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ABSTRACT

Because there is little guidance for estimating interactions involving a second-order latent variable (a latent variable with other latent variables as its "indicators"), the paper explores second-order latent variables and the estimation of a second-order interaction. It suggests a specification for an interaction between a second-order latent variable and a first-order latent variable (a latent variable with observed indicators). It also illustrates the estimation of these interactions/quadratics using real-world data.

FIRST-ORDER-BY-SECOND-ORDER

LATENT VARIABLE INTERACTIONS,

AND SECOND-ORDER LATENT VARIABLES

Tests of hypothesized latent variable interactions (e.g., XZ in

Y = β0 + β1X + β2Z + β3XZ + ζY ,
(1

where X and X are latent variables, β1 through β3 are unstandardized structural coefficients, β0 is an intercept, and ζY is the structural disturbance term) in theoretical (hypothesis testing) models have appeared in substantive articles (e.g., Bansal & Taylor, 2002; Bhuian, Menguc & Borsboom, 2005; Bisbe & Otley, 2004; Cadogan, Cui & Li, 2003; Capaldi & Stoolmiller, 1999; De Ruyter & Wetzels, 2000; Featherman & Pavlou, 2003; Fullerton & Taylor, 2002; Gustafsson, 1997; Harris, Mowen & Brown, 2005; Huang, Lu & Wong, 2003; Iglesias, 2004; Jensen & Szulanski, 2004; Kuklinski & Weinstein, 2001; Lam, 1999; Lee & Ganesh, 1999; Lusch & Brown, 1996; Masterson, 2001; Matsuno, Mentzer & Ozsomer, 2002; Ozsomer & Simonin, 2004; Ping, 1999; Porter & Lilly, 1996; Singh, 1998; Taylor, 1997; Torsheim, Aaroe & Wold, 2001; and Zhou, Yim & Tse, 2005).

But suppose Z is a second-order latent variable (it has "indicators" that are latent variables). How should XZ be specified? Extant interaction specification guidance is exclusively for first-order-by-first-order interactions.

Second-order (confirmatory) latent variables (LV's) were proposed by Jöreskog (1970) (see Thurstone, 1947). These LV's have other LV's as their "indicators" (e.g., Z in Figure 1 and 1a). Each of these "indicator" LV's has observed indicators as usual. For example Dwyer and Oh (1987) proposed that the second-order LV Relationship Quality had as its "indicators" the first-order LV's Satisfaction, Trust, and Minimal Opportunism (guileful self-interest seeking) (see Bagozzi, 1981a; Bagozzi & Heatherton, 1994; Gerbing & Anderson, 1984; Gerbing, Hamilton & Freeman, 1994; Hunter & Gerbing, 1982; Jöreskog, 1971a, 1971b; and Rindskopf & Rose, 1988 for discussions of second-order LV's).

Although comparatively rare, second-order latent variables in the Jöreskog-Thurstone  sense have been reported in substantive articles (e.g., Bagozzi, 1981a, 1981b; Bagozzi & Heatherton, 1994; Dwyer & Oh, 1987; Gerbing, Hamilton & Freeman, 1994; Ping, 1994, 1997, 1999; Weeks, 1980). Rarer still is a second-order interaction, perhaps because there is little guidance for its estimation.

Because some authors believe interactions are more likely than their reported occurrence suggests (e.g., Jaccard, Turrisi & Wan, 1990; see the citations in Aiken & West, 1991), this paper explores an interaction between a second-order latent variable and a first-order latent variable. The paper suggests a specification for this interaction. It begins with a discussion of second-order latent variables, which leads to a suggested specification. Along the way the paper touches on latent variable interactions in general. It concludes with a pedagogical example using real-world data.


SECOND-ORDER LATENT VARIABLES

A second-order latent variable (LV) involves first-order LV's. A first-order LV can be conceptualized as a unidimensional set of items in an exploratory factor analysis. The relationship between indicators and their unobserved LV typically assumes the unobserved LV "drives" the indicators (i.e., these indicators are assumed to be observable instances or manifestations of their unobserved LV, and thus changes in the unobserved LV are "indicated" by observable changes in the items in its measure--see Bagozzi, 1984).

A second-order LV can be conceptualized as multiple factors in an exploratory factor analysis (e.g., in Figure 1: 1a, Factor 3 = Z3 , etc.) that are not particularly orthogonal. Ideally, when the items in each of these factors are summed, an exploratory factor analysis of the resulting summed items is unidimensional. A second-order LV also "drives" its factors, and these "indicator" first-order LV's in turn "drive" their observed indicators. A diagram of a second-order LV shows it specified or connected to its "indicator" first-order LV's with paths or arrows from the second-order LV to its "indicator" first-order LV's, then arrows from the first-order "indicator" LV's to their observed indicators (see Z in Figure 1 and 1a). Because the relationships between a second-order LV and its "indicator" LV's is imperfect, the "indicators" have "measurement errors" (('s) that are the structural disturbances in their relationships with their second-order LV (see Figure 1:1a).

As the Dwyer and Oh (1987) example suggests, a second-order LV can be used to in effect combine several related (first-order) LV's into a single higher-order LV to simplify a structural equation model. Although other uses for second-order latent variables have been proposed (e.g., Gerbing & Anderson, 1984; Rindskopf & Rose, 1988), their use in published substantive articles has been primarily to simplify a structural equation model by combining first-order LV's into a single (higher order) LV.

Unidimensionality

In theoretical model (hypothesis) tests, the unidimensionality, reliability and validity of the LV's representing the model constructs are important to evaluating the operationalization of the model constructs. Thus, a second-order LV should be unidimensional, reliable and valid in a theoretical model test. 

