural equation analysis. Journal of Educational and Behavioral Statistics, 26, 1-29.

Wall, M. M. & Y. Amemiya (2003). A method of moments technique for fitting interaction effects in structural equation models. British Journal of Mathematical & Statistical Psychology, 56, 47-63.

Werts, C. E., R. L. Linn & K. G. Jöreskog (1974). Intraclass reliability estimates: testing structural assumptions. Educational and Psychological Measurement, 34, 25-33.

Table 1-- Abbreviated Results of Estimating the Equation 4 Structural Modela
Y = -.044T + .210U - .151V + .118W + ζ (= .392)

        (-.53)    (3.13)   (-1.98)    (1.93)             (6.71)   (t-values)

───────────────────────
a Using LISREL 8 with maximum likelihood estimation. T, U, V, W were allowed to intercorrelated but their measurement errors were not.

Table 2-- Abbreviated Results of Estimating the Equation 4 Structural Model with All (Relevant) Interactions and Quadratics Added, and the Path Coefficients (βs) for TT and VV Freed (All other interaction and quadratic path coefficients were fixed at zero)

LISREL 8 with Equations A7, A7a, A8 and A8a reliability loadings and measurement errors:
(Part a

      Y = -.127T + .226U - .189V + .132W -.146TT -.139VV + ζ (= .362)

             (-1.37)    (3.40)   (-2.22)    (2.21)      (-2.20)       (-2.25)             (6.62)   (t-values)

χ2 = 522
GFIa = .87
CFIb = .97

df = 377
AGFIa = .82
RMSEAc = .04



Abbreviated Results of Estimating the Equation 4 Structural Model with All (Relevant) Interactions and Quadratics Added, and the Path Coefficients (βs) for TT and VV Freed (All other interaction and quadratic path coefficients were fixed at zero)

LISREL 8 with Ping (1995) (Measurement Model) loadings and measurement errors for TT and VV:
(Part b

      Y = -.126T + .225U - .190V + .132W -.119TT -.136VV + ζ (= .362)

             (-1.36)    (3.40)   (-2.24)    (2.21)      (-2.19)       (-2.26)             (6.62)   (t-values)

χ2 = 522
GFIa = .87
CFIb = .97

df = 377
AGFIa = .82
RMSEAc = .04

───────────────────────
a Shown for completeness only-- GFI and AGFI may be inadequate for fit assessment in larger models (see Anderson and Gerbing, 1984).

b .90 or higher indicates acceptable fit (see McClelland and Judd, 1993).

c .05 suggests close fit, .051-.08 suggests acceptable fit (Brown and Cudeck, 1993; Jöreskog, 1993).
Table 3-- Unstandardized T-Y and V-Y Associations Implied by the Table 2 Part b Results(opp/affect/affxaltn.xls)

               T-Y Association                             V-Y Association                

                 T        SE of                                   V          SE of                

     T       Coef-    T Coef-        t-         V       Coef-     V Coef-        t-     

 Valuea  ficient b   ficientc      value  Valued  ficiente    ficientf     value   

  -2.96
0.22       0.20         1.10     -1.8
 0.05        0.15        0.36    

    -2 
0.11       0.16         0.66       -1
 -0.05        0.12       -0.44    

    -1
-0.00       0.13        -0.07        0
 -0.19        0.10       -1.75    

     0
 -0.12       0.12        -1.03
1
-0.32        0.12       -2.63   

     1
 -0.24       0.13        -1.82      1.2
-0.35        0.13       -2.71   

    1.8
-0.34       0.15        -2.16

    (1)        (2)         (3)            (4)         (5)       (6)           (7)         (8)    (Column)

───────────────────────
a T was mean centered and ranged from -2.96 (= low) to 1.8 in the study.

b The coefficient of T was (-.126 - .119T).

c The Standard Error (SE) of the T coefficient was

     ____________      ________________________________ 

   √Var(bT+bTxTT)  = √ (Var(bT)+T2Var(bTxT)+2TCov(bT,bTxT) ,

where Var(bT), for example, is the square of the Standard Error (SE) of bT (= -.126) in Part b of Table 2, Cov(bT,bTxT) = r*SEbT*SEbTxT, and r is the correlation of bT and bTxT (available in LISREL 8).

