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ABSTRACT

There is little guidance for specifying and estimating cubics (e.g., X3 or XXX) in structural equation models. The paper explores these latent variables, and suggests a specification for them. A pedagogical example of their estimation is also provided. Along the way, the "factored coefficients" created by a significant cubic (e.g., the factored coefficient of X in the expression β1X + β2XZ + β3XXX = (β1 + β2X + β3XX)X is β1 + β2X + β3XX) are discussed, and standard errors of these factored coefficients are derived. The reliabilities of quadratics and cubics are also derived, an approach to interpretation of these "powered variables" is discussed, and a sequential procedure for testing hypothesized "satiation" or "diminishing returns" in theoretical model tests is suggested.

Interactions in survey data such as XZ have received attention recently (see Ping 2006 for a summary). However, related non-linear or powered variables such as quadratics, XX and ZZ, and their cubic relatives, XXX and ZZZ, in

Y = β0 + β1X + β2Z + β3XX + β4XZ  + β5ZZ + β6XXX + β7ZZZ + ζY ,
(1

where β1 through β7 are unstandardized "regression" or structural coefficients (also termed associations or, occasionally, effects), β0 is an intercept, and ζY is the estimation or prediction error, also termed the structural disturbance term, have received comparatively little attention. Quadratics have been proposed and investigated in other social science literatures (e.g., Bandura 1966, Homans 1974, Howard 1989, Laroche and Howard 1980, Wheaton 1985, Yerkes and Dodson 1908). In addition, authors believe interactions and quadratics are more likely than their reported occurrence in published survey research suggests (e.g., Aiken and West 1991; Blalock 1965; Cohen 1968; Cohen and Cohen 1975, 1983; Darlington 1990; Friedrich 1982; Kenny 1985; Howard 1989; Jaccard, Turrisi and Wan 1990; Lubinski and Humphreys 1990; Neter, Wasserman and Kunter 1989; Pedhazur 1982). 

Cubics in survey data have received comparatively little theoretical attention. They also have yet to appear in published structural equation models, perhaps because, among other things, there is no guidance for estimating cubics. This paper sheds additional light on several powered linear latent variables (e.g., XX, XZ, ZZ, XXX, and ZZZ in Equation 1), especially cubics. Specifically, it will discuss the estimation and interpretation of latent variable interactions, quadratics and cubics, and it will propose a specification for latent variable cubics. We begin with a discussion of non-linear variables (e.g., XX, XZ, ZZZ, etc. in Equation 1) which leads to a proposed specification of cubics involving latent variables and a pedagogical example that illustrates their estimation and interpretation.


NONLINEAR ASSOCIATIONS IN SURVEY MODELS

To motivate the admittedly novel topic of cubics in theoretical model tests using survey data it is instructive to begin with a discussion of interactions and quadratics that lays the groundwork for cubics. There have been several proposals for specifying latent variable quadratics including (1) Kenny and Judd 1984; (2) Bollen 1995; (3) Jöreskog and Yang 1996; (4) Ping 1995; (5) Ping 1996a; (6) Ping 1996b; (7) Jaccard and Wan 1995; (8) Jöreskog 2000; (9) Wall and Amemiya 2001; (10) Mathieu, Tannenbaum and Salas 1992; (11) Algina and Moulder 2001; (12) Marsh, Wen and Hau 2004; (13) Klein and Moosbrugger 2000/Schermelleh-Engle, Kein and Moosbrugger 1998/Klein and Muthén 2002; and (14) Moulder and Algina 2002. 

Several of these proposals have not been evaluated for possible bias and lack of efficiency (i.e., techniques 8 and 10). 

Most of these techniques are based on the Kenny and Judd product indicators (x1z1, x1z2, ... x1zm, x2z1, x2z2, ... x2zm, ... xnzm, where n and m are the number of indicators of X and Z respectively, or x1x1, x1x2, ... x1xn, x2x2, x2x3, ... x2xn, ... xnxn). However, for most theoretical model testing situations where reliability and validity are important, and where "interesting" models (i.e., models with more than 3 exogenous constructs, not including interactions or quadratics), over-determined latent variables (i.e., latent variables with 4 to 6 or more indicators), and real world survey data are the rule, specifying all the Kenny and Judd product indicators produces model-to-data fit problems. The resulting specification of XZ, for example, in a single construct measurement model will not fit the data, and the full measurement and the structural models containing XZ will usually exhibit unacceptable model-to-data fit) (techniques 1 and 5). 

Several proposals use subsets of the Kenny and Judd (1984) product indicators or indicator aggregation to avoid these inconsistency problems (techniques 3, 4, 5, 7, 9, 11, 12 and 14). Unfortunately, weeding the Kenny and Judd product indicators raises questions about the face or content validity of the resulting interaction or quadratic (e.g., if all the indicators of X are not present in XX, for example, is XX still the "product of X and X"?) (techniques 3, 7, 9, 11, 12 and 14). In addition, using the formula for the reliability of XX is problematic for a weeded XX. The formula for the reliability of XX is a function of (unweeded) X, and thus it assumes XX is operationally (unweeded) X times (unweeded) X). Weeded Kenny and Judd product indicators also produce interpretation problems using factored coefficients (discussed below) because XX is no longer (unweeded) X times (unweeded) X operationally. Some of these proposals do not involve Maximum Likelihood estimation, or commercially available estimation software (techniques 2, 6 and 13).

The following will rely on the Ping 1995 proposal for several reasons including that it has the fewest drawbacks. He proposed using a single indicator that is the product of sums of the first order variables' indicators. For example for X with indicators x1 and x2, and Z with the indicators z1 and z2 the single indicator of XZ would be xz = (x1+x2)(z1+z2). He further suggested that under the Kenny and Judd (1984) normality assumptions,
 the loading, λxz, and error variance, θεxz, for this single indicator are

λxz = ΛXΛZ ,
(2

and

θεxz = ΛX2Var(X)θZ + ΛZ2Var(Z)θX + θXθZ ,
(2a

where ΛX = λx1 + λx2, Var indicates error disattenuated variance, θX = Var(εx1) + Var(εx2), Λz = λz1 + λz2, θz = Var(εz1) + Var(εz2), λxz = ΛXΛZ, θεxz = ΛX2Var(X)θZ + ΛZ2Var(Z)θX + θXθZ , and λ and θ are loadings and measurement error variances.

Using simulated data sets with data conditions that were representative of that encountered in surveys (i.e., four indicators per X and Z latent variable, X and Z loadings ranging from 1 to .6, sample sizes of 100 and 300 cases, and linear latent variable reliabili​ties of .6 and .9), Ping's (1995) results suggested that the proposed single indicator for an interaction or quadratic (discussed later) produced unbiased and consistent coefficient estimates.

While this specification can be used in several ways, it is most often used in two estimation steps. In this two-step version of the Ping (1995) technique the measurement parameters in Equations 2 and 2a (i.e., λx1, λx2, λz1, λz2, θεx1, θεx2, θεz1, θεz2x1, Var(X), and Var(Z)) are estimated in a first-orders-only measurement model (e.g., a model that excludes XZ). Then, the single indica​tors of the interaction and quadratic latent variables are created as products of sums of the indica​tors of linear latent variables for each case in the data set. Next, using the first-orders-only measure​ment model parameter estimates the loadings and measurement error variances for the interaction indicator (λxz and θxz ) are computed using the equations above. Finally, specifying ​the calculated loadings and error variances λxz and θxz  for the product indica​tor as constants, the structural model is estimated.

If the structural model estimates of the measurement parameters for X and Z (i.e., λx1, λx2, λz1, λz2, Var(εx1), Var(εx2), Var(εz1), Var(εz2), Var(X), and Var(Z)) are not similar to those from the measurement model (i.e., equal in the first two decimal places) the loadings and error variances of the product indicators can be recomputed using the structural model estimates of their measurement parameters. Our experience is that zero to two of these iterations are sufficient to produce exact estimates (i.e., equal to direct estimates-- see Ping 1995).

QUADRATICS AND CUBICS

In some ways the graphs of (observed) quadratics and cubics are similar. A quadratic such as XX, for example, has a graph of XX versus X that is shaped like a portion of the capital letter U. This letter U opens upwards when β3 is positive, and downward when β3 is negative. In general the graph of a cubic such as XXX is shaped like a portion of a stylized capital letter N (i.e., with rounded vertices) when β6 is positive. This N is backward (again with rounded vertices) when β6 is negative. When the range of X is suitably restricted, the graph of a cubic can be a "more-V-like" quadratic (i.e., when one of the outside legs of the N is not present in the graph). Thus, in theory tests involving survey data where the range of X, for example, is frequently restricted (e.g., from 1 to 5), XX and XXX could have similarly shaped graphs (e.g., one side of a U or an N), and in effect the estimation issue would be which one (i.e., XX or XXX), if any, provides a better representation (in theory testing terms--e.g., is significant) of hypothesized "satiation" or "diminishing returns," for example.

Ping (1995) in effect proposed that a quadratic could be specified the same way as an interaction: as the product of the sum of indicators. Thus for xx = (x1+x2)(x1+x2) as the single indicator of XX, for example, the loading, λxx, and a measurement error variance, θεxx of xx is

λxx = ΛXΛX ,
(3

and

θεxx = 4ΛX2Var(X)θX + 2θX2 ,
(3a

where ΛX = Σλxi, λxi is the loading of xi on X, Var(X) is the error disattenuated (measurement model) variance of X, ΘX = ΣVar(εxi), and Var(εxi) is the measurement error variance of xi. The indicators xi are usually zero- or mean-centered by subtracting the mean of xi from xi in each case, and xx becomes

xcxc = [Σ(xiu - M(xiu)] [Σ(xiu - M(xiu)] ,

where xiu is an uncentered indicator, M denotes a mean, and Σ is a sum taken before any multiplication. Specifying XX with this indicator reduces the high correlation or nonessential ill-conditioning (Marquardt, 1980; see Aiken and West, 1991) of (mean centered) X and XX that produces inefficient or unstable structural coefficient estimates that vary widely across studies.

Using simulated data sets with data conditions that were again representative of those encountered in surveys, Ping's (1995) results suggested that the proposed single indicator for a quadratic produced unbiased and consistent coefficient estimates for a latent variable quadratics.

As with an interaction, this approach could be used in two ways, but the two step procedure described earlier is the least tedious.