In substantive articles the unidimensionality of a first-order LV is typically demonstrated in several steps. Its internal consistency is established by a single-construct measurement model (MM) (a MM containing only the LV and its observed indicators) fitting the data (see Anderson & Gerbing, 1988). Next, the external consistency of pairs of these internally consistent LV's are evaluated using model-to-data fit in a series of two-construct MM's (MM's containing only two LV's and their observed indicators, with each LV specified unidimensionally). Then, trios of these LV's are evaluated in similar three-construct MM's, then sets of four LV's, etc. (see Jöreskog, 1993). Finally, the external consistency of all the LV's together is evaluated using their model-to-data fit in a full MM of all the study LV's specified unidimensionally (see Anderson & Gerbing, 1988). 

Anecdotally, after the internal consistency of the model LV's has been established, the consistency of pairs, trios, etc. of LV's are sometimes skipped to save time, and the full MM is evaluated next because internally consistency LV's may be sufficient for the full MM to fit the data acceptably in real-world data. However, if there are indicators that are unacceptably externally inconsistent (i.e., if "properly" specified they would load significantly on more than one LV), they could be found using the modification indices of the fixed loadings (i.e., a large modification index for a fixed loading would suggest an externally inconsistent indicator), and these indicators could be excized. 

Consistency for a second-order LV exists at several levels. Gerbing, Hamilton and Freeman (1994) argued that for a second-order LV internal consistency should be established at the second-order level. They suggested in effect that first-order "indicator" LV's should be unidimensional in the exploratory (common) factor analysis sense rather than internally consistent. Then, the second-order LV should be (internally) consistent in its single factor measurement model (i.e., one with only the second-order LV, its "indicator" first-order LV's, and their observed indicators specified unidimensionally).

Other approaches to establishing second-order consistency are possible. The internal consistency of the "indicator" LV's could be established (i.e., each "indicator's" single construct measurement model (MM) fits the data). Then, a single factor second-order MM (i.e., one with only the second-order LV, its "indicator" LV's, and their observed indicators) could be estimated to establish the internal consistency of the second-order LV. Next, MM's with pairs of these internally consistent LV's could be estimated treating the second-order LV as just another LV (i.e., it does not have to appear in every pair of LV's). Then, trios of LV's could be evaluated, etc. culminating in a full MM containing the second-order LV and all the other LV's. A shortcut would be to skip the estimation of pairs, etc. of LV's, and estimate the full MM, checking for unacceptable multiple loaders using the modification indices of fixed loadings.

Discussion
In effect, correlated measurement errors could be used with "indicator" LV's by correlating their structural disturbance terms. Assuming the resulting model is identified, this approach would improve model-to-data fit in a second-order LV. However, most of the criticisms of correlated measurement errors among observed indicators would also apply in this case (e.g., Bagozzi, 1983; Fornell, 1983; Gerbing & Anderson, 1984).

Internal consistency in first-order LV's is a stricter form of unidimensionality that usually limits the number of indicators per latent variable to about six in real-world data (see Anderson & Gerbing, 1984; Bagozzi & Heatherton, 1994; Gerbing & Anderson, 1993). The resulting measures tend to be operationally narrow instances of their target construct (i.e., content or "face" validity is sacrificed for consistency--see Cattell, 1973, 1978; see Gerbing, Hamilton & Freeman, 1994). Thus Gerbing, Hamilton and Freeman's (1994) suggestion of using unidimensional "indicators" in the exploratory factor analysis sense, instead of internally consistent "indicators," is substantively appealing because it should result in fewer items deleted from "indicator" latent variables (Gerbing, Hamilton and Freeman 1994 reported one second-order LV with a 16-item "indicator").

If item deletion is required to attain consistency, it should be done with concern for the content or "face" validity of the resulting LV. Specifically, in establishing external consistency, the item with the largest significant modification index (MI) of the fixed loadings should not be deleted without weighing the deletion's impact on content validity. Similarly, in establishing internal consistency, an item should not be deleted without weighing the deletion's impact on content validity.

Reliability


One formula for LV reliability of X, with indicators x1, x2, ... , xn is
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Latent Variable Reliability =  ────────────  ,
(2


(Σλi)2Var(X)+ΣVar((i)

where λi is the loading of xi on X, (i is the measurement error for xi, and Σ denotes a sum (Werts, Linn and Jöreskog, 1974; see Bagozzi, 1980; Bollen, 1989; Dillon & Goldstein, 1984; Fornell & Larker, 1981).

However, Gerbing and Anderson (1988) pointed out for unidimensional LV's there is little practical difference between coefficient alpha (Cronbach, 1951) and Latent Variable Reliability.

Rindskopf and Rose (1988) distinguished between second-order- and first-order reliability (i.e., "indicator" LV's each have a reliability, and a second-order LV has a reliability due to its "indicators"). Thus, to gauge the reliability of a second-order LV, it may be sufficient to gauge reliability at the second-order level (acceptably reliable first-order LV's can have unacceptably reliable indicators--ones with loadings, that when squared reveal a measure of item reliability, that are less than the square root of the customary "cut-off" for acceptable reliability, .7). This is accomplished using Equation 2 by substituting the "indicator" loadings, ('s, for λ's, and "indicator" structural disturbance terms, ('s, for ('s.

Discussion
"Indicator" LV's could be weeded (i.e., delete items with due care for content validity) to improve their coefficient alpha.

Experience with second-order LV's suggests their reliabilities can be low. (e.g., Rindskopf and Rose 1988 reported second-order reliabilities as low as .309 presumably using Equation 2).

Validity
Authors in the Social Sciences disagree on what constitutes an adequate demonstration of validity (e.g., Bollen, 1989; Campbell, 1960; DeVellis, 1991; Heeler and Ray, 1972; Nunnally, 1978; Peter, 1981), and this is reflected in the published second-order substantive articles. Nevertheless, a minimal demonstration of the validity of a second-order LV should probably include the following: its content or face validity (how well its "indicators" tap into the conceptual definition of the second-order construct), its construct validity, and its convergent and discriminant validity (e.g., Bollen, 1989; DeVellis, 1991; Nunnally, 1978). The "validity" of the second-order LV would then be qualitatively assessed considering its reliability and its performance over the above minimal set of validity criteria.

