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1. INTRODUCTION

To explain the problem and results in this paper we begin describing the re-

flector problem. This problem recently received great interest and originates in
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engineering in the study of reflecting surfaces to reshape electromagnetic radia-
tion in a prescribed manner. It can be described as follows. Suppose that QO, 0" are
two domains of the unit sphere $"~! in R”, and light emanates from the point O in
an isotropic media with intensity f(x) for x € Q) . The reflector problem consists
in finding a perfectly reflecting surface R, parameterized by a polar expression
p(x)x for x € (), such that all rays reflected by R have directions in {)*, and the pre-
scribed illumination intensity received in the direction m € Q" is f*(m). The PDE
governing this problem is an equation of Monge-Ampere type on Q C 5", see
[GWO8], and progress has been made concerning existence, uniqueness, and regu-
larity of solutions. See for instance, [Wan96], [Wan04], [OGO03], [CO9%4], [CGHO06]],
and references therein. The reflector problem in anisotropic media is discussed in
[CHO6].

The problem considered in this paper concerns refraction and appears in con-
nection with the synthesis of refracting surfaces capable of reshaping the intensity
of light beam. Mathematically the refractor problem is formulated as follows. Let
np and 1, be the indexes of refraction of two homogeneous and isotropic media
I and II, respectively. Suppose that from a point O inside medium I light em-
anates with intensity f(x) for x € QO . We want to construct a refracting surface
R parameterized as R = {p(x)x : x € Q}, separating media I and II, and such that
all rays refracted by R into medium II have directions in {)* and the prescribed
illumination intensity received in the direction m € Q" is f*(m). This implies the
existence of a lens refracting light beams in a prescribed way, see Remark 4.8

To the best of our knowledge there have been no results for this problem, and it is
our purpose in this paper to deal with the question of existence and uniqueness of
solutions up to dilations. To tackle the problem, we first find surfaces that refract
all light rays emanating from a point O into a fix direction; we say that these
surfaces have the uniform refraction property. Using these surfaces and energy
conservation, we then formulate the concept of weak solution to the refractor

problem, and next establish existence and uniqueness converting the problem
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into an optimal mass transfer problem from () to ()* with a suitable cost function
according with the value of k¥ = n,/n;.

The organization of the paper is as follows. In Section[2, we review the Snell law
of refraction in vector form and discuss surfaces having the uniform refraction
property. In Section 3| we consider the refractor problem in case ¥ < 1. Section
M discusses the refractor problem when x > 1. Finally, in Section [5] we set up
the differential equation corresponding to the refractor problem and check the

validity of a condition introduced by Ma, Trudinger and Wang in [MTWO05].

2. SURFACES WITH THE UNIFORM REFRACTION PROPERTY

We recall here the physical law of refraction and find the surfaces having the
uniform refraction property. It is well known that any paraboloid of revolution
reflects all rays of light emitted from its focus and having non-axial direction into
light rays in the axial direction. We will show the surfaces having the uniform
refraction property are semi-ellipsoids of revolution for n, < n; , and a sheet of

hyperboloids of revolution of two sheets for 1, > n;.

2.1. Snell’s law of refraction. Suppose I is a surface in IR" that separates two
media I and II that are homogeneous and isotropic. Let v; and v, be the velocities
of propagation of light in the media I and II respectively. The index of refraction
of the medium I is by definition n; = c/v;, where c is the velocity of propagation
of light in the vacuum, and similarly n, = c/v,. If a ray of lighf]having direction
x € §"! and traveling through the medium I hits T at the point P, then this ray
is refracted in the direction m € S"~! through the medium II according with the
Snell law: n; sin 07 = n, sin 0,, where 0; is the angle between x and v (the angle
of incidence), 0, the angle between m and v (the angle of refraction), and v is the
unit normal to I' at P going towards the medium II. The vectors x,v and m are
coplanar.

"Since the refraction angle depends on the frequency of the radiation, we assume our light ray

is monochromatic.
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In vector form, the Snell law can be expressed by the fact that the vector n,m—n;x
is parallel to the normal vector v. If we set k¥ = n,/n;, then
(2.1) xX—xm=Av,

for some A € R. It can be seen that A = cos9; — xkcosB,, cosf; = x-v > 0, and

cos0y =m-v =41 -x2[1—(x-v)].