A cubic might be specified in a manner similar to a quadratic, as the product of the sum of indicators such as xxx = (Σxi)3. However, mean centering xi does not reduce the high correlation between X and XXX (Dunlap and Kemery, 1988 Marquardt, 1980; see Aiken and West, 1991), and inefficient structural coefficient estimates usually obtain. An alternative specification that avoids this difficulty is the indicator 

xc(xx)c = [Σxiu - M(Σxiu)][(Σxiu)(Σxiu) - M((Σxiu)(Σxiu))] , 



        (3, 3c, 3b

where Σxiu is the sum of uncentered xi's. The indicator xc(xx)c is thus the product of mean-centered xi's and mean-centered xixj's, and thus xc(xx)c could be used as a single indicator of Xc(XuXu)c (i.e., with xc(xx)c = λXc(XuXu)cXc(XuXu)c + εXc(XuXu)c).

The loading and error variance of xc(xx)c is derived next. Under the above Kenny and Judd (1984) assumptions the variance of the product of x = (Σxi) = [Σ(λxiX + εxi)] and w = (Σwi) = [Σ(λwjW + εwj) (where λwj and εwj are the loading and measurement error, respectively, of wj on its latent variable W, and j = 1 to m, where m is the number if indicators of W), is 

Var(xw) = (ΛXΛW)2Var(XW) + ΛX2Var(X)ΘW + ΛW2Var(W)ΘX + ΘXΘW ,
        
       
        (4a

(e.g., Ping 1995) where ΛW = Σλwj, λwj is the loading of wj on W, Var(XW) is the error disattenuated variance of XW, ΘW = Σθεwj, Var(W) is the error disattenuated variance of W, and θεwj is the measurement error variance of wj. This would provide a specification of XW using the indicator xw with the calculated loading ΛXW = ΛXΛW and the calculated measurement error variance ΘXW = ΛX2Var(X)ΘW + ΛW2Var(W)ΘX + ΘXΘW , if estimates of these parameters are available (e.g., Ping, 1995).

To provide estimates of the parameters involving a specific W = (XuXu)c,



Var(W) = Var[(XuXu)c] = 4E2(Xu)Var(Xu) + 2Var2(Xu) (Eqn 5)
(Bohrnstedt and Goldberger, 1969), where E2(Xu) denotes the square of the mean of Xu, and Var2(Xu) is the square of the variance of Xu (Xu is uncentered and thus has a non-zero mean). Since first moments are unaffected by measurement error, E(Xu) = E(Σxiu), and Var(Xu) = Var(X). Thus, for W = (XuXu)c , Var(W) in Equation 4a is a function of the mean of Σxiu and the variance of X:


Var(W) = 4E2(Σxiu)Var(X) + 2Var2(X) ,





       
        (4b

where E(Σxiu) is available from SAS, SPSS, etc. and Var(X) is available from the measurement model for X.

For (xx)c,

(xx)c = (Σxiu)(Σxiu) - M((Σxiu)(Σxiu))

 = [(Σλxiu)Xu + Σεxiu][(Σλxiu)Xu + Σεxiu] - M((Σxiu)(Σxiu)) 

 = (λXuXu + εXu)(λXuXu + εXu) - M((Σxiu)(Σxiu))

 = λXu2XuXu + 2λXuXuεXu + εXuεXu - M((Σxiu)(Σxiu)), 

where λXu = Σλxiu and εXu = Σεxiu, and with the usual assumptions that Xu is independent of measurement errors, measurement errors have zero expectations, and measurement errors are independent, and thus 


Var((xx)c) = Var(λXu2XuXu + 2λXuXuεXu + εXuεXu - M((Σxiu)(Σxiu)))

= Var(λXu2XuXu + 2λXuXuεXu + εXuεXu)

= Var(λXu2XuXu) + Var(2λXuXuεXu) + Var(εXuεXu) + 2Cov(λXu2XuXu,2λXuXuεXu) 

+ 2Cov(λXu2XuXu, εXuεXu) + 2Cov(2λXuXuεXu,εXuεXu)

= (λXu2)2Var(XuXu) + 4λXu2Var(XuεXu) + Var(εXuεXu)

= (λXu2)2Var(XuXu) + 4λXu2[E2(Xu)Var(εXu) + Var(Xu)Var(εXu)] + 2Var2(εXu) ,

because the covariances involving measurement errors are zero, and the expansions of Var(XuεXu) and Var(εXuεXu) contain zero E(εXu) terms.

As a result, in Equation 4a for W = XuXu
ΛW = λXu2 = (Σλxi)2







       (4c
and

ΘW = 4λXu2[E2(Xu)Var(εXu) + Var(Xu)Var(εXu)] + 2Var2(εXu)

      = 4(Σλxiu)2[E2(Xu)Var(Σεxiu) + Var(Xu)Var(Σεxiu)] + 2Var2(Σεxiu) .

Since (Σλxiu) = (Σλxi), E(Xu) = E(Σxiu), Var(Σεxiu) = Var(Σεxi) = ΣVar(εxi), and Var(Xu) = Var(X), 

ΘW = 4(Σλxi)2[E2(Σxiu)ΣVar(εxi) + Var(X)ΣVar(εxi)] + 2(ΣVar(εxi))2 
       
       (4d

and the parameters in Equation 4a are all parameters involving X. Specifically, the loading of XW, ΛXW, is ΛXΛW and the measurement error variance of XW, ΘXW, is ΛX2Var(X)ΘW + ΛW2Var(W)ΘX + ΘXΘW , where ΛX = Σλxi, i = 1 to n and n is the number of indicators of X, λxi are the loadings of λxi on X, ΛW = (Σλxi)2, Var(X) is (error disattenuated) variance available in the measurement model for X, ΘW = 4(Σλxi)2[E2(Σxiu)ΘX + Var(X)ΘX] + 2ΘX2, E2(Σxiu) is the square of the mean of the sum of the uncentered xi (available from SAS, SPSS, etc.), ΘX = ΣVar(εxi), Var(εxi) are the measurement error variances of xi, ΘX2 is the square of ΘX, and Var(W) = 4E2(Σxiu)Var(X) + 2Var2(X).


Significant higher orders such as XX, XZ and XXX create factor coefficients of X, for example. We discuss these next.

FACTORED COEFFICIENTS AND THEIR STANDARD ERRORS

Equation 1 can be factored to produce a coefficient of Z due to the interaction XZ, i.e.,

Y = β1X + (β2+ β4X)Z  + β3XX + β5ZZ + β6XXX + β7ZZZ  + ζY .
(5

Similarly Equation 1 can be refactored to produce a coefficient of X due to the interaction XZ (i.e., [β1 + β4Z]  in [β1 + β4Z]X). These factored coefficients are important to understanding interactions in survey data, and later they will help shed more light on cubics. When the XZ interaction in Equation 1 is significant (i.e., β4 is significant) the factored coefficient of Z, for example, in Equation 5 is not constant over the range of X in the study. Depending on the signs and magnitudes of β2 and β4, the (factored) coefficient of Z, (β2+ β4X), can be positive for X at one end of the range of X in the study, zero near the middle of the range of X, and negative at the other end of the range of X in the study.

The standard error of the factored coefficient of Z also varies over the range of X in the study. Determined by the square root of Var(β2+ β4X), where Var indicates variance, the standard error of the factored coefficient of Z is

                    [Var(β2) + X2Var(β4) + 2XCov(β2,β4)]1/2,
(6

where Cov indicates covariance (which is available as an output option in structural equation packages such as LISREL, EQS, etc.) and the exponents 2 and 1/2 indicate the square and the square root respectively (e.g., Jaccard, Turrisi and Wan 1990). In different words, the standard error of the factored coefficient of Z, (β2+ β4X), is a function of the standard errors/variances of β2, β4 and the value of X at which the coefficient is evaluated. Thus the factored coefficient of Z can not only vary with the values of X in the study, but it can also be significant for some X in the study but nonsignificant for other values of X in the study.

Other factored coefficients are obviously possible. For example Equation 1 could be refactored to produce a factored coefficient of Z due to the quadratic ZZ (i.e., [β2 + β5Z] in [β2 + β5Z]Z), and a factored coefficient of X due to the quadratic XX (i.e., [β1 + β3X] in [β1 + β3X]X). The factored coefficient of Z due to ZZ and ZZZ is [(β2 + (β5+ β7Z)Z] in [(β2 + (β5+ β7Z)Z]Z, and the factored coefficient of X due to XX and XXX is [(β1 + (β3 + β6X)X)] in [(β1 + (β3 + β6X)X)]X.  Additional factorizations are also possible. For example the factored coefficient of Z in Equation 1 is shown in

                      [(β2 + β4X + (β5+ β7Z)Z)]Z,
(7

and the factored coefficient of X is shown in [(β1 + β4Z + (β3 + β6X)X)]X In addition, each of these factored coefficients has a nonconstant standard error that is a function of the (constant) standard errors of the coefficients that comprise it (i.e., the β's) and values of the variables (e.g., X, Z, etc.) that also comprise it. For example the standard error of the Equation 7 factored coefficient of Z, (β2 + β4X + (β5+ β7Z)Z), is 

[Var(β2 + β4X + (β5+ β7Z)Z)]1/2 = [Var(β2 + β4X + β5Z+ β7ZZ)]1/2
                = [Var(β2) + Var(β4X + β5Z+ β7ZZ) + 2Cov(β2,β4X + β5Z+ β7ZZ)]1/2
          = [Var(β2) + X2Var(β4) + Var(β5Z+ β7ZZ) + 2Cov(β4X,β5Z+ β7ZZ)

+ 2XCov(β2,β4) + 2ZCov(β2,β5) + 2ZZCov(β2,β7)]1/2
          = [Var(β2) + X2Var(β4) + Z2Var(β5) + (ZZ)2Var(β7) + 2ZZZCov(β5,β7)

+ 2XZCov(β4,β5) + 2XZZCov(β4,β7) + 2XCov(β2,β4)

+ 2ZCov(β2,β5) + 2ZZCov(β2,β7)]1/2 ,
(8

where the exponent 1/2 indicates the square root. Thus the standard error of this factored coefficient of Z, (β2 + β4X + (β5+ β7Z)Z), varies with X and Z, and the factored coefficient of Z could be negative and significant for some combination of X's and Z's, it could be nonsignificant for other combinations of X's and Z's, and the coefficient of Z could be positive and significant for still other combinations of X's and Z's in the study.

INTERPRETATIONS


While Equation 1 may appear to be more complicated than a more traditional survey data model that ignores non-linear or powered terms, its interpretation is simplified by the use of factored coefficients. We will illustrate this by interpreting an interaction, a quadratic and two factored coefficients involving a cubic.