d V was mean centered and ranged from -1.8 (= low) to 1.2 in the study.

e The coefficient of V was (-.190 - .136V).

f The Standard Error (SE) of the V coefficient was

     ____________        _______________________________

   √Var(bV+bVxVV)  = √Var(bV)+V2Var(bVxV)+2VCov(bV,bVxV) ,

where Var(bV), for example, is the squares of the Standard Error (SE) of bV (= - .190) in Part b of Table 2, Cov(bV,bVxV) = r*SEbV*SEbVxV, and r is the correlation of bV and bVxV (available in LISREL 8).
Appendix A--Reliability Loadings and Measurement Errors


Werts, Linn and Jöreskog (1974) suggested the latent variable reliability (ρX) of a measure of a unidimensional latent variable X (i.e., the measure has only one underlying latent variable) is

ρX = ΛX 2Var(X)/[ΛX 2Var(X) + θX ] ,
(A1

where ΛX is the sum of the loadings of the indicators of X, Var(X) is the error disattenuated (i.e., measurement model) variance of X, and θX is the sum of the measurement error variances of the indicators of X. It is also well known that θX is

θX = Var(X)( 1 - ρX ) ,
(A1a

where Var(X) is the error-attenuated variance of X (e.g., obtained from SAS, SPSS, etc.). Solving Equation A1 for the loading of X, ΛX, and substituting Equation A1a into the result,

ΛX = [ Var(X)ρX / Var(X) ]1/2 ≈ ρX 1/2 ,
(A2

where ≈ is approximate equality if Var(X) does not equal Var(X), and equality if Var(X) and Var(X) are 1 (i.e., if Var(X) and Var(X) are standardized).

Busemeyer and Jones (1983) showed that the reliability of XZ, ρXZ, is

ρXZ = ( rXZ2 + ρXρZ )/( rXZ2 + 1 ),
(A3

where rXZ2 is the square of the disattenuated correlation of X and Z (i.e., available in a measurement model). Thus, using Equation A2

ΛXZ ≈ ρXZ 1/2 = [( rXZ2 + ρXρZ )/( rXZ2 + 1 )]1/2 
(A4

Using Equation A1a, A3, and the formula for rXZADVANCE \r0 (= Cov(X,Z) / Var(X)Var(Z) ), where Cov(X,Z) is the error disattenuated (i.e., measurement model) covariance of X and Z, along with the Kenny and Judd (1984) result for normal X and Z that Var(XZ) = Var(X)Var(Z) + Cov (X,Z)2 ,

θXZ = Var(XZ)(1 - ρXZ) = Var(X)Var(Z)( 1 - ρXρZ ) .
(A4a

Similarly, based on Equation A3 the reliability of a quadratic such as XX, ρXX, is

ρXX = ( 1 + ρX2 ) / 2
(A5

and using Equation A2

ΛXX ≈ ρXX 1/2 = [( 1 + ρX2 ) / 2 ) 1/2
(A6

Using Equation A1a, A5, and the Kenny and Judd (1984) result for normal X that Var(XX) = 2Var(X)2,

θXX = Var(X)2( 1 - ρX2 ) .
(A6a

Anderson and Gerbing (1988) pointed out that for unidimensional constructs there is little practical difference between latent variable reliability ρ and coefficient alpha (α). Thus for unidimensional constructs Equations A4, A4a, A6, and A6a can be approximated by

ΛXZ =.  [( rXZ2 + αXαZ )/( rXZ2 + 1 )]1/2 ,
(A7

θXZ =.   Var(X)Var(Z)( 1 - αXαZ ) ,
(A7a

ΛXX =.   [( 1 + α X2 ) / 2 ) 1/2  and
(A8

θXX =.   Var(X)2( 1 - αX2 ) ,
(A8a

where =.  is approximate equality, and α is coefficient alpha. These approximate loadings and error variances could then be used in single indicator specifications to probe multiple interactions and quadratics as a labor-saving technique (also see Cortina, Chen and Dunlap, 2001).
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