When « < 1, or equivalently v; < v,, waves propagate in medium II faster than
in medium I, or equivalently, medium I is denser than medium II. In this case the
refracted rays tend to bent away from the normal, that is the case for example,
when medium I is glass and medium Il is air. For this reason, the maximum angle
of refraction 0, is 7t/2 which is achieved when sin 6; = n,/n; = k. So there cannot
be refraction when the incidence angle 0, is beyond this critical value, that is, we

must have 0 < 6; < 6, = arcsin K.E| It is easy to verify that
(2.2) 0, — 0; = arcsin(x~ ' sin 6;) — 0,

is strictly increasing for 0; € [0, 0], and therefore 0 < 0, — 0; < g — 6.. We then

lead to the following physical constraint:

if Kk = ny/ny < 1and a ray of direction x through medium I

(2.3) is refracted into medium II in the direction m, then m - x > x.

Conversely, given x,m € §"! with x - m > x and x < 1, it follows from that
there exists a hyperplane refracting any ray through medium I with direction x
into a ray of direction m in medium II.

In case x > 1, waves propagate in medium I faster than in medium II, and the
refracted rays tend to bent towards the normal. By the Snell law, the maximum
angle of refraction denoted by 0 is achieved when 0, = 7/2, and 0} = arcsin(1/x).

Obviously,
(2.4) 0, — 0, = arcsin(x sin ;) — 6,

'If 6, > 6., then the phenomenon of total internal reflection occurs.
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is strictly increasing for 0, € [0, 07],and 0 < 0; -0, < % — 0. We therefore obtain

the following physical constraint for the case x > 1:

if a ray with direction x traveling through medium I

(2.5) is refracted into a ray in medium Il with direction m, then m - x > 1/x.

On the other hand, by 24), if x,m € S"! with x-m > 1/x and x > 1, then there
exists a hyperplane refracting any ray of direction x through medium I into a ray
with direction m in medium II

We summarize the above discussion on the physical constraints of refraction in

the following lemma.

Lemma 2.1. Let ny and ny be the indices of refraction of two media I and II, respectively,
and x = ny/ny. Then a light ray in medium I with direction x € S"™! is refracted by some
surface into a light ray with direction m € S"™' in medium II if and only if m - x > x,

when ¥ < 1; and if and only if m - x > 1/x, when x > 1.

2.2. Surfaces with the uniform refracting property. Let m € S"! be fixed, and
we ask the following: if rays of light emanate from the origin inside medium I,
what is the surface I', interface of the media I and II, that refracts all these rays
into rays parallel to m?

Suppose I' is parameterized by the polar representation p(x)x where p > 0
and x € S"'. Consider a curve on I given by r(t) = p(x(t))x(t) for x(t) € S"1.
According to (2.1)), the tangent vector #(t) to I satisfies r'(t)- (x(t) —x m) = 0. Thatis,
(IpG(E)x(t) + pGe(®)x'(5))-(x(t) =1 m) = 0, which yields (p(x(£))(1 — & - x(1)))' = 0.
Therefore

26 p) =
for x € §"! and for some b € R". To understand the surface given by (2.6), we
distinguish two cases k <1 and x > 1.

Let us first consider the case k¥ < 1. For b > 0, we will see that the surface I' given

by is an ellipsoid of revolution about the axis of direction m. Suppose for
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simplicity that m = e,, the nth-coordinate vector. If y = (v, y,) € R"isa pointonT,
then y = p(x)x with x = y/|yl. From @.6), ly|—« y, = b, thatis, [y'?+ 2 = (k y, +b)?
which yields |y'|> + (1 — x?)y2 — 2kby,, = b*. This surface I' can be written in the

712 n 1 — 12
2.7) LA )

= =)

which is an ellipsoid of revolution about the y,, axis with foci (0, 0) and (0, 2xb/(1 -

form

x?)). Since |y| = xy, + b and the physical constraint for refraction (2.3), % ey 2K

That is, for refraction to occur y must be in the upper

. . Kb
is equivalent to y, > T
part of the ellipsoid ; we denote this semi-ellipsoid by E(e,,, b). To verify that

E(ey,, b) has the uniform refracting property, that is, it refracts any ray emanating

from the origin in the direction e,, we check that (2.1) holds at each point. Indeed,

if y € E(e,, b), then (l - Ken) 4 >1-x>0,and (l - Ken)-en > 0,and so A
Iyl Iyl Iyl lyl

is an outward normal to E(e,, b) at .