Interactions
Suppose in a study that only X, Z and the interaction XZ were significant in Equation 1 (i.e., β3, β5, β6 and β7 were nonsignificant). In addition, assume β2 in the resulting factored coefficient of Z, (β2 + β4X), was -.191 and β4 was .142. Table B (from the pedagogical example, discussed later) shows the factored coefficient of Z at several different levels of X, where X is the latent variable A and Z is the latent variable I, and (β2 + β4X)Z = (-.191+.142A)I. When A was low in this study, for example equal to 1, the coefficient of the variable I was -.191+.142*(1 - 2.54)  -.411 (A had a mean of 2.54, and it was mean centered) (see Column 2 of Table B) (the Table B calculation of Column 3 involved β2 and β4 with more than 3 significant decimal digits). When A was higher, for example A = 2.54 the coefficient of the variable I was -.191+.142*(2.54 - 2.54) = 0, and when A was 5 the coefficient of the variable I was -.191+.142*(5 - 2.54) = .1583 (again the table value used β2 and β4 with more than 3 significant decimal digits). A summary statement for the variable coefficient results for the I-Y association shown in the left hand portion of Table B would be that when A was low in the study the variable I was negatively associated with Y. However, for A above study average the variable I was positively associated with Y.

In addition, because the standard error of the factored coefficient of I also varied with A, the variable I was significantly associated with Y for A's at the low end of the range of A's in the study. However, the variable I was nonsignificantly associated with Y for A's above the study average. Overall, when A was low in the study, the variable I was significantly and negatively associated with Y. However, for A above study average the variable I was not associated with Y.

Because β4 was significant, Equation 1 could be refactored to produce a factored coefficient of X, (β1 + β4Z). The interpretation of the factored coefficient (β1 + β4I )A is also shown in Table B. To summarize this portion of Table B, when the variable I was low in the study, the A-Y association was not significant. However, for I at or above the study average the A-Y association was positive and significant.

Quadratics
Turning a quadratic, in a different study suppose in Equation 1 that only Z and ZZ were significant (i.e., β1, β3, β4, β6 and β7 are nonsignificant). In addition assume β2 in the resulting factored coefficient of Z, (β2 + β5Z), was -.191 and β5 was -.092. Table C (also from the pedagogical example) shows the factored coefficient of Z at several different levels of Z, where Z is the latent variable I, and (β2 + β5Z)Z = (-.191 -.092I)I. When the level of I was high in the study (e.g., I = 5) the coefficient of I was (-.191 - .092(5 - 3.8))  -.303 (the variable I had a mean of 3.8, and it was mean centered) (see Column 3 of Table C-- the calculation of Column 3 involved β2 and β4 with more than 3 significant decimal digits). Thus when the level of I was 5 in the study small changes in that level of I were negatively associated with Y. However when I was lower in the study, small changes in I were less strongly associated with Y, and when the level of I was below 2 in the study small changes in the variable I were positively associated with Y.

 
Because the standard error of the factored coefficient of I also varied with I, the variable I was significant for I's at the high end of the range of I's, and I was nonsignificant for I's below the study average (see Column 5 of Table C).

CUBICS


Turning to cubics, in a different study suppose in Equation 1 that only X and XXX were significant (i.e., β2, β3, β4, β5 and β7 are nonsignificant). In addition assume β1 in the resulting factored coefficient of X, (β1 + β6XX)X, was .191 and β6 was .015. Table D (from the pedagogical example) shows the factored coefficient of X at several different levels of XX, where X is the latent variable A, and (β2 + β6XX)X = (.191+.015AA)A. When the level of A was low in the study (e.g., I = 1) the coefficient of A was (.191 + .015(5 - 2.54)2)  .229 (A had a mean of 2.54, and it was mean centered) (see Column 4 of Table C-- the calculation of Column 4 involved β2 and β6 with more than 3 significant decimal digits). Thus when the level of A was 1 in the study small changes in that level of A were positively associated with Y. However when the level of A increased in the study, the association between A and Y declined, then for A above the study average it increased again.

 
Because the standard error of the factored coefficient of A also varied slightly with A, the variable A was more significant at the extremes of the range of A in the study.

COMBINATIONS


Finally, suppose X, XZ and the cubic XXX were significant in a study. Further suppose β1, β4 and β6 were observed to be the same as they were in the earlier studies, so that the factored coefficient of X was (.191+.142Z+.015XX)X. Table E (from the example) provides a slightly different tabulation for the factored coefficient of X at several different levels of Z and XX, where X is the latent variable A, and Z is the latent variable I. To interpret the factored coefficient of X = I, (β1 + β4I + β6AA), when I and A are low in the study (e.g., = 1) the factored coefficient of A is (.191+.142*I+.015AA) = (.191+.142*(1-3.8)+.015*(1-2.54)2  -.173 (I had a mean of 3.8 and A had a mean of 2.54, and both were mean centered) (see Column 1 row 1 of Table E-- the calculation involved β's that had more than 3 significant decimal digits). Thus when I and A were low in the study, (small) changes in A were negatively (but nonsignificantly) associated with Y (see Column 1 row 3). As the Column 1 level of I increased in the study, A's association with Y weakened, until between I equal 2 and 3 it turned positive, and it became significant for values of I just below the study average of I. For higher values of A in Columns 2 through 6 this pattern of nonsignificance for lower values of I, and significance for higher values of I was repeated.

The standard error of the factored coefficient is determined by its variance which can be derived by inspection from Equation 8:

[Var(β1 + β4Z + β6XX)]1/2 = [Var(β1 + β4Z + β6XX)]1/2
  = [Var(β1) + Var(β4Z + β6XX) + 2Cov(β1,β4Z + β6XX)]1/2
  = [Var(β1) + Z2Var(β4) + XX2Var(β6) + 2Z*XX*Cov(β4,β6)

+ 2ZCov(β1,β4) + 2XXCov(β1,β6)]1/2
where the exponent 1/2 indicates the square root. Thus the standard error of this factored coefficient for X varies with the levels of Z and X, and X was negative and nonsignificant for some combination of Z's and X's, and X was be positive and significant for other combinations of X's and Z's in the study.


AN EXAMPLE

For pedagogical purposes a real-world data set will be reanalyzed.
 The structural model

Y = b1S + b2A + b3I + b4C + b5AI + b6II + b7SS + b8AA + ζ
(9

was tested in response to hypotheses that postulated that S, A, I and C were associated with Y; that I moderated the A-Y association, and that there were "diminishing returns-like" behavior in S, A and I (e.g., as S increased, it's association with, or its "effect" on, Y diminished) (see Howard (1989); Jaccard, Turrisi and Wan (1990); and Kenny and Judd (1984) for accessible discussions and examples of quadratics). S, A, I, C and Y were operationalized as latent variables with multiple indicators measured with Likert scales.

Quadratics in S, A and I were specified in Equation 9 because the hypotheses did not stipulate the form of the "diminishing returns-like" relationships between Y, and S, A and I, and quadratics are more familiar (and perhaps more parsimonious) that cubics. In addition, cubics are difficult to jointly estimate with their related quadratics in real-world data because of nonessential ill-conditioning in X, XX and XXX (high intercorrelations) (Dunlap and Kemery, 1988 Marquardt, 1980; see Aiken and West, 1991) that can usually be attenuated only in pairs of X, XX and XXX (e.g., X and XX, X and XXX, XX and XXX).

Before specifying the nonlinear variables (i.e., AI, II, SS, and AA), the consistency, reliability and validity of the first-order latent variables (i.e., S, A, I, C and Y) was verified using LISREL 8 and Maximum Likelihood (ML) estimation. Consistency was attained for the first-order latent variables by estimating a single construct measurement model for S, for example, and omitting the item with the largest sum of first derivatives without regard to sign.
 The single construct measurement model with the remaining indicators of S was then reestimated, and the indicator with the resulting largest sum of first derivatives without regard to sign was omitted. This process of omitting, reestimating, and then omitting the indicator with the resulting largest sum of first derivatives without regard to sign in each reestimation was repeated until the p-value for χ2 in the single construct measurement model for the remaining indicators of S became (just) non zero. This process was repeated for the other first-order latent variables using the EXCEL template "For "weeding" a measure so it "fits the data"..." shown on the previous web page (Ping 2006a), and the resulting measures were judged to have acceptable internal consistency. These first-orders also were judged to be externally consistent (e.g., external consistency was judged to be adequate for these purposes using the model-to-data fit of the measurement model containing S, A, I, C and Y: χ2/df/p-value/GFI/AGFI/CFI/RMSEA = 644/199/0/.894/.861/.950/.070 (MM441)). (Experience suggests that in real-world data the first derivative approach typically produces internally consistent latent variables that are also externally consistent.) They were also judged to be reliable (ρS = .95, ρA = .91, ρI = .90, ρC = .89 and ρY = .87, where ρ denotes reliability) and valid.

To specify the non-linear variable (i.e., AI, II, SS, and AA), single indicators and Equations2, 2a, 3 and 3a were used. First, the indicators of all the first-order latent variables were mean centered to reduce the nonessential ill-conditioning in A, for example, and its related second-order variables (i.e., AI, and AA). Then the mean centered indicators of A were summed and multiplied by the mean centered and summed indicators of I in each case (i.e., to form (a1+a2+... )(i1+i2+...)). Similarly, the single indicators of II, SS and AA were formed in a similar manner in each case.

Then, the consistency, reliability and validity of these second-orders were gauged. The second-orders were judged to be trivially internally consistent, and to judge their external consistency, the Equation 9 measurement model was estimated using LISREL 8 and Maximum Likelihood estimation by fixing the loadings and measurement error variances for the single indicators of AI, II, SS and AA at their Equations 2, 2a, 3 and 3a computed values. Because the resulting measurement model was judged to fit the data (χ2/df/p-value/GFI/AGFI/CFI/RMSEA = 795/267/0/.886/.852/.939/.061) 441MM1, the second-orders were judged to be externally consistent.

The reliability of an interaction XZ, ρXZ , involving mean centered X and Z is 

Corr 2X,Z + ρXρZ
ρXZ =  ——————— 







       (9a

  Corr 2X,Z + 1

(Bohrnstedt and Marwell 1978, see Busemeyer and Jones 1983), where Corr 2X,Z is the square of the correlation between X and Z, and ρX and ρZ are the reliabilities of X and Z. 

Under the usual assumptions for a mean centered latent variable X,
 the reliability of the quadratic XX, ρXX , is 

 Var(XTXT)

ρXX =  —————— 







       (10

  Var(XX)

2Var2(XT)

      =  ————— 

2Var2(X)
      =  (ρX)2

(Kendall and Stewart, 1958), where (ρX)2 is the square of the reliability of X, since XX is composed of true-score variance, Var(XTXT), and error variance, and Var(XT) = ρXVar(X).

Using these results, the second-order latent variables were judged to be reliable (ρAI = .83, ρII = .81, ρSS = .87, and ρAA = .84) and valid (e.g., their AVE's were above .5).

