FREQUENTLY ASKED QUESTIONS (FAQ's) About Interactions and Quadratics...
The following are e-mailed questions, in no particular order of importance, that have been asked enough times that the responses appear below. 

FAQ (D), how does one test hypothesized interaction(s) and/or quadratic(s)?, has become a "cook-book" that may be of some use to PhD students, substantive researchers, and educators who are interested in successfully estimating their first interaction(s) or quadratic(s). It contains a "fast start" feature for those who just want essentials.

The APA citation for this paper is Ping, R.A. (2006). "Frequently Asked Questions (FAQ's) About Interactions and Quadratics." [on-line paper]. http://home.att.net/~rpingjr/Faq.doc .

You may want to use "Find" to go to the answers to the frequently asked questions shown below. To do this, launch "Find" by clicking on Edit on the Word toolbar above, then click on Find. Next, copy and paste part of the desired question text shown below into the "Find what:" box. Then, click on "Find Next." 

FREQUENTLY ASKED QUESTIONS:

A. What are the available latent variable interaction and quadratic estimation techniques?

B. What are the differences among them?

C. Which ones should be used for model testing?

D. How does one test hypothesized interactions or quadratics?

E. What about the assumptions behind these techniques, and violations of these assumptions in real-world data?

F. What if one or more measures have a natural zero point and mean or zero centering is inappropriate?

G. How does one investigate the possibility that a significant but unmodeled interaction or quadratic might be responsible for a nonsignificant hypothesized association?

H. How does one interpret a significant interaction or quadratic?

I. Can these interaction and quadratic estimation techniques be used with all of the popular structural equation modeling software packages?

J. How should reviewer comments regarding interactions and/or quadratics be handled?

K. How are Latent Variable Cubics estimated?

L. How is a "Second-Order" interaction estimated?

RESPONSES:

A. What are the available latent variable interaction and quadratic estimation techniques?
The accessible latent variable interaction and quadratic estimation techniques include,

1) Kenny and Judd (1984), which specifies an interaction XZ using indicators that are the unique cross products of X and Z. E.g., for X and Z with indicators x1, x2, ... , xn and z1, z2, ... , zm , XZ is specified with n times m product indicators, x1z1, x1z2, ... , x1zm, x2z1, x2z2, ... , x2zm, ... , xnz1, xnz2, ... , xnzm.

2) Bollen (1995)--XZ is specified with all Kenny and Judd (1984) product indicators, and 2-stage least squares estimation is used.

3) Jöreskog and Yang (1996), XZ is specified with from one to all Kenny and Judd (1984) product indicators, and it assumes intercepts for X and Z.

4) Ping (1995)--XZ is specified with a single indicator x:z = (x1 + x2 + ...  + xn)(z1 + z2 + ...  + zm). x:z can be specified with a either a free, but constrained, loading and error term (direct estimation), or a previously calculated and fixed loading and error term (2-step estimation).

5) Ping (1996a)--XZ is specified with all Kenny and Judd product indicators. Coefficients are estimated using 2-step estimation.

6) Ping (1996c), which uses an adjusted covariance matrix and OLS or ML regression to estimate the coefficient(s) of interactions.

7) Jaccard and Wan (1995)--XZ is specified with a 4-indicator subset of the Kenny and Judd (1984) product indicators.

8) Jöreskog (2000)--XZ is specified with a single indicator that is the product of the "latent variable" scores (factor scores) of X and Z.

9) Wall and Amemiya (2001)-- XZ is specified with subsets of the Kenny and Judd (1984) product indicators, and the covariances of XZ with X and Z are freed.

10) Mathieu, Tannenbaum and Salas (1992)-- XZ is specified with a single indicator that is the sum of the indicators of X times the sum of the indicators of Z, and it uses a reliability loading for that indicator with a reliability-based measurement error variance, VarXZ*(1-reliabilityXZ).

11) Algina and Moulder (2001)--proposed modifications to the Jöreskog and Yang (1996) approach to address convergence problems.

12) Marsh, Wen and Hau (2004)--XZ was specified with subsets of the Kenny and Judd (1984) product indicators, the loadings and measurement error variances of which were allowed to be free for estimation rather than fixed or constrained.

13) Klein and Moosbrugger (2000); Schermelleh-Engle, Kein and Moosbrugger (1998); Klein and Muthén (2002)--XZ is not explicitly specified with product indicators.

14) Moulder and Algina (2002)--XZ is specified with a 4-indicator subset of the Kenny and Judd (1984) product indicators, using the Jöreskog and Yang (1996) approach, and coefficients are estimated using 2-step estimation.

Other techniques include Hayduk (1987) and Wong and Long (1987) that require dummy variables to estimate a latent variable interaction. 

B. What are the differences among them?

Techniques (1), (2), (3), and (5) use all the Kenny and Judd (1984) product indicators and thus require n times m of these indicators. Technique (3), (9), (11), (12) and possibly (13) and (14) can also be used with all the Kenny and Judd (1984) product indicators. Technique (7) uses a subset of the Kenny and Judd product indicators, and techniques (9), (12), (13) and (14) can use a subset of the Kenny and Judd product indicators. Techniques (4) and (10) use 1 indicator, x:z. Techniques (3), (11) and possibly (14) can use a single Kenny and Judd product indicator, usually the product indicator with a loading of 1. Techniques (1), (3), (7), (9), (11) and the direct estimation version of (4) require the nonlinear constraint equations (e.g., available in LISREL 8 and SAS's 'Proc Calis,' but not available in EQS or AMOS). Technique (13) requires the proprietary software QML. Techniques (2), (5), (6), (9), (10), (12), possibly (14) and the 2-step version of (4) can be used with EQS and AMOS, as well as LISREL 8 and Calis.

Technique (2) does not assume x1, x2, ... , xn and z1, z2, ... , zm are multivariate normal; the rest do make this assumption. Thus, technique (2) requires the use of the 2 Stage Least Squares estimator (the customary Maximum Likelihood estimator can not be used). Technique (6) can be used with OLS or ML Regression.