Construct validity is concerned in part with an LV's correspondence (i.e., correlation) with other LV's. To begin to suggest construct validity, the other LV's in the study should be valid and reliable, and their correlations with the target LV (e.g., significance, direction and magnitude) should be theoretically sound.

Convergent and discriminant validity are Campbell and Fiske's (1959) proposals involving the measurement of multiple constructs with multiple methods, and they are frequently considered to be additional facets of construct validity. Convergent measures are highly correspondent (e.g., correlated) across different methods. Discriminant measures are internally convergent. However, convergent and discriminant validity are frequently not assessed in substantive articles as Campbell and Fiske (1959) intended (i.e., using multiple traits and multiple methods-- see Bollen, 1989; Heeler & Ray, 1972). Perhaps because constructs are frequently measured with a single method (i.e., the study at hand), reliability is frequently substituted for convergent validity, and LV correlational distinctness (e.g., correlations with other measures less than .7) is substituted for discriminant validity.

Discussion
Fornell and Larker (1981) suggested that adequately convergent LV's should have measures that contain more than 50% explained variance in the factor analytic sense (also see Dillon and Goldstein, 1984). Their Average Variance Extracted (AVE) 
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where λ, ( and Σ are as in Equation (2), can be used to gauge percent explained variance in an LV.  Unfortunately, acceptably reliable LV's can have less than 50% explained variance (AVE). Thus, a convincing demonstration of convergent validity would be an AVE of .5 or above.

Although there is no firm rule for demonstrating discriminant validity, correlations with other LV's less than |.7| are frequently accepted as evidence of discriminant validity. A larger correlation can be tested by examining its confidence interval to see if it includes 1 (see Anderson and Gerbing, 1988). It can also be tested by using a single-degree-of-freedom test that compares two measurement models, one with the target correlation fixed at 1, and a second with this correlation free (see Bagozzi and Phillips, 1982). If the difference in resulting chi-squares is significant, this suggests the correlation is not 1, and this suggests the LV's are correlationally distinct. 

AVE can also be used to gauge discriminant validity (Fornell and Larker 1981). If the squared (error-disattenuated) correlation between two LV's is less than either of their individual AVE's, this suggests the LV's each have more internal (i.e., extracted) variance than variance shared with other LV's. This in turn suggests discriminant validity.

Thus, in addition to being reliable at least at the second-order level, a second-order LV should be at least content or "face" valid, its correlations with other LV's should be theoretically sound, and it should be convergent and discriminant valid (e.g., using AVE). Second-order AVE could be computed using Equation 3 by substituting the "indicator" loadings on their second-order LV, ('s, and "indicator" structural disturbance terms, ('s, for ('s.

Second-order AVE's are seldom published. However, AVE is much less than reliability (see Equations 2 and 3), and experience suggests a rough estimate of AVE is the cube of reliability. Thus, reliability should probably be above .8 to avoid an AVE below .5. Because second-order reliabilities in several published articles were less than .8, it is likely that several second-order LV's in published articles were not convergent valid in the Fornell and Larker (1981) sense.


SECOND-ORDER INTERACTIONS

First Orders
The amount of interaction between X and Z in their association with Y (also termed X's moderation of the Z-Y association, or Z's moderation of the X-Y association) is the strength (i.e., the magnitude) of the coefficient of XZ, β3, in an equation such as Equation 1.

Specification

There have been several proposals for specifying a latent variable interaction (e.g., Hayduk, 1987; Jaccard & Wan, 1995; Kenny & Judd, 1984; etc.). The most frequently encountered specification in substantive articles was suggested by Ping (1995). This specification uses a single indicator for an interaction, XZ, that is the product of the sum or an average of the indicators of X and the sum or an average of the indicators of Z. Under the Kenny and Judd (1984) normality assumptions and expectation algebra,
 the loading, λxz, and error variance, Var(εxz), for this single indicator of XZ with averaged indicators (so the variance of XZ is commensurate with X and Z) are

λxz = ΛXΛZ/mn,
(4

and

Var(εxz) = [ΛX2Var(X)Var(εz) + ΛZ2Var(Z)Var(εX) + Var(εX)Var(εz)]/(mn)2 ,
(4a

where m and n are the number of indicators of X and Z respectively, Var(X) and Var(Z) are error-dissattenuated variances, λ's are loadings, ΛX = λx1+λx2+...+λxm, Λz = λz1+λz2+...+λzn, ε's are measurement errors, Var(εX) = Var(εx1)+Var(εx2)+...+Var(εxm), and Var(εX) = Var(εz1)+Var(εz2)+...+Var(εzn). Equations (4) and (4a) can be estimated directly using some structural equation software (e.g., LISREL 8 or CALIS), or in several steps using measurement model estimates of the parameters in Equations (4) and (4a) (see Ping 1998a).

Factored Coefficients

Equation 1 can be factored to produce a coefficient of Z due to the interaction XZ (i.e.,

Y = β0 + β1X + (β2 + β3X)Z + ζY)
(5

(see Aiken & West 1991). Similarly Equation 1 can be re-factored to produce a coefficient of X due to the interaction XZ (i.e., (β1 + β3Z)X). These factored coefficients are instrumental in interpreting interactions in survey data. When β3 is significant, depending on the signs and magnitudes of β2 and β3, the (factored) coefficient of Z, (β2+ β3X), can be of one sign (e.g., positive) for X at one end of the range of X in a study, zero near the middle of the range of X, and another sign (e.g., negative) at the other end of the range of X in the study.

The standard error of the factored coefficient of Z also varies over the range of X in a study. Determined by the square root of Var(β2+ β3X) and using expectation algebra, the standard error of the factored coefficient of Z is

[Var(β2) + X2Var(β3) + 2XCov(β2,β3)]1/2,
(6

where Var(β) is the square of the standard error of β, and Cov indicates covariance (e.g., Jaccard, Turrisi & Wan, 1990). The standard error of the factored coefficient of X is similar. Thus, the factored coefficient of Z, for example, can be significant for some X in a study but nonsignificant for other values of X in the study.