Next the measurement model for a reduced Equation 9 that excluded AI, II, SS and AA that was used to gauge the external consistency of the first-order latent variables was examined. Using its loadings and measurement error estimates for S, A, I, Equations 2, 2a, 3 and 3a were used to calculate the loadings and measurement error variances for AI, II, SS and AA.

Then the Equation 9 measurement model was estimated using LISREL and Maximum Likelihood estimation by fixing the loadings and measurement error variances for AI, II, SS and AA at their Equations 2, 2a, 3 and 3a computed values. This measurement model was judged to fit the data, suggesting AI, II, SS and AA were externally consistent. (They were trivially internally consistent, and experience suggests that for consistent first order latent variables, their interactions and quadratics specified using the Ping 1995 approach will be externally consistent in real world data.) The resulting loadings and measurement error variances for S, A, I, C and Y in the structural model were judged sufficiently similar to those from the measurement model for S, A, I, C and Y, and that a second measurement model estimation was not necessary.

Then the Equation 9 structural model was estimated using LISREL and Maximum Likelihood estimation. This structural model was judged to fit the data (χ2/df/p-value/GFI/AGFI/CFI/RMSEA = 794/267/0/.884/.850/.940/.064 MM). The resulting loadings and measurement error variances for S, A, I, C and Y in the structural model also were judged sufficiently similar to those from the measurement model for S, A, I, C and Y, and that a second structural model estimation was not necessary.

The results suggested that AI and II were significant in Equation 9, but they also suggested that SS and AA were not significant.

CUBICS IN S AND A

Because the exact mathematical form of the hypothesized "diminishing returns-like" association between Y, and S and A were not hypothesized, the nonsignificant SS and AA were replaced in the Equation 9 model with Sc(SS)c and Ac(AA)c to produce the structural model, 

Y = b1S + b2A + b3I + b4C + b5AI + b6II + b9SSS + b10AAA + ζ
(9a, 11

The consistency, reliability and validity of the cubics were gauged next. 

The latent variable Sc(SS)c was judged to be trivially internally consistent, but to judge its external consistency, several steps were required. To specify Sc(SS)c in the Equation 11 measurement model, the product indicator sc(ss)c = [Σsju - M(Σsju)][(Σsju)(Σsju) - M((Σsju)(Σsju))] was computed in each case, where sju are the uncentered indicators of S, and M denotes a mean. Specifically, using the results from the measurement model that was used to gauge the external consistency of S, A, I, C and Y, and Equations 4e and 4f, the loading and measurement error variance of Sc(SS)c was computed. Similarly, the loading and measurement error variance of Ac(AA)c was computed. Then, the Equation 11 measurement model was estimated using LISREL 8 and Maximum Likelihood estimation by fixing the loadings and measurement error variances for the single indicators of AI and II at their previous values, and the loadings and measurement error variances for Sc(SS)c, and Ac(AA)c at their computed values using the cubic EXCEL template shown on the previous web page. The resulting loadings and measurement error variances for S, A, I, C and Y in the structural model were judged sufficiently similar to those from the measurement model for S, A, I, C and Y, and that a second measurement model estimation was not necessary. Because the resulting measurement model fit the data Sc(SS)c, and Ac(AA)c were judged to be externally consistent. (Experience suggests that in real world data this cubic specification is externally consistent.)

The reliability of Sc(SS)c is

   Corr 2(Sc,(SS)c) + ρScρ(SS)c
ρSc(SS)c =  ———————————— ,





       (12

      Corr 2(Sc,(SS)c) + 1

(see Equation 9a) where ρ denotes reliability and Corr 2(Sc,(SS)c) is the square of the correlation between Sc and (SS)c (Bohrnstedt and Marwell 1978). However, estimates of Corr(Sc,(SS)c) were difficult to obtain because Sc and (SS)c were nonessentially ill-conditioned (highly correlated) and their measurement model produced correlations greater than one. Nevertheless, assuming Corr2(Sc,(SS)c) is 1, and substituting the reliability of Sc (= ρS) and the reliability of (SS)c = SuSu - M(SuSu) into Equation 12,

μ2ρSu + μ2ρSu + 2μ2Corr(Su,Su) + Corr 2(Su,Su) + ρSuρSu
ρ(SS)c =  ————————————————————— ,



 μ2 + μ2 + 2μ2Corr(Su,Su) + Corr 2(Su,Su) + 1

2μ2ρSu + 2μ2 + 1 + ρSuρSu
      =  —————————— 





       (12a




4μ2 + 2

2μ2ρS + 2μ2 + 1 + ρS2
      =  —————————— 





       (12b




4μ2 + 2

(Bohrnstedt and Marwell 1978) (μ = M(Σij)/SD(S), where M denotes mean and SD denotes standard deviation), produced a rough estimate of the reliability of Sc,(SS)c (ρSc(SS)c ≈ .81). Another reliability estimate for Sc,(SS)c was available from its squared multiple correlation in the Equation 11 measurement model (and the Equation 11 structural models, estimated later) (ρSc(SS)c ≈ .80).
 Using these roughly similar results, Sc,(SS)c was judged to be reliable, and it was judged to be valid.
 Using similar estimates, Ac,(AA)c was judged to be reliable and valid.


The results of the Maximum Likelihood estimation using LISREL are shown in Table A. In summary, the first-order variables were associated with Y as hypothesized, except for S. In addition, I moderated the A-Y association, and the Y associations with S, A and I were "diminishing returns-like."

Because of the significant non-linear terms the coefficients of S, A and I should be interpreted using factored coefficients. The interpretation for the factored coefficient for A ((b2+b5I+b10AA)A) is shown in Table E and has already been discussed. The interpretation of the factored coefficient for I is similar (not shown). It turns out that S does not have a factored coefficient in the population because the coefficient of S is NS (i.e., the factored coefficient is (0+b9SS)S = b9SSS). Thus SSS cab be interpreted using more familiar techniques such as a graph of Y (= SSS) versus S (see Table F).

Since the Y associations with S A and I were hypothesized to exhibit "diminishing returns-like" behavior, graphs of Y versus S, Y versus A, and Y versus I may be useful in order to verify this hypothesized behavior (see Table F and G).


COMMENTS

While it is reasonable to expect the Equation 4 and 4a specification of a cubic to be acceptably unbiased and consistent, such a demonstration is beyond the scope of this paper. (However, a simulated data set generated with the Equation 9 structural model parameters and the psychometrics of S, A, I, C, AI, II, SS and AA produced results that were practically equivalent to those shown in Table A. This hints that the specification may be trustworthy.) 

As mentioned earlier, quadratics and cubics are difficult to estimate together. Centering the first-order variables (e.g., X and Z) reduces the collinearity between X, for example, and XX. However, it does not reduce the collinearity between XX and XXX. In the above example, the error-free correlation between SS and SSS, for example, was almost 1, and estimation was impossible without using LISREL's Ridge Option, and attendant inflated structural coefficient estimates and standard errors. Such estimates are inconsistent (i.e., they are likely to be very different in the next study), and thus of little use in theory testing. While there are several ways to center XX to reduce the collinearity between XX and XXX, they invariably increase the collinearity between X and XX, which again produces inconsistent estimates. Thus, we may never know if quadratics and cubics can actually occur together in (real world) survey data.

Some authors believe interactions and quadratics are more likely than their reported occurrence in published survey research suggests. Our experience and the above example hint that quadratics and cubics may be even more common that interactions in survey data (e.g., Howard 1989) (also see McClelland and Judd 1993 for evidence that suggests that interactions in survey data should not be common).

CONCLUSION

The purpose of the paper was to suggest a specification for a latent variable cubic. A pedagogical example was also provided that illustrated its estimation and interpretation. The reliability and standard error of a cubic was derived, and as a separate matter, the pedagogical example contained a suggested sequential procedure for testing hypothesized satiation or diminishing returns in a first-order latent variable (e.g., the latent variables S and A).

While the suggested specification of a latent variable cubic is a small step forward, more work remains to be done to demonstrate that this specification is acceptably unbiased and consistent. Specifically, because the suggested specification used the Kenny and Judd (1984) normality assumptions, and the pedagogical example used maximum likelihood estimation, the suggested specification should be formally investigated with the nonnormal data and small sample sizes typical of substantive theoretical model testing, and with low reliabilities and small cubic coefficient sizes (e.g., Ping 1995). These investigations were beyond the exploratory purposes of this paper. 
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Table A- Equation 9a Estimation Resultsa
Y = -.061S + .191A  -  .191I   +  .066C + .142AI  -  .092II  -  0.020SSS + 0.015AAA + ζ (= .346)

       (0.063)   (0.048)   (0.060)    (0.021)   (0.058)    (0.045)      (0.005)         (0.004)         (0.037)    (SE)

        -0.97        3.95      -3.17        3.12       2.43        -2.03         -3.91               3.37             9.32     t-value

χ2 = 806
GFIb = .88
CFIc = .940

df = 267
AGFIb = .85
RMSEAd = .067
R2 for Y = .216

───────────────────────
a Using LISREL and Maximum Likelihood.

b Shown for completeness only-- GFI and AGFI may be inadequate for fit assessment in larger models (see Anderson and Gerbing 1984).

c .90 or higher indicates acceptable fit (see McClelland and Judd 1993).

d .05 suggests close fit, .051-.08 suggests acceptable fit (Brown and Cudeck 1993, Jöreskog 1993).