Techniques (3), (11) and (14) do not require zero or mean centered indicators of X and Z, and assumes intercept(s) for the structural equation(s) (a zero or mean centered indicator has a mean of zero, and is created by subtracting the indicator's mean from the indicator in each case in the data set). The other techniques implicitly assume the indicators of all the latent variables in the model, including the dependent variable(s), are zero or mean centered.

Technique (6) was proposed for interactions only, and was proposed with no standard error term (however, Ping 2001 has proposed a standard error term).

C. Which ones should be used for model testing?

There is little agreement on the "best" estimation technique. Formal comparisons of several of these techniques using artificial data (e.g., Li, Harmer, Duncan, Duncan, Acock and Boles 1998; Marsh, Wen and Hau 2004; Molder and Algina 2002) suggest some do not perform well, especially with nonnormal data. I have been unable to duplicate some of these results, and several lower-performing techniques appear to be the result of assumptions that are unrealistic in real-world data. Thus, experience with estimating an XZ structural coefficient, for example, in theory (hypothesis) tests of "interesting" models (i.e., models with more than 3 exogenous constructs, not including XZ) and over-determined X and Z (i.e., X and Z with 4 to 6 or more indicators), with real world survey data, suggests nearly all of these techniques produce interpretationally equivalent results. That is, standardized coefficients and t-values produce the same interpretations of the theory test. (Unstandardized coefficients will vary among these techniques because not all use Maximum Likelihood estimation are used, and techniques (3), (6), (11) and (14) produce intercepts which will change the unstandardized coefficients.) 

They are all tedious to use. Technique (3) can produce convergence problems (however (11) is a modified procedure which reduces convergence problems in (3)). Some of these techniques are simply proposals, and have not been formally evaluated for any bias and efficiency (e.g., (8), (9) and (10)).

I personally am drawn to Kenny and Judd (1984) product indicator approaches that explicitly use all the Kenny and Judd product indicators. The use of all the Kenny and Judd product indicators is mathematically elegant and intuitively appealing. However, in "interesting" models (i.e., models with more than 3 exogenous constructs, not including XZ) with over-identified X and Z (i.e., with 4 to 6 or more indicators each), XZ specified with the full set of Kenny and Judd product indicators will almost always be inconsistent with real-world data (i.e., XZ in a single construct measurement model will not fit the data, and the full measurement and the structural model containing XZ will usually exhibit unacceptable model-to-data fit). As a result, I have found that using all the Kenny and Judd product indicators (and thus techniques (1), (2), (3), and (5), and (9), (11), (12) and possibly (13) and (14) with all Kenny and Judd (1984) product indicators), despite its appeal, is not particularly useful for theory testing with "interesting" structural models and over-identified X and Z in real-world data. 

However, most of the techniques that use the full set of Kenny and Judd product indicators can be made to fit the data by using a subset of the Kenny and Judd product indicators. However, I am usually slow to use technique (7), and techniques (3), (9), (11), (12), (13) and (14) for theory testing with a subset of the Kenny and Judd product indicators for several reasons. In artificial data "weeding" the Kenny and Judd product indicators curiously does not bias the asymptotic results of these techniques. However, it is easy to show with real-world data that various choices of subsets of the Kenny and Judd product indicators can produce various structural coefficient values and significances, and thus interpretations. In addition, without all the Kenny and Judd product indicators present, XZ, for example, could be judged to be no longer content- or face valid, Further, the reliability of XZ with a weeded subset of the Kenny and Judd product indicators is unknown (the formula for the reliability of XZ is a function of X and Z, and thus it assumes XZ is operationally X times Z --see Bohrnstedt and Marwell 1978). Finally, a detailed interpretation of a significant "weeded" XZ that uses factored coefficients (see FAQ H) is problematic because XZ is no longer factorable (the X in XZ is no longer operationally the same as the latent variable X because they are itemized differently). 

For hypothesis testing using survey data this usually leaves technique (4), and technique (6) (with the standard error term suggested in Ping 2001). However, technique (6) is limited to a single endogenous variable, and it is generally unknown outside of the methods literature. The direct estimation version of technique (4) requires tedious (manual) coding of constraint equations, and it is difficult to use with more than one interaction or quadratic. 

If X or Z cannot be mean- or zero centered, neither technique (4) nor (6) is appropriate. I have seen proposals to use an input correlation matrix to avoid zero or mean centering, but unfortunately correlational structural analysis can alter the model structure, and it will change model-to-data fit and produce incorrect standard errors (see Cudeck 1989 and Jöreskog and Sörbom 1996). Techniques (3), (11) or (14) with a subset of the Kenny and Judd product indicators may be the only alternatives in this case. 

It is widely believed that Maximum Likelihood (ML) coefficient estimates are robust to "reasonable" departures from normality that occur, for example, in survey data, but coefficient standard errors may not be. If the data is badly non normal or raising the t-value cutoff for the significance of XZ, for example, to more than 2 in absolute value, techniques (1), (3), (5), (9), (10), (12) and (14), and in particular the 2-step version of technique (4), can be used with EQS's 'ROBUST' ML estimator to obtain better estimates of the coefficient standard errors. 

D. How does one test hypothesized interactions or quadratics?

Unfortunately the answer is, "with considerable effort" when latent variables are involved. To understand why, some background is desirable. (As a less desirable alternative, one could skip down to the "In summary..." paragraph below.) 

The largest barrier to latent variable interaction/quadratic estimation in my opinion is the amount of work involved for even a single interaction or quadratic. This is changing, however. For example, technique (8) has been implemented in LISREL's PRELIS (although it has received no formal evaluation, and preliminary results suggest it produces unusual standard errors--see Schumacker 2002). This web site also has EXCEL templates to expedite the computation of interaction and quadratic loadings and measurement error variances.