—Ke,

Rotating the coordinates, it is easy to see that the surface given by (2.6) with
x < 1land b > Ois an ellipsoid of revolution about the axis of direction m with foci

2xb
0 and
an T2

m. Moreover, the semi-ellipsoid E(m, b) given by
(2.8) E(m,b) = {p(x)x : p(x) = L, xeS x-m>x«},
1—xm-x
has the uniform refracting property, any ray emanating from the origin O is
refracted in the direction m.
Now turn to the case k > 1. Due to the physical constraint of refraction (2.5),
we must have b < 0 in (2.6). Define for b > 0

(2.9) H(m,b) = {p(x)x : p(x) = xeS x-m>1/k).

km-x—1"
We claim that H(m, b) is the sheet with opening in direction m of a hyperboloid

of revolution of two sheets about the axis of direction m. To prove the claim, set
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for simplicity m = e,. If y = (y',y,) € H(en, D), then y = p(x)x with x = y/|y|.
From 29), xy, — [yl = b, and therefore |y/|* + v = (xy, — b)* which yields

2 2
V> — (x* = 1) [(yn - KzKE 1) — (Ksz 1) ] = b%. Thus, any point y on H(e,, b)

satisfies the equation

-
n 2_1 712
(2.10) K B VA S

) (=

which represents a hyperboloid of revolution of two sheets about the y, axis with

foci (0,0) and (0,2xb/(x* — 1)). Moreover, the upper sheet of this hyperboloid of

revolution is given by

712
b b JH vl

Yn =
-1 x2-1 (b/ Vi@ =)
s . b .
and satisfies ky,—b > 0, and hence has polar equation p(x) = a1 Similarly,
’ b

the lower sheet satisfies xky, — b < 0 and has polar equation p(x) = Pyt

For a general m, by a rotation, we obtain that H(m, b) is the sheet with opening in

direction m of a hyperboloid of revolution of two sheets about the axis of direction

m with foci (0,0) and KZK_ .
Notice that the focus (0,0) is outside the region enclosed by H(m, b) and the
2xb
focus Kz—K_lm is inside that region. The vector xm — % is an inward normal to

H(m, b) at y, because by

Kﬂ’l—l- 2kb > 2xk%b _ 2kb R
lyl K2 -1 y_KZ—l k2 -1 y=iy

_ 2xb e bk — 1) S 0.
kx+1 xKx+1
Clearly, (Km - %) -m >« —1and (Km - l—}z') . % > (0. Therefore, H(m, b) satisfies

the uniform refraction property.
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We remark that one has to use H(—e,, b) to uniformly refract in the direction
—ey, and due to the physical constraint (2.5), the lower sheet of the hyperboloid of
equation (2.10) cannot refract in the direction —e,.

From the above discussion, we have proved the following.

Lemma 2.2. Let ny and n, be the indexes of refraction of two media I and II, respectively,

and K = ny/ny. Assume that the origin O is inside medium I, and E(m, b), H(m, b) are

defined by and (2.9), respectively. We have:
(i) If x < 1 and E(m, b) is the interface of media I and II, then E(m, b) refracts all rays
emitted from O into rays in medium II with direction m.
(ii) Ifx > 1and H(m, b) separates media I and II, then H(m, b) refracts all rays emitted

from O into rays in medium II with direction m.

Remark 2.3. After finding the surfaces with the uniform refraction property, we
learned that in the plane these are discussed in Descartes” Eight Discourse on

Optics [Des01, pp. 127-149] and applied to the design of lenses. If k¥ < 1 and
(x—hP?  (y—k?
a? M b2
refraction index n; and the outside of the ellipse is filled with a material having

the ellipse = 1, with a > b, is filled with a material having

refraction index n,, then all rays emanating from one focus are refracted by the
half of the ellipse closed to the other focus into rays parallel to the x-axis if the

eccentricity e = 4/1 — (b/a)? = x. Similarly, if ¥ > 1 and the region containing (/, k)
AV AV,

and bounded by the hyperbola & = F_W = ) =1, with a > b, is filled with

a material having refraction index 71, and the complement of this region is filled

with a material having refraction index n,, then all rays emanating from one focus
are refracted by the branch of the hyperbola closed to the other focus into rays
parallel to the x-axis if the eccentricity e = /1 + (b/a)? = «.

3. EXISTENCE AND UNIQUENESS OF WEAK SOLUTIONS FOR kK < 1

This section addresses the refractor problem in case x < 1. We first introduce the

notions of refractor mapping and measure, and weak solution. We then convert
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the refractor problem into an optimal mass transport problem from Q to Q* with
the cost function log Cp— and establish existence and uniqueness of weak
solutions.

Let Q, ' be two domains on S*7!, the illumination intensity of the emitting

beam is given by nonnegative f(x) € LY(Q), and the prescribed illumination

intensity of the refracted beam is given by a nonnegative Radon measure u on )+

Throughout this section, we assume that |[dQ)| = 0 and the physical constraint

(3.1 inf x-m2>x.
xeQ,me)*

We further suppose that the total energy conservation

(32) fQ flx)dx = (@) > 0,

and for any open set G C Q)

(3.3) ff(x) dx > 0,
G
where dx denotes the surface measure on S" 1.

3.1. Refractor measure and weak solutions. We begin with the notions of refrac-

tor and supporting semi-ellipsoid.