Table B- Variable Y Associations with A and I Due to the AI Interaction in Table A

         I-Y Association Moderated by Aa               A-Y Association Moderated by If    
                                              SE of      t-value                                              SE of     t-value

                   Cen-          I            I           of I                      Cen-         A            A         of A     

       A          tered     Coef-     Coef-      Coef-          I        tered       Coef-     Coef-     Coef-

     Levelb      Ac        ficientd   ficiente    ficient      Levelg     Ih         ficienti   ficientj   ficient
        1
-1.54
-0.411
0.102
-4.05
1
-2.8
-0.208      0.169
-1.23 


        2
-0.54
-0.269
0.064
 -4.18
2
-1.8
-0.065      0.114
-0.57 

      2.542
 0 
-0.192
0.060
 -3.17
3
-0.8
0.077      0.066
1.18 

        3
 0.46
-0.126
0.069
 -1.81
3.8k
0
0.192      0.048
 3.96

        4
 1.46
0.017
0.111
 0.15
4
0.2
0.220      0.050
4.36

        5
2.46
0.160
0.164
 0.97
5
1.2
0.363      0.088
 4.14 

      (1)          (2)          (3)          (4)          (5)          (6)        (7)          (8)           (9)       (10)     (Column









Number)

a
The table displays the unstandardized associations of A and I with Y produced by the significant AI interaction in Table A (see Footnotes d and i). In Columns 1-5 when the existing level of A was low in Column 1, (small) changes in I were negatively associated with Y (see Columns 3 and 5). At higher levels of A however, I was less strongly associated with Y, until above the study average for A, the association was nonsignificant (see Column 5). For higher levels of A, I was negatively but nonsignificantly associated with Y.

b
A is determined by the observed variable (indicator) with the loading of 1 on A (i.e., the indicator that provides the metric for A). The value of this indicator of A ranged from 1 (= low A) to 5 in the study.

c
Column 1 minus 2.54.

d  The factored (unstandardized) coefficient of I was (-.191+.142A)I with A mean centered. E.g., when A = 1 the coefficient of I was -.191+.142*(1 - 2.54)  -.411.

e  The Standard Error of the A coefficient was:

     ADVANCE \r0

ADVANCE \r0___________   ADVANCE \r0

ADVANCE \r0     ______________________________       ______________________________

    Var(βI+βAIA)  =  Var(βI) + A2Var(βAI) + 2ACov(βI,βAI)  =  SE(βI)2 + A2SE(βAI)2 + 2ACov(βI,βAI) ,

   where Var and Cov denote variance and covariance, SE is the standard error, and β denotes unstandardized

   structural coefficients from Table A.

f
This portion of the table displays the unstandardized associations of A and Y moderated by I. When I was low in Column 6, the A association with Y was not significant (see Column 10). However, as I increased, A's association with Y strengthened, until at the study average it was positively associated with Y (see columns 8 and 10).

g
I is determined by the observed variable (indicator) with the loading of 1 on I (i.e., the indicator that provides the metric for I). The value of this indicator of I ranged from 1 (= low Z) to 5 in the study. 

h
Column 6 minus 3.8.

i
The factored (unstandardized) coefficient of A was (.191+.142I)A with I mean centered. E.g., when I = 1 the coefficient of A was .191+.142*(1-3.8)  -.208.

j  The Standard Error of the A coefficient is

     ADVANCE \r0

ADVANCE \r0

ADVANCE \r0

ADVANCE \r0

ADVANCE \r0

ADVANCE \r0____________    ADVANCE \r0

ADVANCE \r0______________________________     ADVANCE \r0

ADVANCE \r0  _____________________________

    Var(βA+βAII)  =  Var(βA) + I2Var(βAI) + 2ICov(βA,βAI)  =  SE(βA)2 + I2SE(βAI)2 + 2ICov(βA,βAI) ,

   where Var and Cov denote variance and covariance, SE is the standard error, and β denotes unstandardized

   structural coefficients from Table A.

k  Mean value in the study.

Table C- Variable Y Associations with I Due to the II Quadratic in Table A

          I-Y Association Moderated by Ia         

                                              SE of       t-value

                  Cen-        I              I             of I         

        I         tered    Coef-      Coef-         Coef-  

     Levelb      Ic       ficientd   ficiente      ficient  


1
-2.8
0.067
0.110
0.61



2
-1.8
-0.025
0.073
 -0.34


3
-0.8
-0.118
0.053
-2.23

      3.8f
 0
-0.192
0.060
 -3.17


4
 0.2 
-0.210
0.065
 -3.21


5
1.2
-0.303
0.099
 -3.04

      (1)          (2)          (3)          (4)          (5)         (Column Number)

a
The table displays the unstandardized associations of I with Y produced by the significant quadratic II shown in Table A (see Footnote d). When the existing level of I was low in Column 1, small changes in I were not associated with Y (see Column 2). As the Column 1 level of I increased in the study however, I's association with Y strengthened (i.e., became larger in Column 2), and small changes in I were significantly associated with Y when the level of I was at or above 3 (see Column 4). 

b
I is determined by the observed variable (indicator) with the loading of 1 on I (i.e., the indicator that provides the metric for I). The value of this indicator of I ranged from 1 (= low I) to 5 in the study. 

c
Column 1 minus 3.8.

d
The factored (unstandardized) coefficient of I was (-.191-.092I)I with I mean centered. E.g., when I = 1 the coefficient of I was -.191 -.092*(1-3.8) = .067.

e
The Standard Error of the I coefficient was:

      _________       _____________________________        ___________________________

    Var(βI+βII)  =  Var(βI)+I2*Var(βII)+2*I*Cov(βI,βII)   =  SE(βI)2 + I2SE(βII)2 + 2ICov(βI,βII) ,

where Var and Cov denote variance and covariance, SE is the standard error, and β denotes unstandardized structural coefficients from Table A.

f
The mean of I in the study.

Table D- Variable Y Associations with A Due to the AAA Cubic in Table A 

   A-Y Association Moderated by the Level of Aa  
             Cen-      Cen-                      SE of       t-value

             tered      tered          A           A           of A

   A          A         AA        Coef-      Coef-       Coef-

 Levelb  Valuec  Valued     ficient e   ficientf     ficient
    1
-1.54
2.37
0.229
0.047
4.90

    2
-0.54
0.29
 0.196
0.048
 4.08  

  2.54g
     0
0
0.192
0.048
3.96

    3
0.46
0.21
 0.195
0.048
 4.05

    4
 1.46
2.13
0.225
0.047
4.81

    5        
2.46
6.05
 0.286
0.049
 5.84

(1)
 (2)
(3)
  (4)
    (5)          (6)      (Column Number)

a
The table displays the unstandardized association of A with Y produced by the significant cubic AAA in Table A (see Footnote f). When the existing level of A was low in Column 1, small changes in the level of A were positively associated with in Y (see Column 4). As the Column 1 level of A increased in the study, A's association with Y weakened slightly (i.e., became smaller in Column 4), and it's significance declined. However, for A above the study average its association with Y increased again and significance increased (see Column 6). 

b
A is determined by the observed variable (indicator) with the loading of 1 on A (i.e., the indicator that provides the metric for A). This indicator of A ranged from 1 (= low A) to 5 in the study.

c
Column 1 minus 2.54.

d
Equals the square of Column 2.

e
The factored (unstandardized) coefficient of A was (.191+.015AA) with A mean centered. E.g., when A = 1 the coefficient of A is .191 + .015*2.37  .229.

f
The Standard Error of the A coefficient is:

   ______________        ___________________________________

 Var(βA+βAAAAA)  =  Var(βA)+AA2Var(βAAA)+2AACov(βA,βAAA)

                                       ___________________________________

     =  SE(βA)2 + AA2SE(βAA)2 + 2AACov(βA,βAA) ,

where Var and Cov denote variance (= SE2) and covariance, and β denotes the unstandardized structural coefficients shown in Footnote e.

g
The mean of X in the study.

Table E- Variable Y Associations with A Due to the AI Interaction and the AAA Cubic in Table A 

                            A-Y Association Moderated by the Level of I and AAa                   
I    
Centrd








Levelb
    Ic    
                     A Coefficientd                                      







1
-2.8
-0.173
-0.204
-0.208
-0.204
-0.173
-0.111




0.166
0.168
0.169
0.168
0.166
0.162
SEe



‑1.04
-1.21
-1.23
-1.21
-1.04
-0.68
t-value

2
-1.8
-0.030
-0.061
-0.065
-0.061
-0.030
0.032




0.111
0.113
0.114
0.113
0.111
0.107
SEe



-0.27
-0.54
-0.57
-0.54
-0.27
0.30
t-value

3
-0.8
0.112
0.081
0.077
0.081
0.112
0.175




0.062
0.065
0.066
0.065
0.062
0.061
SEe



1.80
1.25
1.18
1.25
1.80
2.88
t-value

3.8
0
0.227
0.195
0.192
0.195
0.227
0.289




0.047
0.048
0.048
0.048
0.047
0.049
SEe



4.86
4.06
3.96
4.06
4.86
5.87
t-value

4
0.2
0.255
0.224
0.220
0.224
0.255
0.318




0.049
0.050
0.050
0.050
0.049
0.053
SEe



5.17
4.46
4.36
4.46
5.17
6.01
t-value

5
1.2
0.398
0.367
0.363
0.367
0.398
0.460




0.089
0.088
0.088
0.088
0.089
0.094
SEe



4.48
4.18
4.14
4.18
4.48
4.91
t-value



2.25
0.25
0
0.25
2.25
6.25
Centrd AAf



-1.5
-0.5
0
0.5
1.5
2.5
Centrd Ag



1
2
2.54
3
4
5
A Level

(1)
(2)
(3)
(4)
(5)
(6)      (Column Number)

a
The table displays the unstandardized associations of A with Y produced by the significant interaction AI and cubic AAA in Table A (see Footnote d). When the existing levels of I and A were low in Column 1, row 1, small changes in the level of A were negatively but nonsignificantly associated with in Y. As the Column 1 level of I increased in the study, A's association with Y weakened then turned positive and became significant at and above the study average of I. This pattern was more or less consistent for existing levels of A in Columns 2 through 6. (Thus the cubic contributed little)

b
I is determined by the observed variable (indicator) with the loading of 1 on I (i.e., the indicator that provides the metric for I). This indicator of I ranged from 1 (= low I) to 5 in the study.

c
Rows minus 3.8.

d
The factored (unstandardized) coefficient of A was (.191+.142I+.015AA) (see Table A) with A mean centered. E.g., when I = 1 and A = 1 the coefficient of A was .191 + .142*(1-3.8) + .015*(1-2.54)2  -.173.

e
The Standard Error of the A coefficient is:

   _________________        _______________________________________________________________________

 Var(βI+βAII+βAAAAA) = Var(βI)+I2Var(βAI)+AA2Var(βAAA)+2IAACov(βAI,βAAA)+2ICov(βI,βAI)+2AACov(βI,βAAA)

          ___________________________________________________________________________

                           ____________________________________________________________________________

     =  SE(βI)2+I2SE(βAI)2+AA2SE(βAA)2+2IAACov(βAI,βAAA)+2ICov(βI,βAI)+2AACov(βI,βAAA)) ,

where Var and Cov denote variance (= SE2) and covariance respectively, and β denotes the unstandardized structural coefficients shown in Footnote d.

f
Equals the square of the values in the row below.

g
Column values minus 2.54.