Second-Orders
The possibilities for specifying a second-order by first-order interaction are numerous, but most of them are impractical. For example in Figure 1, specifications involving all possible products of individual indicators (e.g., Kenny & Judd, 1984) (e.g., for Z3, x1z3,1, x1z3,2, ... , x1z3,n, x2z3,1, x2z3,2, ... , xmz3,n, where xj are the indicators of X, the first-order LV, and zi,k are the indicators of Zi, the second-order LV (see Figure 1) is rarely consistent enough to avoid spoiling structural model fit (see Jaccard and Wan, 1995 for evidence of this difficulty).

Thus, we will explore specifications that reduce the number of second-order interaction indicators. For example Z, a second-order LV with three "indicators" could be respecified as a first-order LV by replacing the "indicator" Z1 by the sum of its indicators, and doing the same for Z2 and Z3 (see Figure 1:1c). This respecification of a second-order LV has been reported (e.g., Dwyer & Oh, 1987; Ping, 1999). XZi in Figure 1 could then be specified with the indicators x(z1 = (x1+x2+...+xm)(z1,1+z1,2+...+z1,p), x(z2 = (x1+x2+...+xm)(z2,1+z2,2+...+z2,q), and x(z3 = (x1+x2+...+xm)(z3,1+z3,2+...+z3,m) (Specification 1), where the sums in the parentheses represent the result of summing variables in each case. These indicators are comparatively few in number (in this case three), they have Equation 4 and 4a loadings and measurement error variances, and their observed values, x(zi = (x1+x2+...+xm)(zi,1+zi,2+...+zi,n) can be computed for each case in a data set.

Alternatively, XZ in Figure 1 could be specified with a single indicator x(z = (x1+x2+...+xm)(Σz1,i+Σz2,i+Σz3,i), where the sums in the parentheses represent the result of summing variables in each case, and Σzj,i is the sum of the indicators of Zj (i.e., a sum of sums) (Specification 2). This indicator has Equation 4 and 4a loadings and measurement error variances, and its observed values (i.e., (x1+x2+...+xm)(Σz1,i+Σz2,i+Σz3,i)) can be computed for each case in a data set.

A variation of these approaches would be to specify Z in Figure 1 as a first-order LV by replacing Z1 by its (confirmatory) factor scores, and doing the same for Z2 and Z3 (see Jöreskog & Sörbom, 1996, and Kim & Mueller, 1978). The resulting XZ interaction would then have in this case three indicators, x(zi = (x1+x2+...+xm)fi (i=1,3) (Specification 3), or a single indicator x(z = (x1+x2+...+xm)(f1+f2+f3) (Specification 4), where fi is the factor score for Fi. These indicators are comparatively few in number, they  have Equation 4 and 4a loadings and measurement errors, and their observed values (i.e., (x1+x2+...+xm)fi or (x1+x2+...+xm) (f1+f2+f3)) can be computed in each case once factor scores are available.

Reliability and Validity
The reliability, (XZ, of a second-order (or first-order by first-order) interaction, XZ, is approximately the product of the reliabilities of X and Z:


rXZ2 +  (X (Z 



(XZ =  ───────── ,
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rXZ2 + 1

where ( denotes reliability and rXZ2 is the error-disattenuated correlation of X and Z (Bohrnstedt & Marwell, 1978). Thus, a second-order (or first-order) interaction composed of reliable LV's could be unreliable.

The demonstration of the validity of a second-order interaction, XZ, is less tedious than for X or Z. XZ is content or face valid if X and Z are content valid and the specification of XZ includes all the indicators of X and Z. The construct (correlational) validity of any interaction is usually impossible to evaluate. In addition, the formula for the Average Variance Extracted (AVE) of an interaction is unknown. Nevertheless, the experience-based cube-of-reliability rough approximation of AVE could be used to gauge the convergent validity of XZ. Discriminant validity could be gauged using the "correlations less than |.7|" criterion.


AN EXAMPLE
For pedagogical purposes a real-world data set will be reanalyzed. A survey involving the Figure 2 model and the first-order LV's U, V and W, T the second-order LV, with "indicators" A, I and C, and the second-order by first-order interaction UxT, produced more than 200 usable responses.

Unidimensionality


First, the internal consistency of T the second-order LV was established at the first-order level. Specifically, the internal consistency of the first-order "indicator" A, for example, was established by estimating a single construct measurement model (MM) for A (i.e., a measurement model containing only the indicators of A) and omitting the indicator with the largest sum of Modificaton Indices (MI's) without regard to sign (Ping, 1998b; see Ping, 2004). The single construct MM with the remaining indicators of A was then estimated, and the indicator with the resulting largest sum of MI's without regard to sign (S-MI's) was omitted. This process of omitting, re-estimating, and then omitting the indicator with the resulting largest S-MI in each re-estimation was repeated until the MM's RMSEA (Steiger 1990, see Brown and Cudeck, 1993; Jöreskog, 1993) was .08 or less (.08 or less suggests adequate model-to-data fit). This process was repeated for I and C.

Then, the internal consistency of T the second-order LV was verified using a MM that excluded all the model variables except T, its "indicators," and the observed indicators of these "indicators" specified unidimensionally (see Figure 2:2a). This MM was judged to fit the data (χ2/df/p-value = 110/51/0, GFI = .92, AGFI = .88, CFI = .97, RMSEA = .07) (GFI and AGFI may be inadequate for fit assessment in larger models--see Anderson and Gerbing, 1984) (2ndorde3), and thus T was judged to be internally consistent.

Next, the internal consistency of U, V and W was established using the S-MI procedure just used on A, I and C. Then, the external consistency of all the model variables, except the interaction UxT was established using a full MM for T, U, V and W with all LV's specified unidimensionally (χ2/df/p-value = 449/266/0, GFI = .86, AGFI = .83, CFI = .96, RMSEA = .05) (.05 or less suggests close model-to-data fit--see Brown and Cudeck, 1993).