The next largest barrier to latent variable interaction/quadratic estimation with "interesting" models (i.e., models with more than 3 exogenous constructs, not including XZ) and over-determined X and Z (i.e., X and Z with 4 to 6 or more indicators) in real world data seems to be model-to-data fit. A sufficient condition for unidimensionality of X, for example, is that its single construct measurement model (i.e., one involving only X and its indicators) fit the data (e.g., the p-value of chi-square is at least slightly non zero). Thus, for X, Z, and XZ, and the dependent latent variable Y, for example, the single construct measurement model for each of these variables should fit the data well.

Without good single-construct measurement model fits, the structural model fit will be degraded, and adding interactions/quadratics frequently makes things worse. Adding an indicator for an interaction that is the product of other indicators does not improve model to data fit. In fact, with more than about 6 Kenny and Judd product indicators, model fit becomes unacceptable in "interesting" models with over-determined X and Z in real world data. As Bagozzi and Heatherton (1994) and Gerbing and Anderson (1993) point out, the same "about 6 items" limit also seems to apply to the items of X, Z, etc. (especially in "interesting" models and over-determined X and Z). This usually means that a single construct measurement model of an interaction or quadratic specified with more than about 6 product indicators will not fit the data without somehow reducing the number of product indicators. (see "On the Maximum of About Six Indicators per Latent Variable with Real-World Data" on this web site for more on this "puzzle of about six indicators").

Although probably not initially intended as an interaction estimation technique, Jaccard and Wan (1995) addressed these model fit problems by "weeding" or deleting Kenny and Judd product indicators as one does to attain an internally consistent X or Z (i.e., to attain acceptable single construct model-to-data fit). Possibly as a result, most of the more recent interaction techniques mentioned in FAQ A use subsets of the Kenny and Judd product indicators. However, experience suggests this can produce different structural coefficients and t-values, and thus interpretations in a single real world data set, depending on the subset of product indicators used. (Curiously the Jaccard and Wan 1995 results, for example, were acceptably asymptotically unbiased in artificial data by using "weeded" subsets of Kenny and Judd product indicators.) It could also be argued that XZ is no longer content- or face valid when its Kenny and Judd product indicators are omitted. In addition, the reliability of XZ is undefined, and detailed interpretation of XZ is problematic (see FAQ C). 

Correlating measurement errors in the indicators of X, Z or XZ simply to improve model fit is not allowed: None of the techniques discussed in FAQ C are valid if this is done (however, see Latent Variable Interactions... Chapter VIII: Intercorrelations on this web site for corrections to the specifications with correlated measurement errors). Correlating structural disturbances (i.e., the estimation error(s) for the dependent or endogenous variable(s)) to improve model fit may or may not be a good idea, depending on the substantive theory behind the model. Data transformations to improve model fit may make coefficient interpretation difficult.

Model fit may also be degraded by interaction or quadratic specification. For example, the variance of the interaction XZ is frequently constrained to equal the Kenny and Judd (1984) value Var[X]*Var[Z]+Cov[X,Z]**2, where ** indicates "raised to the power." However, this can produce unacceptable model fit or convergence problems in real world data, and experience suggests this may bias the structural coefficient of XZ in real-world data. This can occur because constraining the variance of XZ to Var[X]*Var[Z]+Cov[X,Z]**2 assumes the data is multivariate normal, which is seldom true in survey data. Thus, the variance of XZ should be free rather than constrained to the Kenny and Judd value Var[X]*Var[Z]+Cov[X,Z]**2 in survey data.

Another specification in survey data that degrades model fit is not freeing the correlations among XZ, X and Z. Although the correlation of XZ with X or Z, should be zero in multivariate normal data (see Kenny and Judd 1984), in real-world data X and Z are seldom sufficiently multivariate normal to not be correlated with XZ, and XZ should be free to correlate with and X and Z in their structural model to avoid model fit problems, and possible bias in the structural coefficient of XZ.

Returning to the barriers, estimation convergence can be a problem (i.e., no admissible estimates are produced because the iteration limit is exceeded) and improper solutions may obtain even with convergence. To avoid these problems, a structural model with an interaction(s) and/or quadratic(s) will usually need input starting values for the interaction/quadratic parameters (i.e., manually calculated loadings, measurement error variances, and interaction/ quadratic variances/covariances). It also may need starting values for all the structural coefficients, and the structural disturbance(s). While this is annoying, starting values for structural coefficients and structural disturbance(s) can be obtained using OLS regression (the structural disturbance, e, for Y in Y = b1X + b2Z + ... + bnW + e is estimated by Var(Y)(1-R2), where Var(Y) is the SPSS, SAS, etc. variance of Y, and R2 is from the OLS regression of Y on its independent variables). A starting value for the variance of XZ, Var(XZ), is approximately the SPSS, SAS, etc. variance of XZ, Var(XZ). Starting values for the loadings and measurement error variances of XZ can be computed using the EXCEL spreadsheets on this web site.

In addition, the covariance matrix used to estimate the model should contain variances and covariances that are about equal to 1 to avoid computational problems during estimation. Numerically large variances in the covariance matrix to be estimated can produce a large determinant of the covariance matrix, and the reciprocal of this determinant is used to estimate the model. If this determinant is large, its reciprocal is a number that is near zero, and the model may be empirically not identified and it may not converge. Thus, if convergence is a problem after providing good starting values for every estimated parameter in the model, consider scaling down any unusually large indicator variances. The variances of indicators of a latent variable should be approximately the same if they are congeneric. If not, check for input errors (e.g., "1" keyed as "10," etc.). Next, scale the large (first order, e.g., X, Z, etc.) indicator variances (interaction and quadratic variance are scaled indirectly as will be explained later). Although there is little guidance for scaling in this situation, it useful to think of scaling as re-coding a variable from cents to dollars; from a Likert scale of 1, 2, 3, 4, 5 to a scale of .2, .4, .6, .8, 1, for example, using a scaling factor of 5. The effect of a scaling factor is squared in the resulting variance, so if variance should be reduced by a factor of 5, plan to divide each case value by the square root of 5. Further, interactions and quadratics should not be scaled directly. Plan to scale their constituent variables instead--scaling X and Z, for example will automatically scale XZ by the product of the squares of the scaling factors for X and Z. Finally, verify that all the indicators of a construct have about the same scaled variance, and start by scaling the largest variance in the input covariance matrix (the entire matrix does not have to be scaled). In addition to changing variances, scaling will change indicator loadings, and scaling will usually affect unstandardized structural coefficients in the model (standardized coefficients should be unchanged).