Table F- The Observed Relationship Between Y and S (Y = b9SSS) in Equation 9aa (Note: to view the complete graph zoom to 150%)
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    Y at Selected Levels of S    



S   
Centrd
Y = 

Level
    S    
b9SSSb

1
‑3.16
0.64

2
‑2.16
0.21

3
‑1.16
0.03

4
‑0.16
0

5
0.84
‑0.01

a
The table and graph display (predicted) Y = b9SSS at selected values of S in the study (with the other variables held constant). As suggested by the graph, as S increased from 1 to 5 in the study (with the other variables held constant), Y was likely to decrease at a declining rate, with a "scree point" at S = 3. From that point on Y was likely to change little as S increased. Thus S's association with Y exhibited "diminishing returns" to S, or satiation in Y. 

b
Using centered S and centered Y. This illustrates a difficulty with the required use of centered data. Y actually ranged from 1 to 5 in the study, and did not assume values below 1. Nevertheless, the shape of the graph is correct, and thus the interpretation in Footnote a is also correct.

Table G- The Observed Relationships Between Y and I and A in Equation 9aa (Note: to view the complete graphs zoom to 150%)
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(a) Y at Selected Levels of Ib



I   
Centrd
Y = b3I

Level
      I    
 + b6II 

1
‑2.8
‑0.19

2
‑1.8
0.05

3
‑0.8
0.09

4
0.2
‑0.04

5
1.2
‑0.36
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A   
Centrd
Y =  

Level
     A   
b10AAA

1
‑1.54
‑0.35

2
‑0.54
‑0.11

3
0.46
0.09

4
1.46
0.33

5
2.46
0.7

a
The tables and graphs display (predicted) Y at selected values of I and A in the study (with the other variables held constant).

b
Using centered I and centered Y. As suggested by the graph, as the variable I increased from 1 to 5 in the study (with the other variables held constant), Y was likely to increase at a declining rate, with maximum at I = 3. From that point on Y was likely to decrease as the variable I increased. Thus I was associated with Y as hypothesized, and it exhibited "diminishing returns" to S, or satiation in Y at lower I. However at higher levels of I, increasing the variable I increased or amplified Y.
c
Using centered A and centered Y. As suggested by the graph, as the variable A increased from 1 to 5 in the study (with the other variables held constant), Y was likely to increase at a slightly declining rate. However, at approximately A = 3, further increases in A were likely to increase Y at a slightly increasing rate. Thus A was associated with Y as hypothesized, and it exhibited "diminishing returns" to A, or satiation in Y at lower I. However at higher levels of A, the association between Y and A changed slightly, requiring further explanation.
� The Kenny and Judd normality assumptions were that each of the latent variables X and Z is independent of their measurement errors (εx1, εx2, εz1, and εz2), the measurement error are mutually indepen�dent, the indicators x1, x2, z1, and z2 , and the measurement errors (εx1, εx2, εz1, and εz2) are multivar�iate nor�mal.


� Using Equation 4a, this simplifies to the loading, ΛXXX, of the cubic XXX  





ΛXXX  = (ΛX )3, 									        (4e





and the error variance ΘXW of the cubic XXX is 





ΘXW = ΛX2Var(X)ΘW + ΛW2Var(W)ΘX + ΘXΘW .





Substituting for ΘW and Var(W) using Equations 4b and 4d respectively and simplifying





ΘXW = ΛX2Var(X)[4(Σλxi)2[E2(Σxiu)Var(Σεxi) + Var(X)Var(Σεxi)] + 2Var2(Σεxi)]


 


+ ΛW2 [4E2(Σxiu)Var(X) + 2Var2(X)]ΘX 





+ ΘX[4(Σλxi)2[E2(Σxiu)Var(Σεxi) + Var(X)Var(Σεxi)] 	+ 2Var2(Σεxi)]	





        = ΛX2Var(X)[4(Σλxi)2E2(Σxiu)Var(Σεxi) + 4(Σλxi)2Var(X)Var(Σεxi) + 2Var2(Σεxi)]





+ ΛW2 4E2(Σxiu)Var(X) ΘX + ΛW22Var2(X)ΘX�


+ ΘX4(Σλxi)2E2(Σxiu)Var(Σεxi) + 4(Σλxi)2Var(X)Var(Σεxi) ΘX + 2Var2(Σεxi) ΘX





        = ΛX2Var(X)4(Σλxi)2E2(Σxiu)Var(Σεxi) + ΛX2Var(X)4(Σλxi)2Var(X)Var(Σεxi) 


+ ΛX2Var(X)2Var2(Σεxi)





+ ΛW2 4E2(Σxiu)Var(X)ΘX + ΛW22Var2(X)ΘX





+ ΘX4(Σλxi)2E2(Σxiu)Var(Σεxi) + 4(Σλxi)2Var(X)Var(Σεxi)ΘX + 2Var2(Σεxi)ΘX





        = 4ΛX4Var(X)ΘXE2(Σxiu) + 4ΛX 4Var(X)2ΘX + 2ΛX2Var(X)ΘX2





+ 4ΛX4Var(X)ΘXE2(Σxiu) + 2ΛX4Var2(X)ΘX





+ 4ΛX2ΘX2E2(Σxiu) 				 + 4ΛX2Var(X)ΘX2 + 2ΘX 3 





        = 8ΛX4Var(X)ΘXE2(Σxiu)  + 6ΛX4Var(X)2ΘX  + 6ΛX2Var(X)ΘX2





+ 4ΛX2ΘX2E2(Σxiu) + 2ΘX3 ,								       (4f





which are available in a "first-orders only" measurement model containing X, and for unidimensional first-order LV's, can be reestimated using the structural model (i.e., using "2-steps, see Ping 1995).


� The variable names have been disguised to skirt non pedagogical issues such as the theory behind the model, etc.


� Omitting an item must be done with concern that the omitted item does not degrade content or face validity.


� Authors disagree on what comprises an adequate set of validity criteria (e.g., Bollen 1989, Campbell 1960, DeVellis 1991, Heeler and Ray 1972, Nunnally 1978, Peter 1981). Nevertheless, a minimal demonstration of validity might include content or face validity (how well a latent variable's indicators tap its conceptual definition), construct validity (its correlations with other latent variables are theoretically sound), convergent validity (e.g., its average extracted variance (Fornell and Larker 1981) is greater than .5), and discriminant validity (e.g., its correlations with other measures are less than .7) (e.g., Bollen 1989, DeVellis 1991, Fornell and Larker 1981, Nunnally 1978). The validity of the study measures was qualitatively assessed considering their reliability and their performance over this minimal set of validity criteria.





� For normally distributed X = XT + eX , where XT denotes the true-score and eX is measurement error, the expectation of the measurement error is assumed to be zero, and X and XT are independent of the measurement error.





� AI is content or face valid if A and I are content valid and the specification of AI includes all the indicators of A and I. The formula for the Average Variance Extracted (AVE) of a quadratic is Σ(λxiλxj)2Var(XX)/[Σ(λxiλxj)2Var(XX) + ΣVar(εxx)], where Σ(λxiλxj)2 is the sum of squares of λxiλxj, i = 1 to n, j = 1 to n, i can equal j, n is the number of indicators of X, and Var(XX) is the error dissattenuated variance of XX (available in the structural model) (Fornell and Larker 1981) (see Equations 2 and 2a). However, the construct (correlational) validity of a second-order is usually impossible to judge.


� The squared multiple correlation of Sc,(SS)c is equivalent to Werts, Linn and Jöreskog's (1974) proposed formula for computing latent variable reliability, (Σλxi)2Var(X)/[(Σλxi)2Var(X) + Var(Σεxi)]. Experience suggests that for second-order latent variables it is practically equivalent to Bohrnstedt and Marwell (1978) calculated results for unstandardized X in real-world data.





� Sc,(SS)c is content or face valid if S is content valid and the specification of Sc,(SS)c includes all the indicators of S. The formula for the Average Variance Extracted (AVE) of a cubic in the proposed specification is Σ(λxi2λxj)2Var(XW)/[Σ(λxi2λxj)2Var(XW) + ΘXW] (Fornell and Larker 1981) (see Equations 4a through 4d), where Σ(λxi2λxj)2 is the sum of the squares of λxi2λxj, i = 1 to n, j = 1 to n, j ≥ i, Var(XW) is the error dissattenuated variance of XW (available in the structural model) and n is the number of indicators of X. However, the construct (correlational) validity of a third-order is usually impossible to evaluate.
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		SSS														AAA																IxI

								Sat														Alt														Inv														Inv

		Sat		Centrd		Centrd		Coef-								Alt		Centrd		Centrd		Coef-										Inv		Centrd		Coef-										Inv		Centrd		Coef-

		Level		Sat		SxS		ficient*		SE**		t				Level		Alt		AxA		ficient*		SE**		t		bAAA				Level		Inv		ficient*		SE**		t		bII				Level		Inv		ficient*		SE**		t		bII

		1		-3.16		9.99		-0.265		0.095		-2.80				1		-1.54		2.37		0.229		0.047		4.90		-0.352				1		-2.8		0.067		0.110		0.61		-0.19				1		-2.8		0.067		0.110		0.61		-0.19

		1.2		-2.96		8.76		-0.240		0.090		-2.68				2		-0.54		0.29		0.196		0.048		4.08		-0.106				2		-1.8		-0.025		0.073		-0.34		0.05				2		-1.8		-0.025		0.073		-0.34		0.05

		2		-2.16		4.67		-0.156		0.075		-2.09				2.54		0		0.00		0.192		0.048		3.96		0.000				3		-0.8		-0.118		0.053		-2.23		0.09				3		-0.8		-0.118		0.053		-2.23		0.09

		3		-1.16		1.35		-0.089		0.066		-1.35				3		0.46		0.21		0.195		0.048		4.05		0.090				3.8		0		-0.192		0.060		-3.17		0.00				4		0.2		-0.210		0.065		-3.21		-0.04

		4		-0.16		0.03		-0.062		0.063		-0.98				4		1.46		2.13		0.225		0.047		4.81		0.328				4		0.2		-0.210		0.065		-3.21		-0.04				5		1.2		-0.303		0.099		-3.04		-0.36

		4.16		0		0.00		-0.061		0.063		-0.97				5		2.46		6.05		0.286		0.049		5.84		0.703				5		1.2		-0.303		0.099		-3.04		-0.36

		5		0.84		0.71		-0.076		0.064		-1.17
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																																*** Altered-- orig. = .05561
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		Level		Sat		SxS		ficient*		SE**		t		bSxSxS				Level		Sat		SxS		ficient*		SE**		t		bSxSxS										Alt

		1		-3.16		9.99		-0.204		0.052		-3.91		0.64				1		-3.16		9.99		-0.204		0.052		-3.91		0.64				Alt		Centrd		Centrd		Coef-
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		SE bsat		SE bsss		r(bsat,bsss)		Cov(bsat,bsss)

		0		0.00522		0		0

		bsat		0

		bsss		-0.0204

		* (0+bsssS*S)

		** 0+SxS^2V(bsss)+0
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						-1.04		-1.21		-1.23		-1.21		-1.04		-0.68		t		1		-1.54		-0.411		0.102		-4.05