Reliability

Then, the reliability of the LV's was gauged. Coefficient alpha was calculated for each first-order variable (see Anderson and Gerbing, 1988), and these variables were judged to be reliable (U had a coefficient alpha of .943, and the other LV's had coefficient alpha's of .85 or above). The reliability of T (.709) was calculated using Equation 2 (with the "loadings," (''s, of A, I and C on T, and the "measurement errors," ('s, of A, I and C) and it was judged to be reliable.

Validity

The first-order LV's were judged to be content or "face" valid. Using a full MM (excluding UxT), they were also judged to be construct valid. Next, using Equation 3, and full MM (excluding UxT) parameter estimates, the convergent validities of U, V and W were judged to be adequate (the AVE of U was .770 and the other AVE's were .5 or above). The convergent validity of T was low (AVE = .474) but sufficient for these pedagogical purposes. Then, using the (error-dissattenuated) correlations among T, U, V and W from the same MM, the discriminant validities of T, U, V and W were judged to be adequate. 

Discussion

Indicator weeding was required for A, I, C, U, V and W, and changes in content or "face" validity was a major concern. 

The consistency of T the second-order LV was established at the first-order level because T was not consist at the second-order level otherwise (i.e., T's MM with unidimensional "indicators" in the exploratory factor analysis sense, rather than consistent "indicators," did not fit the data).

Pairs, trios, etc. of the first-order LV's were not examined for external consistency because the full MM for T, U, V and W fit the data. However, this MM produced significant MI's for the fixed loadings. Thus, there were LV's, in this case two LV's with three indicators, that were not "perfectly" externally consistent. Because the expected changes in the loadings if these significant loadings were freed were comparatively small (i.e., their unstandardized loadings on "alien" LV's were .36 or less), deleting the offending indicators was judged to materially impair the content or face validity of their LV (for one LV the indicators would be reduced from 4 to two), and the full MM model already fit the data with these externally inconsistent indicators, the offending indicators were not excised. Experience suggests that "perfect" external consistency is frequently impossible to attain in real-world data without severely affecting content or face validity, and sometimes producing just- or under-determined LV's.  While there is no hard-and-fast rule, a few fixed loadings with an expected change if they were freed less than about .4 in unidimansional LV's could probably be ignored in real-world data if the full MM already fits the data (i.e., the full MM is acceptably externally consistent).

Respecification of T

To investigate the respecification of T as a first-order LV, each "indicator" of T was summed then averaged, and a MM corresponding to Figure 2:2b was estimated. To gauge the equivalence of this alternative specification of T to its second-order specification, its reproduced covariance matrix was compared to that produced by the second-order specification. However, this respecification of T substantially over-estimated the variance of T produced by second-order specification (see Table G portions (1) and (2)) (weighted averages of the indicators performed similarly), so a summed indicator specification of T was not pursued further.

Next, each "indicator" of T was replaced by its factor score. These factor scores were produced in a MM corresponding to Figure 2 without the XZ interaction present, and with the Figure 2:2a second-order specification of T. Specifically, they were computed in each case for the "indicator" A, for example, by averaging the factor score (regression) of A on u1, u2, ... , u5, a1, a2, ... , a4, i1, ... , i4, c1, ... , c4, v1, ... , v4, w1, ... , w4 (i.e., the factor score of A, fA, was (ωA,1x1+ωA,2x2+ ... +ωA,25x25)/ (ωA,1+ωA,2+ ... +ωA,25) where the ω's are the factor weights and the x's are the indicators u1, u2, ... , w4) (averages were used to produce the same metric as the indicators). For the "indicator" I, fI was (ωI,1x1+ωI,2x2+ ... +ωI,25x25)/( ωI,1+ωI,2+ ... +ωI,25), and the factor scores for the "indicator" C were computed similarly. The MM corresponding to Figure 2 without the XZ interaction, and with the Figure 2:2c factor-score specification of T (A= fA, etc. in Figure 2:2c) was then estimated, and the reproduced covariance matrix of this respecification of T was equivalent to that produced by the second-order specification of T (see Table G portions (1) and (3)). This respecification of T was also (trivially) unidimensional (i.e., it fit the data exactly).

Centering


At this point each indicator should have been mean centered by subtracting the indicator's average from its value in each case. Mean centering exogenous LV's is important to reduce collinearity between an interaction, XZ, and its constituent LV's, X and Z, and centering endogenous LV's is important to compensate for not estimating intercepts (see Jöreskog and Yang, 1996). However, because factor scores were computed earlier, the indicators were mean centered before the factor scores were estimated. Parenthetically, because the factor scores were determined using indicators that had means of zero, the factor scores had means of zero and thus they were also mean centered.

Interaction Specification

Then, the Figure 2:2c first-orders-only MM (i.e., without UxT and with the first-order/factor-scored T) was examined for external consistency (model-to-data fit) in order to use its parameters in Equation 2 and 2a for the specification of UxT. This MM was judged to fit the data (χ2/df = 168/98, GFI = .91, AGFI = .88, CFI = .96, RMSEA = .05).

Next, UxT was specified using Specification 3 (u(a = (u1+u2+...+u5)fA, etc.) and Equations 4 and 4a with parameter estimates from the above first-orders-only MM. Then, the (full) measurement model corresponding to Figure 2:2c (with UxT) was estimated to verify the external consistency of the latent variables T, U, V, W and UxT. To accomplish this, starting values for the MM parameters, especially the covariances of the LV's, are sometimes required, and parameter estimates from the first-orders-only MM just estimated were used along with error-attenuated variance and covariance estimates for UxT. This measurement model was judged to fit the data (χ2/df = 186/111, GFI = .91, AGFI = .88, CFI = .96, RMSEA = .05)(2ordinta). 

Reliability and Validity

Then, the reliability of UxT was calculated using Equation 7 with T in its first-order/factor-score specification, correlations from the (full) measurement model corresponding to Figure 2:2c (with UxT), and coefficient alphas in place of latent variable reliabilities, and UxT was judged to be reliable.