In summary, to test one or more hypothesized latent variable interaction or quadratic in a theoretical model, consider choosing an estimation technique that uses popular structural equation software and an estimator that reviewers will recognize. (Even though it unrealistically assumes multivariate normality, Maximum Likelihood estimates are generally preferred for theory testing in the Social Sciences. Fortunately, its coefficient estimates appear to be robust to "reasonable" departures from normality, but its standard errors are believed to be biased. Thus, the customary t-value cutoff of 2 in absolute value should probably be increased for an interaction/quadratic, or an estimator such as EQS's "Robust" ML estimator should be used to obtain a better estimate of coefficient standard errors.) Also consider using an estimation technique that has been formally evaluated, one that uses content- or face valid indicators, and one for which reliability can be computed and detailed interpretation is not problematical. The estimation technique chosen should also be likely to converge and produce acceptable or admissible parameter estimates, and adequate model-to-data fit. At the risk of appearing self promotional, the 2-step version of technique (4) was developed to meet these criteria.

Next, the reliability and validity of any interaction/quadratic to be estimated should be gauged. In theoretical model tests reliability and validity are important to avoid estimation results and thus interpretations that are an artifact of measurement (e.g., based primarily on measurement error). Interaction and quadratic reliabilities are available in the EXCEL spreadsheets on this web site. (However, these reliabilities assume XZ, for example, is itemized with all the indicators of X and all the indicators of Z--the reliability of XZ itemized with subsets of the Kenny and Judd product indicators is unknown.) A minimal demonstration of validity should probably include: content or face validity (how well the a latent variable's indicators match or tap its conceptual definition), construct validity (its correlations with other latent variables are theoretically sound), convergent validity (e.g., its average extracted variance is greater than .5--see Fornell and Larker 1981), and discriminant validity (e.g., its correlations with other measures are less than .7--also see Fornell and Larker 1981 for a more stringent criterion) (e.g., Bollen 1989, DeVellis 1991, Fornell and Larker 1981, Nunnally 1978). Thus, an interaction, XZ for example, might be judged content or face valid if X and Z are content valid and the specification of XZ includes all the indicators of X and Z. Interaction and quadratic Average Extracted Variances are available in the EXCEL spreadsheets on this web site. However, the construct (correlational) validity of an interaction or a quadratic is usually impossible to judge.

If the interaction(s) or quadratic(s) are not reliable (i.e., .7 or above), they probably should not be estimated because they will also not be convergent valid, suggesting they are composed of more than 50% error variance, and they may also be discriminant invalid using Fornell and Larker's (1981) criterion. If they are reliable but fail one or more validity tests, these validity deficiencies should be noted in the limitation portion of any final report.

Parenthetically, consider not deleting cases to reduce nonnormality--a necessary condition for interactions is nonnormality in the data. Then, mean or zero-center all the structural model variables, even the dependent/endogenous variables (e.g., Y) by subtracting each indicator's mean from its value in each of the cases.

Next, create the indicators of the interaction(s)/quadratic(s) in the data set, xizj, for example, for most of the techniques in FAQ A, or x:z for technique (4). If "Direct Estimation" using technique (4) is to be used, the single indicator should not be formed using averages of the indicators of X or Z, for example, because averaging seems to produce estimation problems. Otherwise a summed or averaged indicator product, x:z for example, could be used for the "2-Step" version of technique (4), and summed indicators should be used for latent variable regression to be consistent with the EXCEL template on this web site, and the examples in Latent Variable Interactions... monograph (beginning with Chapter VIII: Suggestions/"Step-by-Step"), which is also on this web site. However, and averaged indicator product, x:z for example, is preferred because it produces an interaction/quadratic variance that does not overwhelm the input covariance matrix because of its magnitude (which can produce estimation problems).

Next, compute starting values for at least the interaction(s) and/or quadratic(s) parameters-- this includes estimates of all the free covariances with the other latent variables in the model-- and specify these in the structural model (measurement model estimates of variance and covariance should be sufficient). Be certain to estimate starting values consistently using summed indicators or averaged indications (e.g., avoid using summed starting values with averaged indicators). If more starting values are desirable (i.e., because the structural model estimates fail to pass the adequacy tests discussed below), additional measurement model parameter estimates and structural coefficient estimates from regression should be sufficient.

Consider analyzing a covariance matrix--analyzing correlation matrices should probably be avoided. Avoid correlating indicator measurement errors in the structural model--this violates the assumptions in most of the latent variable interaction and quadratics estimation approaches and, although corrected specification equations are available (e.g., Latent Variable Interactions... Chapter VIII: Intercorrelations on this web site), interaction/quadratic specification is much more complicated, and so many authors have warned against correlated measurement errors that their use may not be acceptable to reviewers.

Free the variance of the interaction(s) or quadratic(s). Similarly, allow the interaction(s) and/or quadratic(s) to correlate by freeing the correlational paths between them. Also allow the interaction(s) and/or quadratic(s) to correlate with the other exogenous latent variables in the model by freeing the correlational paths between them (e.g., XZ should be correlated with X, Z and the other exogenous latent variables). (interactions involving an endogenous LV, "endogenous interactions," have additional considerations and this matter is discussed in "Questions of the Moment" on this web site.) If there are large variances in the input covariance matrix or the covariance matrix implied by the raw input data (i.e., the variances are not all about the same size), scale the large variances or the raw data to lessen the chance of estimation difficulties.