		2		-1.8		-0.030		-0.061		-0.065		-0.061		-0.030		0.032				2		-0.54		-0.269		0.064		-4.18

						0.111		0.113		0.114		0.113		0.111		0.107		SE**		2.54		0		-0.192		0.060		-3.17

						-0.27		-0.54		-0.57		-0.54		-0.27		0.30		t		3		0.46		-0.126		0.069		-1.81

		3		-0.8		0.112		0.081		0.077		0.081		0.112		0.175				4		1.46		0.017		0.111		0.15

						0.062		0.065		0.066		0.065		0.062		0.061		SE**		5		2.46		0.160		0.164		0.97

						1.80		1.25		1.18		1.25		1.80		2.88		t

		3.8		0		0.227		0.195		0.192		0.195		0.227		0.289				SE binv		SE baxi		r(binv,baxi)		Cov(binv,baxi)

						0.047		0.048		0.048		0.048		0.047		0.049		SE**		0.06033		0.05869		0.13556		0.0004799865

						4.86		4.06		3.96		4.06		4.86		5.87		t		binv		-0.19154

		4		0.2		0.255		0.224		0.220		0.224		0.255		0.318				baxi		0.14276

						0.049		0.050		0.050		0.050		0.049		0.053		SE**		* (binv+baxiA)

						5.17		4.46		4.36		4.46		5.17		6.01		t		** V(binv)+A^2V(baxi)+2ACov(binv,baxi)

		5		1.2		0.398		0.367		0.363		0.367		0.398		0.460

						0.089		0.088		0.088		0.088		0.089		0.094		SE**

						4.48		4.18		4.14		4.18		4.48		4.91		t

						2.25		0.25		0		0.25		2.25		6.25		Centrd AA

						-1.5		-0.5		0		0.5		1.5		2.5		Centrd Alt

						1		2		2.5		3		4		5		Alt Level

		SE balt		SE baxi		SE baaa		r(balt,baxi)		r(balt,baaa)		r(baxi,baaa)

		0.04841		0.05869		0.00463		0.05488		-0.27024		0.25272

								0.0001559241		-0.0000605711		0.0000686728		Cov

		balt		0.19157

		baxi		0.14276

		baaa		0.0156

		* balt+baxi I+baaaAxA

		** V(balt)+I^2V(baxi)+AxA^2Var(baaa)+2I*AxACov(baxi,baaa)+2ICov(balt,baxi)+2AxACov(balt,baaa)

		I(I+A+binv)																		A(I+balt)

		Alt		Centrd																				Alt

		Level		Alt		Inv Coef*														Inv		Centrd		Coef-

		1		-1.54		-0.152		-0.245		-0.337		-0.411		-0.430		-0.522				Level		Inv		ficient*		SE**		t

						0.200		0.155		0.118		0.102		0.100		0.111		SE**		1		-2.8		-0.208		0.169		-1.23

						-0.761		-1.583		-2.862		-4.048		-4.287		-4.691		t		2		-1.8		-0.065		0.114		-0.57

		2		-0.54		-0.010		-0.102		-0.195		-0.269		-0.287		-0.380				3		-0.8		0.077		0.066		1.18

						0.156		0.107		0.070		0.064		0.067		0.102		SE**		3.8		0		0.192		0.048		3.96

						-0.062		-0.953		-2.774		-4.182		-4.259		-3.731		t		4		0.2		0.220		0.050		4.36

		2.54		0		0.067		-0.025		-0.118		-0.192		-0.210		-0.303				5		1.2		0.363		0.088		4.14

						0.136		0.087		0.054		0.060		0.067		0.110		SE**

						0.496		-0.286		-2.167		-3.175		-3.155		-2.750		t		SE balt		SE baxi		r(balt,baxi)		Cov(balt,baxi)

		3		0.46		0.133		0.041		-0.052		-0.126		-0.144		-0.237				0.04841		0.05869		0.05488		0.0001559241

						0.123		0.077		0.053		0.069		0.077		0.123		SE**		balt		0.19157

						1.079		0.527		-0.973		-1.815		-1.876		-1.922		t		baxi		0.14276

		4		1.46		0.276		0.183		0.091		0.017		-0.002		-0.094				* (balt+baxiI)

						0.114		0.085		0.087		0.111		0.119		0.164		SE**		** V(balt)+I^2V(baxi)+2ICov(balt,baxi)

						2.410		2.149		1.040		0.152		-0.014		-0.574		t

		5		2.46		0.419		0.326		0.234		0.160		0.141		0.049

						0.134		0.125		0.139		0.164		0.171		0.213		SE**

						3.131		2.619		1.680		0.974		0.824		0.228		t

						-2.8		-1.8		-0.8		0.0		0.2		1.2		Centrd Inv

						1		2		3		3.8		4		5		Inv Level

		SE binv		SE baxi		SE bixi		r(binv,baxi)		r(binv,bixi)		r(baxi,bixi)

		0.06033		0.05869		0.05561		0.13556		0.49871		0.53027

								0.0004799865		0.0016731478		0.0017306692		Cov

		binv		-0.19154

		baxi		0.14276

		bixi		-0.09251

		* binv+baxiA+bixi Inv

		** V(binv)+A^2V(baxi)+I^2Var(bixi)+2I*ACov(baxi,bixi)+2ACov(binv,baxi)+2 I Cov(binv,bixi)

		I(I+A+binv)

		Alt		Centrd

		Level		Alt		Inv Coef*

		1		-1.54		-0.4113904		-0.4113904		-0.4113904		-0.4113904		-0.4113904		-0.4113904

						0.101638403		0.101638403		0.101638403		0.101638403		0.101638403		0.101638403		SE**

						-4.0475881951		-4.0475881951		-4.0475881951		-4.0475881951		-4.0475881951		-4.0475881951		t

		2		-0.54		-0.2686304		-0.2686304		-0.2686304		-0.2686304		-0.2686304		-0.2686304

						0.0642319578		0.0642319578		0.0642319578		0.0642319578		0.0642319578		0.0642319578		SE**

						-4.182192308		-4.182192308		-4.182192308		-4.182192308		-4.182192308		-4.182192308		t

		2.54		0		-0.19154		-0.19154		-0.19154		-0.19154		-0.19154		-0.19154

						0.06033		0.06033		0.06033		0.06033		0.06033		0.06033		SE**

						-3.1748715399		-3.1748715399		-3.1748715399		-3.1748715399		-3.1748715399		-3.1748715399		t

		3		0.46		-0.1258704		-0.1258704		-0.1258704		-0.1258704		-0.1258704		-0.1258704

						0.0693552886		0.0693552886		0.0693552886		0.0693552886		0.0693552886		0.0693552886		SE**

						-1.8148637619		-1.8148637619		-1.8148637619		-1.8148637619		-1.8148637619		-1.8148637619		t

		4		1.46		0.0168896		0.0168896		0.0168896		0.0168896		0.0168896		0.0168896

						0.1112816243		0.1112816243		0.1112816243		0.1112816243		0.1112816243		0.1112816243		SE**

						0.1517734856		0.1517734856		0.1517734856		0.1517734856		0.1517734856		0.1517734856		t

		5		2.46		0.1596496		0.1596496		0.1596496		0.1596496		0.1596496		0.1596496

						0.1638477219		0.1638477219		0.1638477219		0.1638477219		0.1638477219		0.1638477219		SE**

						0.9743779052		0.9743779052		0.9743779052		0.9743779052		0.9743779052		0.9743779052		t

						-2.8		-1.8		-0.8		0		0.2		1.2		Centrd Inv

						1		2		3		3.8		4		5		Inv Level

		SE binv		SE baxi		SE bixi		r(binv,baxi)		r(binv,bixi)		r(baxi,bixi)

		0.06033		0.05869		0		0.13556		0		0

								0.0004799865		0		0		Cov

		binv		-0.19154

		baxi		0.14276

		bixi		0

		* binv+baxiA+0

		** V(binv)+A^2V(baxi)+0+0+2ACov(binv,baxi)+0
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Sheet1

		Using oppc4d_.out

		SSS														AAA																IxI

								Sat														Alt														Inv														Inv

		Sat		Centrd		Centrd		Coef-								Alt		Centrd		Centrd		Coef-										Inv		Centrd		Coef-										Inv		Centrd		Coef-

		Level		Sat		SxS		ficient*		SE**		t				Level		Alt		AxA		ficient*		SE**		t		bAAA				Level		Inv		ficient*		SE**		t		bII				Level		Inv		ficient*		SE**		t		bII

		1		-3.16		9.99		-0.265		0.095		-2.80				1		-1.54		2.37		0.229		0.047		4.90		-0.352				1		-2.8		0.067		0.110		0.61		-0.19				1		-2.8		0.067		0.110		0.61		-0.19

		1.2		-2.96		8.76		-0.240		0.090		-2.68				2		-0.54		0.29		0.196		0.048		4.08		-0.106				2		-1.8		-0.025		0.073		-0.34		0.05				2		-1.8		-0.025		0.073		-0.34		0.05

		2		-2.16		4.67		-0.156		0.075		-2.09				2.54		0		0.00		0.192		0.048		3.96		0.000				3		-0.8		-0.118		0.053		-2.23		0.09				3		-0.8		-0.118		0.053		-2.23		0.09

		3		-1.16		1.35		-0.089		0.066		-1.35				3		0.46		0.21		0.195		0.048		4.05		0.090				3.8		0		-0.192		0.060		-3.17		0.00				4		0.2		-0.210		0.065		-3.21		-0.04

		4		-0.16		0.03		-0.062		0.063		-0.98				4		1.46		2.13		0.225		0.047		4.81		0.328				4		0.2		-0.210		0.065		-3.21		-0.04				5		1.2		-0.303		0.099		-3.04		-0.36

		4.16		0		0.00		-0.061		0.063		-0.97				5		2.46		6.05		0.286		0.049		5.84		0.703				5		1.2		-0.303		0.099		-3.04		-0.36

		5		0.84		0.71		-0.076		0.064		-1.17

		SE bsat		SE bsss		r(bsat,bsss)		Cov(bsat,bsss)								SE balt		SE baaa		r(balt,baaa)		Cov(balt,baaa)										SE binv		SE bixi***		r(binv,bixi)		Cov(binv,bixi)

		0.06307		0.00522		0.34209		0.0001126247								0.04841		0.00463		-0.27024		-0.0000605711										0.06033		0.04541		0.49871		0.0013661194

		bsat		-0.06128												balt		0.19157														binv		-0.19154

		bsss		-0.0204												baaa		0.0156														bixi		-0.09251

		* (bsat+bsssS*S)														* (balt+baaaA*A)																* (binv+bixi Inv)