Next, using this same model, reliabilities and average extracted variances (Fornell & Larker, 1981), the convergent validity UxT may have been low, but sufficient for these purposes.
 Then, using the (error-dissattenuated) correlations among T, U, V and W from the same MM and a "correlations with other LV's less than |.7| criterion," the discriminant validity of UxT was judged to be acceptable.

Interaction Estimation

Then, despite the low convergent validities of T and possibly of UxT,
 the Figure 2:2c structural model was specified. As with the (full) measurement model corresponding to Figure 2:2c just discussed, starting values for the structural model parameters were specified using a combination of the parameter estimates from the (full) measurement model corresponding to Figure 2:2c just discussed, plus structural coefficient estimates (i.e., the β's in Equation 1) and structural disturbance terms (e.g., ζ in Equation 1) from OLS regression (ζV and ζW are estimated by 1-RV2 and 1-RW2 respectively). The results using LISREL, Maximum Likelihood and 2-step estimation
 are summarized in Table A.

For completeness three additional estimations are reported. Table B summarizes the results of a specification that was identical to the Table A specification except that direct estimation of the UxT interaction using LISREL 8's constraint equations was used (see Ping, 1998a for sample LISREL 8 direct estimation code). The results were trivially different from the 2 step estimates shown in Table A.

Table D summarizes the results of T and U specified as before, but with UxT specified using the Kenny and Judd (1984) approach of using all possible unique products of the indicators of U and T specified as a first-order LV. This specification involved products of each of the 5 indicators of U with the 3 factor-scored indicators of T, for a total of 15 cross-product indicators, and the resulting measurement and structural models did not fit the data.
 Parenthetically, no difficulty was encountered in estimating the structural model, and the results were approximately those shown in Tables A and B. 

Table C summarizes the results of U specified as before, but with T specified as a second-order LV and UxT specified the Kenny and Judd (1984) approach of specifying UxT with all possible unique cross-products of the indicators of U and T. Because there were 5 indicators for U, and T had three first-order LV's each with four indicators, this produced 60 cross-product indicators for UxT. The resulting model also did not fit the data. Nevertheless, no difficulty was encountered in estimating this model, and the results were are also approximately those in Tables A and B.

The interpretation of the Table A UxT interaction results is presented in Table H and its Footnotes a and f.


DISCUSSION
The above example hints that a second-order LV could be adequately specified by replacing the second-order LV's "indicators" by their factor-scores. However, because factor scores are known to be approximate, simulations involving combinations of data conditions that are encountered in real-world surveys (e.g., reliability, coefficient size, correlations, sample size, etc.) would be required to demonstrate that factor scores (asymptotically) reproduce T. (Nevertheless, it is widely believed among applied social science researchers that factor scores can be used to adequately represent LV's.). Simulations would also be required to demonstrate that a first-order by second-order interaction specified using factor scores for T produces unbiased and consistent estimates (although this is likely because factor score indicators do not violate the assumptions underlying the Ping 1995 technique any more or less than observed indicators).

Kenny and Judd (1984) suggested constraining the variance of UxT, for example, to its Kendall and Stewart (1958) expectation algebra result of Var(T)Var(U)+Cov 2(T,U). This constraint is reasonable because it is used to derive the UxT interaction loadings and measurement errors. However, its use in real-world data can produce measurement and structural models that do not converge. When this happens, the constraint is typically relaxed (i.e., Var(UxT) is freed). However, this was not necessary in the example (i.e., the measurement and structural models converged with the variance of UxT constrained to Var(T)Var(U)+Cov2(T,U)). Nevertheless, the actual procedure used was to estimate each model with Var(UxT) free to obtain convergence, then constrain Var(UxT) and reestimate to see if the model still converged. Parenthetically, the Table A and B results with Var(UxT) unconstrained were trivially different from the Table A and B results (see Table F).

Factor scores for A, for example, were computed for each case using the factor weights for A, ωA,i, and the equation fA = ωA,1x1+ωA,2x2+ ... +ωA,25x25 , where the ω's are the factor weights and the x's are the indicators u1, u2, ... , w4. T had three "indicator" LVs (and thus three factor score equations, one for each "indicator" LV) and the model had twenty-five indicators (without the interaction). As a result, because writing the code in PRELIS, SPSS, SAS, etc. for the three factor scores in each case was tedious, three shortcuts might be attractive. First, just the indicators of A, for example (instead of all the model indicators) could have been used to compute its factor score and reduce the number of terms in fA . However, it is easy to show that the resulting factor-scores would not adequately reproduce the covariance matrix of T specified as a second-order.

Second, the factor weights (ω's) could have been used "as is" (i.e., unaveraged). However, this would create difficulties later during interaction interpretation because the factor scores would not have the same metric as their indicators (i.e., LIKERT-scaled).

Third, UxT might have been specified with a sum of indicators for A, I and C, instead of factor scores. This specification was estimated (see Table E), and it produced structural coefficient estimates that were equivalent to the Tables A and B factor-scores results. Specifically, T was specified as a second-order LV and u(t was specified with a single indicator, u(t = (u1+u2+...+u5)(Σaj+Σij+Σcj) (i.e., Specification 2).
 However this result may have been circumstantial, and simulations involving combinations of data conditions that are encountered in real-world surveys are required to demonstrate that this indicator for a second-order interaction is unbiased and consistent (although this too is likely because this single indicator does not violate the assumptions underlying the Ping 1995 technique any more or less than any other observed indicators).