For every interaction (e.g., XZ) to be estimated, consider also estimating the two related quadratics (XX and ZZ). An interaction can be mistaken for a quadratic (see Lubinski and Humphreys 1990) (and vice versa, see Latent Variable Interactions... on this web site), and authors recommend estimating XZ in the presence of XX and ZZ as a stronger test of an hypothesized interaction (i.e., in competition with its related quadratics).

If more than one interaction or quadratic is to be estimated, they should all be estimated together in one model. However, just as adding Z and W, for example, to a model with X and Y can change the significance of the X-Y structural coefficient, adding XZ, XW and ZW can attenuate other structural coefficients, including those for XZ-Y, XW-Y and ZW-Y. This is especially true for XZ-Y and XW-Y, for example, because they share a common constituent variable X. Thus, estimating multiple interactions can produce significance difficulties among the interactions (the interested reader is directed to Latent Variable Interactions... Chapters VIII and IX on this web site for details on over coming this difficulty).

Examples of LISREL and other estimation "programs" are shown in Cortina, Chen and Dunlap (2001); Li, Harmer, Duncan et al (1998); Schumacker (2002); Schumacker and Marcoulides (1998) (e.g., Chapter 4); and Latent Variable Interactions... Chapter VIII: Suggestions/"Step-by-Step" (on this web site). Unfortunately, some of these examples contain errors. In addition, the variance of XZ, for example, is typically constrained rather than free, and XZ is typically not allowed to correlate with X and Z (while these are the correct recommendations for normally distributed data, real world survey data is seldom sufficiently normal for a constrained and uncorrelated XZ to avoid producing reduced model-to-data fit, and biased structural coefficients. 

Once the model is estimated, examine model fit and the standardized structural coefficient estimates. Also examine the estimated variances of the model constructs, and the error terms of the structural equations (i.e., structural disturbances). Model fit should be acceptable using a sensitive fit index such as RMSEA (i.e., .05 or less suggests close fit, .051-.08 suggests acceptable fit-- see Brown and Cudeck 1993, and Jöreskog 1993). The standardized structural coefficient estimates should be between -1 and +1, and the structural disturbances should all be positive. The estimated variances and covariances of the model LV's should be positive and similar to than their error-attenuated (i.e., SAS, SPSS, etc.) counterparts. (Internally consistent LV's in the Gerbing and Anderson 1988 sense produce structural model LV variances and covariances that are nearly identical to their measurement model counterparts. This provides one of the strongest demonstrations of trustworthy structural model parameter estimates.) In addition, the structural model loadings and measurement error variances should all be between 0 and 1, and for internally consistent LV's they should all be within a few points of their measurement model values. Finally, a regression model of the interaction (e.g., XZ, X, Z, for example, and their predicted variable, Y) should produce unstandardized regression coefficients that are interpretationally equivalent to their corresponding structural coefficients in the SEM interaction model (corresponding t-values should have the same sign and roughly the same magnitude). 

If the model estimation fails to pass any of these tests, the problem is almost always one of four things: multicollinearity, misspecification, incorrect or insufficient starting values, or empirical underidentification. To investigate these, verify mean centering: were the indicators mean centered before the interaction/quadratic indicator(s) were formed in the data set? Try mean centering all the indicators in the model, even those not involved in the interactions/quadratics. Next, check model specification. Are all the exogenous variables, including the interactions/quadratics, free to correlate? Are the indicator loadings between 0 and 1 (e.g., for each multiple indicator latent variable was one indicator fixed at one to provide a metric, and are there indicators larger than 1?--if so, fix the largest indicator to 1, etc.). Then check to see that all the starting values for the structural coefficients are non zero, and none of the variances and covariances of the constructs (e.g., PHI's in LISREL) are zero. Was the variance of XZ and/or XX constrained? If so, try freeing it. If direct estimation is being used, try using 2-Step estimation. If there are large variances in the indicator covariance matrix try scaling them. If none of these work, please send me an e-mail.

If 2-step estimation is used, the measurement parameter estimates for X and Z, for example, in the structural model should be very close to their counterparts in the measurement model (i.e., they should be the same to 2 or more decimal digits between the (full) measurement and structural models). If they are not, the structural model should be re-estimated replacing the calculated loadings and measurement error variances for XZ with loadings and measurement error variances for X and Z from the structural model.

If XZ is estimated with its related quadratics XX and ZZ, this should be done in two model estimations. In estimation 1, constrain the interactions/quadratics' structural coefficients to zero, and examine their resulting modification indices (LMTEST in EQS) for the largest one (i.e., a modification index above about 3.8, which roughly corresponds to a structural coefficient t-value of 2 with 1 degree of freedom). For emphasis, avoid jointly freeing the XZ-Y,  XX-Y, and ZZ-Y associations--the frequent result is that all three associations are nonsignificant (NS) because XZ,  XX, and ZZ are usually highly correlated. If the modification index for the hypothesized XZ-Y association is significant (about 3.8 or above), remove the related quadratics from the structural model and free the XZ-Y association in a second model estimation (estimation 2) to verify the XZ-Y significance, then report the results. Even if the modification indices for the XX-Y and/or the ZZ-Y associations are also "significant" (and/or larger), one's hypothesis predicts the XZ-Y association, and the XX-Y or ZZ-Y modification index may be "significant" by chance. 