		** V(bsat)+SxS^2V(bsss)+2SxSCov(bsat,bsss)														** V(balt)+AxA^2V(baaa)+2AxACov(balt,baaa)																** V(binv)+I^2V(bixi)+2ICov(binv,bixi)

																																*** Altered-- orig. = .05561

		SSS																SSS

								Sat																Sat

		Sat		Centrd		Centrd		Coef-										Sat		Centrd		Centrd		Coef-										AAA

		Level		Sat		SxS		ficient*		SE**		t		bSxSxS				Level		Sat		SxS		ficient*		SE**		t		bSxSxS										Alt

		1		-3.16		9.99		-0.204		0.052		-3.91		0.64				1		-3.16		9.99		-0.204		0.052		-3.91		0.64				Alt		Centrd		Centrd		Coef-

		1.2		-2.96		8.76		-0.179		0.046		-3.91		0.53				2		-2.16		4.67		-0.095		0.024		-3.91		0.21				Level		Alt		AxA		ficient*		SE**		t		bAAA

		2		-2.16		4.67		-0.095		0.024		-3.91		0.21				3		-1.16		1.35		-0.027		0.007		-3.91		0.03				1		-1.54		2.37		0.229		0.047		4.90		-0.352

		3		-1.16		1.35		-0.027		0.007		-3.91		0.03				4		-0.16		0.03		-0.001		0.000		-3.91		0.00				2		-0.54		0.29		0.196		0.048		4.08		-0.106

		4		-0.16		0.03		-0.001		0.000		-3.91		0.00				5		0.84		0.71		-0.014		0.004		-3.91		-0.01				3		0.46		0.21		0.195		0.048		4.05		0.090

		4.16		0		0.00		0.000		0.000		0.00		0.00																				4		1.46		2.13		0.225		0.047		4.81		0.328

		5		0.84		0.71		-0.014		0.004		-3.91		-0.01																				5		2.46		6.05		0.286		0.049		5.84		0.703

		SE bsat		SE bsss		r(bsat,bsss)		Cov(bsat,bsss)

		0		0.00522		0		0

		bsat		0

		bsss		-0.0204

		* (0+bsssS*S)

		** 0+SxS^2V(bsss)+0

		A(I+AA+balt)

		Inv		Centrd																I(A+binv)

		Level		Inv		Alt Coef*																		Inv

		1		-2.8		-0.173		-0.204		-0.208		-0.204		-0.173		-0.111				Alt		Centrd		Coef-

						0.166		0.168		0.169		0.168		0.166		0.162		SE**		Level		Alt		ficient*		SE**		t

						-1.04		-1.21		-1.23		-1.21		-1.04		-0.68		t		1		-1.54		-0.411		0.102		-4.05

		2		-1.8		-0.030		-0.061		-0.065		-0.061		-0.030		0.032				2		-0.54		-0.269		0.064		-4.18

						0.111		0.113		0.114		0.113		0.111		0.107		SE**		2.54		0		-0.192		0.060		-3.17

						-0.27		-0.54		-0.57		-0.54		-0.27		0.30		t		3		0.46		-0.126		0.069		-1.81

		3		-0.8		0.112		0.081		0.077		0.081		0.112		0.175				4		1.46		0.017		0.111		0.15

						0.062		0.065		0.066		0.065		0.062		0.061		SE**		5		2.46		0.160		0.164		0.97

						1.80		1.25		1.18		1.25		1.80		2.88		t

		3.8		0		0.227		0.195		0.192		0.195		0.227		0.289				SE binv		SE baxi		r(binv,baxi)		Cov(binv,baxi)

						0.047		0.048		0.048		0.048		0.047		0.049		SE**		0.06033		0.05869		0.13556		0.0004799865

						4.86		4.06		3.96		4.06		4.86		5.87		t		binv		-0.19154

		4		0.2		0.255		0.224		0.220		0.224		0.255		0.318				baxi		0.14276

						0.049		0.050		0.050		0.050		0.049		0.053		SE**		* (binv+baxiA)

						5.17		4.46		4.36		4.46		5.17		6.01		t		** V(binv)+A^2V(baxi)+2ACov(binv,baxi)

		5		1.2		0.398		0.367		0.363		0.367		0.398		0.460

						0.089		0.088		0.088		0.088		0.089		0.094		SE**

						4.48		4.18		4.14		4.18		4.48		4.91		t

						2.25		0.25		0		0.25		2.25		6.25		Centrd AA

						-1.5		-0.5		0		0.5		1.5		2.5		Centrd Alt

						1		2		2.5		3		4		5		Alt Level

		SE balt		SE baxi		SE baaa		r(balt,baxi)		r(balt,baaa)		r(baxi,baaa)

		0.04841		0.05869		0.00463		0.05488		-0.27024		0.25272

								0.0001559241		-0.0000605711		0.0000686728		Cov

		balt		0.19157

		baxi		0.14276

		baaa		0.0156

		* balt+baxi I+baaaAxA

		** V(balt)+I^2V(baxi)+AxA^2Var(baaa)+2I*AxACov(baxi,baaa)+2ICov(balt,baxi)+2AxACov(balt,baaa)

		I(I+A+binv)																		A(I+balt)

		Alt		Centrd																				Alt

		Level		Alt		Inv Coef*														Inv		Centrd		Coef-

		1		-1.54		-0.152		-0.245		-0.337		-0.411		-0.430		-0.522				Level		Inv		ficient*		SE**		t

						0.200		0.155		0.118		0.102		0.100		0.111		SE**		1		-2.8		-0.208		0.169		-1.23

						-0.761		-1.583		-2.862		-4.048		-4.287		-4.691		t		2		-1.8		-0.065		0.114		-0.57

		2		-0.54		-0.010		-0.102		-0.195		-0.269		-0.287		-0.380				3		-0.8		0.077		0.066		1.18

						0.156		0.107		0.070		0.064		0.067		0.102		SE**		3.8		0		0.192		0.048		3.96

						-0.062		-0.953		-2.774		-4.182		-4.259		-3.731		t		4		0.2		0.220		0.050		4.36

		2.54		0		0.067		-0.025		-0.118		-0.192		-0.210		-0.303				5		1.2		0.363		0.088		4.14

						0.136		0.087		0.054		0.060		0.067		0.110		SE**

						0.496		-0.286		-2.167		-3.175		-3.155		-2.750		t		SE balt		SE baxi		r(balt,baxi)		Cov(balt,baxi)

		3		0.46		0.133		0.041		-0.052		-0.126		-0.144		-0.237				0.04841		0.05869		0.05488		0.0001559241

						0.123		0.077		0.053		0.069		0.077		0.123		SE**		balt		0.19157

						1.079		0.527		-0.973		-1.815		-1.876		-1.922		t		baxi		0.14276

		4		1.46		0.276		0.183		0.091		0.017		-0.002		-0.094				* (balt+baxiI)

						0.114		0.085		0.087		0.111		0.119		0.164		SE**		** V(balt)+I^2V(baxi)+2ICov(balt,baxi)

						2.410		2.149		1.040		0.152		-0.014		-0.574		t

		5		2.46		0.419		0.326		0.234		0.160		0.141		0.049

						0.134		0.125		0.139		0.164		0.171		0.213		SE**

						3.131		2.619		1.680		0.974		0.824		0.228		t

						-2.8		-1.8		-0.8		0.0		0.2		1.2		Centrd Inv

						1		2		3		3.8		4		5		Inv Level

		SE binv		SE baxi		SE bixi		r(binv,baxi)		r(binv,bixi)		r(baxi,bixi)

		0.06033		0.05869		0.05561		0.13556		0.49871		0.53027

								0.0004799865		0.0016731478		0.0017306692		Cov

		binv		-0.19154

		baxi		0.14276

		bixi		-0.09251

		* binv+baxiA+bixi Inv

		** V(binv)+A^2V(baxi)+I^2Var(bixi)+2I*ACov(baxi,bixi)+2ACov(binv,baxi)+2 I Cov(binv,bixi)

		I(I+A+binv)

		Alt		Centrd

		Level		Alt		Inv Coef*

		1		-1.54		-0.4113904		-0.4113904		-0.4113904		-0.4113904		-0.4113904		-0.4113904

						0.101638403		0.101638403		0.101638403		0.101638403		0.101638403		0.101638403		SE**

						-4.0475881951		-4.0475881951		-4.0475881951		-4.0475881951		-4.0475881951		-4.0475881951		t

		2		-0.54		-0.2686304		-0.2686304		-0.2686304		-0.2686304		-0.2686304		-0.2686304

						0.0642319578		0.0642319578		0.0642319578		0.0642319578		0.0642319578		0.0642319578		SE**

						-4.182192308		-4.182192308		-4.182192308		-4.182192308		-4.182192308		-4.182192308		t

		2.54		0		-0.19154		-0.19154		-0.19154		-0.19154		-0.19154		-0.19154

						0.06033		0.06033		0.06033		0.06033		0.06033		0.06033		SE**

						-3.1748715399		-3.1748715399		-3.1748715399		-3.1748715399		-3.1748715399		-3.1748715399		t

		3		0.46		-0.1258704		-0.1258704		-0.1258704		-0.1258704		-0.1258704		-0.1258704

						0.0693552886		0.0693552886		0.0693552886		0.0693552886		0.0693552886		0.0693552886		SE**

						-1.8148637619		-1.8148637619		-1.8148637619		-1.8148637619		-1.8148637619		-1.8148637619		t

		4		1.46		0.0168896		0.0168896		0.0168896		0.0168896		0.0168896		0.0168896

						0.1112816243		0.1112816243		0.1112816243		0.1112816243		0.1112816243		0.1112816243		SE**

						0.1517734856		0.1517734856		0.1517734856		0.1517734856		0.1517734856		0.1517734856		t

		5		2.46		0.1596496		0.1596496		0.1596496		0.1596496		0.1596496		0.1596496

						0.1638477219		0.1638477219		0.1638477219		0.1638477219		0.1638477219		0.1638477219		SE**

						0.9743779052		0.9743779052		0.9743779052		0.9743779052		0.9743779052		0.9743779052		t

						-2.8		-1.8		-0.8		0		0.2		1.2		Centrd Inv

						1		2		3		3.8		4		5		Inv Level

		SE binv		SE baxi		SE bixi		r(binv,baxi)		r(binv,bixi)		r(baxi,bixi)

		0.06033		0.05869		0		0.13556		0		0

								0.0004799865		0		0		Cov

		binv		-0.19154

		baxi		0.14276

		bixi		0

		* binv+baxiA+0

		** V(binv)+A^2V(baxi)+0+0+2ACov(binv,baxi)+0
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