An improved shortcut might have been to estimate a first-order by second-order interaction model such as UxT by specifying T as a second-order LV (e.g., Figure 2:2a) and specifying u(t with sums of indicators (i.e., u(t = [u1+u2+...+u5][Σaj+Σij+Σcj]) to reduce the estimation effort involved with factor-scores. Then if any of the Table E t-values of the structural coefficients involved in the moderation (i.e., UxT-V, U-V and T-V) were in a neighborhood of 2 (i.e., (.10), the factor-score version of u(t would be preferred.
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Figure 1- (Abbreviated) Structural Model with First-Order by Second-Order Interaction, XZ a,b
───────────────────────
a Z is a second-order LV with first-order "indicator" LV's, Z1, Z2 and Z3. W, X and Y are first-order LV's, and XZ is a second-order by first-order interaction. The circles show alternative specifications (e.g., Figure 1a shows Z3 with observed indicators, z3,1, z3,2, etc., while Figure 1c shows Z3 with a single summed indicator).

a X, Z, W, and XZ are correlated, and indicator error terms are uncorrelated.
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Figure 2- Pedagogical Example (Abbreviated) Structural Model with First-Order by Second-Order Interaction Ta
 ───────────────────────
a T, U, and UxT were correlated, indicator error terms were uncorrelated, and the ζ's were uncorrelated.

b The loadings of T on A, I and C are not shown, and the measurement errors (structural disturbances) of A, I and C are also not shown.

c The ω's are the factor weights, and the x's are all the indicators in the model (except for UxT), u1, u2, ... , u5, a1, a2, ... , a4, i1, ... , i4, c1, ... , c4, v1, ... , v4, w1, ... , w4 .

Table A- Estimation Results for First-Order/Factor Scored T, Figure 2:2c (three indicator with factor scores) UxT and 2-Step Estimation (χ2/df = 189/112, GFI = .91, AGFI = .88, CFI = .96, RMSEA = .05) (t-values are shown in parentheses)(2ndordc)
        V          W            U          T          UxT

V


      -.1625     .1897    -.3677

     (-1.323)  (1.414)  (-2.860)

W             -.1743 
       .1322     .1117

                (-4.550)
      (2.484)  (1.742)

Table B- Estimation Results for First-Order/Factor Scored T, Figure 2:2c (three indicator with factor scores) UxT and Direct Estimation (χ2/df = 187/112, GFI = .91, AGFI = .88, CFI = .96, RMSEA = .05) (t-values are shown in parentheses) (2ndordb)
        V          W            U          T          UxT

V


      -.1626     .1897    -.3674

     (-1.327)  (1.413)  (-2.861)

W             -.1743  
        .1321    .1118

                (-4.550)
      (2.488)  (1.741)

Table C- Estimation Results for T as a Second-Order and UxT with 60 Kenny and Judd Indicators (χ2/df = 28606/3593, GFI = .14, AGFI = .13, CFI = .29, RMSEA = .17) (t-values are shown in parentheses) (2ndord4)
        V          W            U          T          UxT

V


       -.089     .228       -.275

      (-1.30)  (1.68)     (-2.85)

W             -.179  
        .155      .119

                (-4.63)
      (5.58)    (1.81)

Table D- Estimation Results for First-Order/Factor Scored T and UxT with 15 Kenny and Judd Indicators (χ2/df = 3402/455, GFI = .44, AGFI = .39, CFI = .56, RMSEA = .17) (t-values are shown in parentheses) (2ndord9)
        V          W            U          T          UxT

V


        -.067     .158      -.211

       (-0.71)  (1.72)   (-2.32)

W             -.175  
         .158     .075

                (-4.56)
        (3.60)   (1.71)

Table E- Estimation Results for T as a Second-Order, UxT as a Single Indicator with Summed Indicators Instead of Factor Scores, and 2-Step Estimation (χ2/df = 479/288, GFI = .86, AGFI = .83, CFI = .96, RMSEA = .05) (t-values are shown in parentheses) 
2ndorda (single)

        V          W            U          T           UxT

V


       -.1609     .1915    -.3817

      (-1.257)  (1.328)  (-2.775)

W             -.1739  
        .1328     .1107

                (-4.537)
       (2.415)  (1.617)

Table F- Estimation Results from Table A Estimation with Var(UxT) Unconstrained (t-values are shown in parentheses) (2ndordd)
        V          W            U          T           UxT

V


      -.1609     .1925     -.3680

     (-1.295)  (1.364)  (-2.866)

W             -.1741  
       .1322     .1153

                (-4.548)
      (2.447)  (1.702)

Table G- Reproduced Covariance Matrices for Alternative Specifications of T

(1) T as a Second-Order LV (see Figure 2a)

  U

 T

V
     W

 ‑‑‑‑‑‑‑‑   ‑‑‑‑‑‑‑‑   ‑‑‑‑‑‑‑‑   ‑‑‑‑‑‑‑‑

   U
  0.51895




   T
  0.28361
0.40877



   V
  0.02618
0.04791
0.64251


   W
  0.09564
0.07442    -0.10336    0.19173

(2) T as a Summed Indicator First-Order LV (see Figure 2b)

             U          T          V          W

      ‑‑‑‑‑‑‑‑   ‑‑‑‑‑‑‑‑   ‑‑‑‑‑‑‑‑   ‑‑‑‑‑‑‑‑

  U    0.51843

  T    0.26490    0.50086

  V    0.02614    0.05119    0.64177

  W    0.09562    0.08351   ‑0.10335    0.19175

(3) T as a Factor-Scored First-Order LV (see Figure 2c)
             U          T          V          W

      ‑‑‑‑‑‑‑‑   ‑‑‑‑‑‑‑‑   ‑‑‑‑‑‑‑‑   ‑‑‑‑‑‑‑‑

  U    0.51896

  T    0.27560    0.40562

  V    0.02618    0.04867    0.64238

  W    0.09564    0.07493   ‑0.10335    0.19172

Table H- Moderated V Associations with T and U Due to the Table A UxT Interaction 
            T-V Association Moderated by Ua                 U-V Association Moderated by Tf     
                                             SE of      t-value                                              SE of     t-value

                   Cen-        T           T           of T                      Cen-        U            U         of U     

        U        tered     Coef-    Coef-      Coef-          T        tered      Coef-     Coef-     Coef-

     Levelb     Uc     ficientd  ficiente   ficient      Levelg     Th      ficienti   ficientj   ficient
        1
-3.10
1.139
0.355
3.74        1.07
-2.10
0.609      0.238
2.56 