If the modification index/structural coefficient for the hypothesized interaction is non significant in estimation 1, there are several possibilities. To investigate further, obtain estimation 2. If the interaction is again non significant, this suggests the interaction is non significant and the interaction hypothesis is disconfirmed. However, if the interaction is significant in estimation 2 (i.e., without the related quadratics) and one or more related quadratics were significant in estimation 1, this suggests the interaction and one or more if its related quadratics may be "interchangeable." For example if the XX-Y structural coefficient was significant in estimation 1, this suggests that replacing the interaction with XX in estimation 2 is also significant. One could do one of four things at this point: Ignore the interchangeable quadratic because it was not hypothesized and report the significant estimation 2 interaction. Or, one could interpret the significant estimation 2 interaction and comment on the alternative equation 2 specification with XX and its implications. Specifically, an interchangeable XX suggests that Z moderates the X-Y association as hypothesized, but X also moderates itself in the X-Y association (but not both). This "self moderation" is also called "satiation" or "diminishing returns" because the XX-Y association is shaped like part of a horseshoe (see Chapter III: Visualizing... in Latent Variable Interactions... on this web site), and the XX-Y relationship may be much more "interesting" from theoretical and practical standpoints (see Howard 1989 for interesting examples of quadratic relationships). For example, experience suggests that the XX-Y specification will produce a larger standardized coefficient, suggesting that XX explains more variance in Y than XZ does. However, because XX may have been significant by chance, another study is indicated to sort this matter out further. The third alternative is to ignore the interchangeable quadratic and report the significant estimation 2 interaction, then design a new study pitting the interaction against the quadratic (see Testing Latent Variable Models with Survey Data, Step III on this web site for a comparatively easy study that could be used to sort this matter out further). The fourth alternative is to combine alternatives 2 and 3 by reporting the second study's results with the first.

For emphasis, if the structural coefficients for XZ-Y,  XX-Y, and ZZ-Y are all non significant in estimation 1 (i.e., their modification indices are below about 3.8), this does not always mean that XZ-Y is non significant. Thus, estimation 2 should be obtained to verify the XZ-Y association. 

Consider analyzing a covariance matrix if possible. Occasionally, a correlational matrix, rather than a covariance matrix, is used as the matrix to be analyzed in a theory test. Despite statements or implications in their user manuals, LISREL, EQS, AMOS, etc. all appear to assume that a covariance matrix is to be analyzed, and analyzing a correlation matrix usually changes model-to-data fit (chi-square is typically incorrect), and it produces incorrect standard errors (which introduces Type I and Type II errors-- see Cudeck 1989, Jöreskog and Sörbom 1996). If a correlation matrix must be analyzed in a theory test, consider comparing the results with those from a covariance matrix estimation. If both models fit the data and they are interpretationally equivalent (i.e., the set of significant variables and their interpretations are the same in both estimations), then the use of correlations probably will not be misleading. 

If an hypothesized interaction and/or quadratic is nonsignificant, it is usually because of model problems, its reliability is too low, the data set is too small, the inclusion of other interactions/quadratics, and/or they hypothesized moderated relationship is actually quadratic/cubic. It is always a good idea to verify that model specification and estimation are not contributing to nonsignificance. Specifically, consider re-verifying that the model is properly specified (e.g., the correlations among the exogenous variables, including the interactions, are free; the correlations between exogenous variables and endogenous variables are not free; structural disturbances are not correlated, etc.). Then, check that the interactions are properly specified (e.g., the "essential" correlations between X-XZ and Z-XZ, for example, are free, the variance of XZ is also free, and the values for the loading and measurement error variance values have been properly calculated and keyed into the estimation program), and the model indicators are all mean- or zero-centered. Next, verify that the structural model fits the data, all the coefficient estimates are admissible (see Step VI, "Admissible Solutions Revisited" in the Testing Latent Variable Models Using Survey Data monograph on this web site), and the measurement parameters of X and Z in the structural model (i.e., the loadings, measurement error variances and the variances of X and Z) are within a few points of their measurement model values. If the measurement parameters of X and Z in the structural model are different from their measurement model values, recalculate the interaction's loading and measurement error variance using the structural model measurement parameter values.

To improve reliability the interested reader is directed to Netemeyer, Johnson and Burton (1990). Insufficient sample size can be checked by recalculating the t-value that would result from using a larger sample size (N) in the equation t*SQRT(N/n), where t is the current t-value, "*" indicates multiplication, SQRT is the square root function and n is the current sample size. If the reliability of XZ is 0.7 or above, its Average Variance Extracted is above .5, and a few more cases would push the t-value above 2, it is tempting to simply declare that the interaction "approaches significance" and proceed as though the interaction were significant. This is because a t-value of 2 for significance is simply a convention. Stated differently, no statistical assumptions are violated by declaring that a t-value greater than 1.95 in absolute is likely to be non zero in the population. However, because the standard error of XZ is believed to be biased with Maximum Likelihood estimation, a t-value larger than 2 in absolute values should probably be used to gauge the significance of XZ. 

There are other estimators and estimation approaches that may produce a significant interaction that is non significant with Maximum Likelihood. EQS for example provides a ROBUST ML estimator that is less affected by non normality in the data. Other estimation approaches include bootstrapping the interaction's structural coefficient (i.e., averaging the resulting coefficients and standard errors--see "Bootstrapping" in the monograph Testing Latent Variable Models Using Survey Data (Step V) on this web site), or removing influential case(s) (outliners that contribute most to "flattening" the XZ-Y regression line) using Cook's distance in regression, or a scatterplot of the interaction, then re-estimating the structural model. However, all of these estimators and approaches have their drawbacks, most telling of which is typically reviewer resistance to anything that is not simple, straightforward and familiar (a variation on parsimony or Occam's razor, see Charlesworth 1956). It may be easier to quickly conduct another study using Scenario Analysis, which is described next. A significant interaction in the second study would lend weight to an insufficient sample-size argument.

A less desirable alternative is of course to conduct another study. A Scenario Analysis using student subjects (see the Testing Latent Variable Models Using Survey Data, Step III on this web site) might provide a comparatively easily executed second study to obtain a larger sample. Because a scenario analysis is an experiment, it also increases nonnormality which McClelland and Judd 1993 suggest will increase the likelihood of a significant interaction. This second study could be reported with the first, as in done in several social science disciplines (e.g., Social Psychology and Consumer Behavior).