        2
-2.10
0.962
0.238
 4.04
2
-1.17
0.267      0.142
1.88 

        3
 -1.10
0.594
0.142
 4.19
3
-0.17
-0.100      0.114
-0.88 

        4
 -0.10
0.227
0.129
 1.76        3.17
0.00
-0.163      0.123
-1.33

      4.10
 0.00
0.190
0.134
1.41
4
0.83
-0.468      0.197
-2.38

        5
0.90
-0.141
0.215
 -0.66        4.88
1.71
-0.791      0.298
 -2.66 

      (1)          (2)          (3)          (4)          (5)          (6)        (7)          (8)           (9)       (10)     (Column









Number)

a
This portion of the table displays the unstandardized associations of T with V produced by the significant UxT interaction in Table A. In Columns 1-5 when the existing level of U was low in Column 1, small changes in T were positively and significantly associated with V (see Columns 3 and 5). At higher levels of U however, T was less strongly associated with V, and near the study average for U and higher, T was not associated with V.

b
U is determined by the observed variable (indicator) with a loading of 1 on U (i.e., the indicator that provides the metric for U). The value of this indicator of U ranged from 1 (= low U) to 5 in the study.

c
Column 1 minus the mean of U in the study, 4.10.

d
The factored (unstandardized) coefficient of T was (.189-.367U)T with U mean centered. E.g., when U = 1 the coefficient of T was (.189-.367*(1 - 4.10)  1.329.

e
The Standard Error of the T coefficient was:

           ______________        ____________________________________         _____________________________________

         √ Var(βT+βUxTU)  = √ Var(βT) + U2Var(βUxT) + 2UCov(βT,βUxT)  = √ SE(βT)2 + U2SE(βUxT)2 + 2UCov(βT,βUxT) ,

where Var and Cov denote variance and covariance, SE is standard error, and β denotes unstandardized structural

    coefficients from Table A.

f
This portion of the table displays the unstandardized associations of U and V moderated by T. When T was low in Column 6, U was positively associated with V (see Column 10). As T increased, Us association with V weakened and became non significant, then above the study average it strengthened again and was significant but negative (see columns 8 and 10).

g
T is determined by the indicator with a loading of 1 on T (i.e., the indicator that provides the metric for T). The factor-scores for this indicator of T ranged from 1.07 (= low T) to 4.88 in the study. 

h
Column 6 minus 3.17, the mean of T in the study.

i
The factored (unstandardized) coefficient of U was (0-.367T)U with T mean centered. E.g., when T = 1.07 the coefficient of U was -1.62-.367*(1.07-3.17)  .609.

j
The Standard Error of the U coefficient was:

     ADVANCE \r0

ADVANCE \r0

ADVANCE \r0

ADVANCE \r0

ADVANCE \r0____________    ADVANCE \r0

ADVANCE \r0    ________________________________        ________________________________

   √ Var(βU+βUxTT)  = √ Var(βU) + T2Var(βUxT) + 2TCov(βU,βUxT)  = √ SE(βU)2 + T2SE(βUxT)2 + 2TCov(βU,βUxT) ,

where Var and Cov denote variance and covariance, SE is standard error, and β denotes unstandardized

    structural coefficients from Table A.

ENDNOTES

�. However, Ping 1997 reported a second-order LV with a reliability of .80. Although Gerbing, Hamilton & Freeman 1994 did not report second-order reliabilities, estimating them using Equation 2 with Var(X) = 1, Var(() = 1 - the reported coefficient alphas, and the reported ('s, they may have been as high .90.





�. I.e., each of the latent variables X and Z is independent of its measurement errors, the measurement errors are mutually indepen�dent, and the indicators and the measurement errors are multivar�iate nor�mal.


�. The variable names have been disguised and the study details have been omitted to skirt non-pedagogical matters such as the theory behind the model, hypotheses, etc.


�. The reliability of U was .943, and the reliability of T was .709. Because the correlation between T and U was .615, the reliability of UxT was .76 (= [.6152+.943*.709]/[.6152+1]).


�. As previously noted, the formula for the average variance extracted (AVE) of an interaction is not known, and experience suggests that AVE is roughly the cube of reliability. Thus, the AVE of UxT is roughly.763 = .44. If the formula for an interaction's AVE turns out to be similar to the formula for its reliability, the AVE of UxT would be .53 (= [.6152+.770*.474]/[.6152+1]).


�. Strictly speaking T (and possibly UxT) would be judged borderline unsuitable for a proper test of a theoretical model. However, impaired convergent validity does not affect the pedagogical purposes of this example.


7. In the so called 2-step version of Ping's (1995) LV interaction specification, the structural model is estimated with fixed Equation 4 and 4a values. If the resulting structural model estimates of the measurement parameters for T and U are not similar to those from the (full) measurement model corresponding to Figure 2:2c just discussed (i.e., equal in the first two decimal places) the Equation 4 and 4a loading and error variance are recomputed using the structural model parameter estimates, and the structural model is re-estimated. Experience with real world data suggests that with consistent LV's zero to one of these iterations are usually sufficient to produce exact estimates in real-world data (i.e., equal to direct estimation-- see Ping 1995).





�. UxT specified with a single summed factor score indicator, u(t = (u1+u2+...+u5)(fA+fI+fC) (i.e., Specification 4), and T specified with factor scores produced results similar to Table A.





�. Again, six indicators seems to be about the maximum with real-world data-- see Anderson and Gerbing, 1984; Bagozzi and Heatherton, 1994; Gerbing and Anderson, 1993. Also see Jaccard and Wan, 1995 for evidence of this difficulty with Kenny and Judd indicators.





�. UxT specified with three indicators, u(a = [u1+u2+...+u5][Σaj], u(i = [u1+u2+...+u5][Σij], and u(c = [u1+u2+...+u5][Σcj] (i.e., Specification 1), and T specified as a second-order construct produced results similar to Table E.
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