Occasionally, a non significant hypothesized interaction/quadratic is the result of the presence of other hypothesized interactions and/or quadratics--interactions and quadratics are typically highly intercorrelated and as a result they can mask each other. To investigate this, try constraining the interactions/quadratics' structural coefficients to zero, and examine the resulting modification indices (LMTEST in EQS) for a significant modification index (i.e., a modification index above about 3.8, which roughly corresponds to a path coefficient t-value of 2 with 1 degree of freedom). Next, free this structural coefficient and examine the resulting modification indices for the un-freed interaction/quadratic(s). This process of examining modification indices, freeing interaction/quadratic(s), and reexamining modification indices should identify the interaction/quadratic that is "suppressing" the others.

Assuming the suppressor interaction is also non significant, an approach that might be defensible would be to "trim" or remove the suppressing interaction(s). "Might" of course would depend on the reviewers. Trimming non significant associations was a common practice in theory tests years ago, especially in studies that might have an intervention component (e.g., Sociology). However, based on the research behind Testing Latent Variable Models Using Survey Data on this web site, its use in theory tests has declined. If non significant interactions are trimmed, an additional study is desirable to investigate the element of chance introduced by this trimming. A Scenario Analysis using student subjects (see the Testing Latent Variable Models Using Survey Data, Step III on this web site) might provide a comparatively easily executed second study of the trimmed model using the existing questionnaire. Specifically, the hypotheses involving the NS interactions could also be trimmed for the second study and it would investigate the model without the trimmed interactions. The result could become a paper with two studies. "Multiple study" papers are common in social science disciplines such as Social Psychology and Consumer Psychology and Consumer Behavior, and it might be instructive to examine a few of them to determine how best to present two-study results (see recent issues of The J. of Consumer Research, for example).

E. What about the assumptions behind these techniques, and violations of these assumptions in real-world data?

All the techniques just discussed in FAQ (C) above, except for (2) which assumes 2-stage least square estimation, assume that the indicators of X and Z are multivariate normal. All but technique (3) assume each latent variable indicator in the structural model is mean or zero centered (i.e., the latent variables each have a mean of zero). They all assume that indicator measurement errors are not correlated (however, see Latent Variable Interactions... Chapter VIII on this web site for corrected specifications in the presence of correlated measurement errors). These assumptions were made to simplify the algebra used to derive each technique. 

However, because survey data is seldom multivariate normal, the multivariate normal (ML) assumption behind most of the latent variable (LV) interaction/quadratic specification techniques is seldom met. However, substantive researchers have generally ignored this same assumption behind OLS Regression for years (the implementation of OLS Regression in SAS, SPSS, etc. standard errors assume the variables are normally distributed). Nevertheless, studies suggest that ML coefficient estimates are robust to "moderate" departures from normality, but the standard errors are not (assuming proper model specification such as a free variance of XZ and free correlations between XZ and X and Z). If a structural coefficient has a t-value close to 2, EQS's ROBUST Maximum Likelihood estimator, which is less distributionally dependent, could be used to shed more light on significance. Experience suggests, however, that t-values are only slightly changed for these LV's and models in real-world data, sometimes in the "wrong" direction, and an alternative is to increase the XZ significant-t-value cutoff 5% to 2.1 in absolute value. 

The mean or zero centering assumption, however, is typically essential to successful estimation. Technique (3) does not make this assumption, and technique (6) discusses un-centered variables, but no guidance on how to use (6) with un-centered variables is provided. Although there are proposals to use an input correlation matrix to avoid zero or mean centering, correlational structural analysis can alter the model structure, change model-to-data fit, and produce incorrect standard errors--see Cudeck 1989 and Jöreskog and Sörbom (1996).

Experience suggests that it is sometimes possible with real-word data not to mean-center one or more variables, and still be able to estimate an interaction involving the un-centered variable. In this case success appears to depend on the amount of collinearity between the un-centered variable and the interaction. If this collinearity is high, as it usually is, successful estimation is frequently impossible without "ridge" estimation and unreasonably large structural coefficient(s).

However, there may be another alternative to mean centering, which is to use median splits of the data to detect an interaction or a quadratic with un-centered data. This approach is criticized because it can produce false negative or, occasionally, false positive interactions. However, the results reported in Ping (1996b) suggest that for sufficiently reliable latent variables, median splits could be relied upon when the differences across the split are sufficiently significant. There are no hard and fast rules, but reliability should be as high as possible and probably above .8, and significance should be high and probably above t = 2.5 (or very low and below t = 1). There are some drawbacks to this approach, however. Median splits do not test the hypothesized latent variable model. The interaction is missing from the final test of the hypothesized model and the effects of its correlations with other predictors on the model's structural coefficients are not accounted for (the "missing variable" problem--see James 1980). 

F. What if one or more measures have a natural zero point and mean or zero centering is inappropriate?

As previously mentioned, technique (3) does not make this assumption. In addition, it is occasionally possible with real-word data not to mean-center one or more variables, and still be able to estimate an interaction involving the un-centered variable. However, success appears to depend on the amount of collinearity between an un-centered variable and its related interaction (e.g., X and XZ). If this collinearity is high, successful estimation is frequently impossible using the techniques discussed in FAQ A above, and/or the structural coefficient(s) are impossibly large. Alternatives to mean centering are discussed in Paragraph 3 of FAQ (E) above and in Latent Variable Interactions..., Chapter VIII: Mean Centering, on this web site.

G. How does one investigate the possibility that a significant but unmodeled interaction or quadratic might be responsible for a nonsignificant hypothesized association?

If the Z-Y association in Y = b1X + b2Z  + b3W is hypothesized to be significant (i.e., b2 should be significant) but it turned out to be non significant, one could ask, is there an interaction or quadratic suppressing b2 (i.e., XZ, ZZ or ZW-- a relevant suppressor of b2 will involve Z)? This occurs more often than substantive researchers realize, and it is one explanation for an hypothesized association being significant in one study and not significant or with the opposite sign in another study (i.e., inconsistent results across studies).

To investigate the possibility of unhypothesized but significant interactions and/or quadratics, several non equivalent approaches could be taken. One approach would be to perform the overall F test described in FAQ G and then examine the  interactions and quadratics used for this F test for significant relevant suppressor(s). However it is very likely in real world data that there will be no significant interactions or quadratics in the set of interactions and quadratics that were involved in estimating this F. It is also likely that any significant suppressors in this set will become nonsignificant when the other nonsignificant interactions and quadratics are trimmed. Further, if any significant suppressors remain after trimming, it is also likely that one or more of them can become nonsignificant if a significant interaction or quadratic is temporarily removed (i.e., significance depends on the presence of other interactions or quadratics).

Another approach would be to use the technique discussed in Latent Variable Interactions..., Chapter IX on this web site) on the "relevant suppressors" (i.e., each nonsignificant association in the model could be probed for moderation-- is it being suppressed?). The interested reader is directed to Latent Variable Interactions..., Chapter IX on this web site for the details.

H. How does one interpret a significant interaction or quadratic?

Interpretation approaches such as graphing (see Aiken and West 1991), which are popular with ANOVA and categorical data, are one approach. Another approach that is more revealing involves factored coefficients (e.g., the structural equation Y = b1X + b2Z + b3XZ can be factored into Y = b2Z + (b1 + b3Z)X, and the factored coefficient of X is (b1 + b3Z)) is interpreted). For more, the interested reader is directed to the paper "Interpreting Latent Variable Interactions" on this web site, and Latent Variable Interactions..., Chapter III also on this web site.

I. Can these interaction and quadratic estimation techniques be used with all of the popular structural equation modeling software packages?

With some exceptions, yes. Technique (13) requires a proprietary software package available from the authors of that technique. Direct estimation using LISREL's constraint equations or the CALIS equivalent can be used only with those software packages. The 2-step techniques can be used with any of the popular structural equation software packages (e.g., LISREL, EQS, CALIS, AMOS, etc.). Some time ago, AMOS was alleged to be having difficulty calculating some model fit indices with mean-centered data. Specifically, some AMOS fit indices are alleged to be incorrect (too large) with mean centered data, which may erroneously suggest lack of fit. However, RMSEA and CFI appeared to be correct, as did the model parameter estimates (e.g., loadings, errors, structural coefficients, etc.).

J. How should reviewer comments regarding interactions and/or quadratics be handled?

Reviewers occasionally ask, "are there any unmodeled significant interactions or quadratics?" This question is routinely asked in experimental studies analyzed with ANOVA. The procedure for answering this question is to specify all possible interactions and quadratics and perform an overall F test on any change in R2 that results from adding them to the structural model. Unfortunately this cannot be done automatically as it is in ANOVA, and the procedure is discussed further in FAQ (G) above.

K. How are Latent Variable Cubics estimated?

There are other higher-order latent variables besides interactions and quadratics that may be important in model tests with survey data and I received the first request for specification of a cubic in 2003. When compared to interactions, related non-linear variables such as quadratics, XX and ZZ, and their cubic relatives, XXX and ZZZ, in

Y = β0 + β1X + β2Z + β3XX + β4XZ  + β5ZZ + β6XXX + β7ZZZ + ζY ,

(1

where β1 through β7 are unstandardized structural coefficients (also termed associations or, occasionally, effects), β0 is an intercept, and ζY is the estimation or prediction error, also termed the structural disturbance term, have received comparatively little methodological attention in survey research (however, see Aiken and West 1991). Perhaps as a result quadratics and cubics are seldom investigated in theoretical models involving survey data. However, they have been proposed and investigated in several social science literatures.

Specifying and estimating a cubic with Ordinary Least Squares (OLS) regression is easily accomplished when X, Z and Y are measured without error. Unfortunately when these variables are measured with error, the coefficient estimates from OLS regression in the above Equation 1 (i.e., the β's) will be biased in unknown directions, and they will be inefficient (i.e., they vary widely across replications) (Busemeyer and Jones 1983). 

Latent Variable Interactions..., Chapter X and the working paper "Notes on Cubics, and Interactions and Quadratics in Latent Variables" on this web site discuss the specification, estimation and interpretation of latent variable cubics. While they both propose latent variable specifications of cubics involving latent variables, the working paper is more recent.

L. How is a "Second-Order" interaction estimated?

"Second-order" constructs were proposed by Jöreskog (1970). "Second-order" constructs are unobserved or latent variables that have other unobserved latent variables as their "indicators." Each of these "indicator" (first-order) latent variables has its respective observed indicators as usual.

These "Second-order" latent variables (LV's) have received attention recently, and "Second order" LV interactions have been of interest since at least 1997 (see Ping 1997). However, specifying and estimating these latent variables, although not difficult, is not a straightforward task using popular structural equation analysis such as LISREL, EQS, etc. In addition, there is little guidance for estimating an interaction involving a "Second-order" latent variable (e.g., XZ in

Y = β0 + β1X + β2Z + β3XZ + ζY ,

where X or Z is a "Second-order" construct, β1 through β3 are unstandardized "regression" or structural coefficients [also termed associations or, occasionally, effects], β0 is an intercept, and ζY is the estimation or prediction error, also termed the structural disturbance term).

Chapter X in Latent Variable Interactions... on this web site discusses interactions involving "Second-order" constructs, specifically an interaction between a first-order latent variable and a "Second-order" latent variable. The working paper "Are their Second-Order Interactions? If So, How Are they Estimated?" also on this web site, also addresses "Second-order" interactions. Of the two the working paper is more recent.
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