Definition 3.1. A surface R parameterized by p(x)x with p € C(Q) is a refractor from
Q to QO for the case k < 1 (often simply called as refractor in this section) if for any

xo € Q there exists a semi-ellipsoid E(m, b) with m € Q- such that p(xo) = C—
_ - X0

and p(x) < % for all x € Q. Such E(m, b) is called a supporting semi-ellipsoid
of R at the point p(xg)xo.

From the definition, any refractor is globally Lipschitz on Q.

Definition 3.2. Given a refractor R = {p(x)x : x € Q}, the refractor mapping of R is the
multi-valued map defined by for xo € Q

Nr(xo) = {m € Q' : E(m,b) supports R at p(xo)x, for some b > 0}.
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Given my € Q, the tracing mapping of R is defined by
Tr(mo) = N'(mo) = {x € Q1 my € Ng(x)}.

Definition 3.3. Given a refractor R = {p(x)x : x € Q}, the Legendre transform of R is

defined by
* * . * I 1 *
R = {p"(m)m : p(m)_i?g—gp(x)(l—Kx-m)' m e Q).

We now give some basic properties of Legendre transforms.

Lemma 3.4. Let R be a refractor from Q to Q. Then
(i) R is a refractor from Q10 Q.
(i) R* = (R) =R
(iii) If xo € Q and mg € Q, then xy € Ng- (my) iff my € Ng(xop).

Proof. Given my € Q, p(x)(1 — xx - mp) must attain the maximum over Q at some
xo € Q. Then p*(mo) = 1/[p(x0)(1 — xxo - mp)]. We always have

(3.4) p*(m) = inf L L

< , Vm e Q.
vea PO —xm - x) — p(xo)(1 — xxg - m)

Hence E(xo, 1/p(xo)) is a supporting semi-ellipsoid to R* at p*(mg)m,. Thus, (i) is
proved.

To prove (ii), from the definitions of Legendre transform and refractor mapping

we have
. 1
(35) ,O(XO) P (mo) = m for mgy € NR(X()).
— ) . 1/ P(xo)
For xy € Q, there exists my € Ng(xy) and so from (3.5) p*(my) = CE— By
— KXo - My

(B4), p*(m)(1 — kxo - m) attains the maximum 1/p(x,) at mo. Thus,

*(x0) = inf 1 = 1
P e pr (L —kxo-m)  plxo) L

To prove (iii), we get from the proof of (ii) that if my € Ng(xp), then the semi-
ellipsoid E(xo, 1/p(xo)) supports R* at p*(mg)my and so xy € Ng-(mp). On the other

hand, if xo € Ng-(my), we get that my € Ng-(x;), and since R™ = R, my € Ng(xp). O
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The next two lemmas discuss the refractor measure.

Lemma 3.5. C = {F c Q" : Tw(F) is Lebesgue measurable} is a 0-algebra containing all

Borel sets in Q.

Proof. Obviously, Tz(0) = 0 and Tx(Q") = Q. Since Tr(UZ,F;) = U2, T=(F)), C is

closed under countable unions. Clearly for F C QO

TR(ES) = {x € Q: Ng(x) N FE # 0)
={xeQ: Ne(x)NF=0}U{xeQ: Ng(x)NF #0, Ne(x) N F # 0}

(3.6) = [Tr(B)I° U [TR(F) N Tr(F)].

If x € Tr(F) N Tr(F) N Q, then R parameterized by p has two distinct supporting
semi-ellipsoids E(my, by) and E(m,, by) at p(x)x. By @2.1)), p(x)x is a singular point
of R. Otherwise, if R has the tangent hyperplane ITat p(x)x, then IT must coincide
both with the tangent hyperplane of E(mi,b;) and that of E(my, by) at p(x)x. It
follows from that my = m,. Therefore, the area measure of 7x(F°) N Tx(F) is
0. So C is closed under complements, and we have proved that C is a o-algebra.
To prove that C contains all Borel subsets, it suffices to show that 7x(K) is
compactif K C QO is compact. Letx; € Tg(K) fori > 1. There exists m; € Ng(x;)NK.

Let E(m;, b;) be the supporting semi-ellipsoid to R at p(x;)x;. We have
(3.7) p(x)(1 —xm;-x) < b; forxeQ,

where the equality in occurs at x = x;. Assume that a; < p(x) < a, on Q for
some constants a, > a; > 0. By and (3.1), a1(1 — k) < b; < ap(1 — x?). Assume
through subsequence that x; — x,, m; — mg € K, b; — by, as i — oo. By taking
limit in (3.7), one obtains that the semi-ellipsoid E(rmy, by) supports R at p(xo)xo

and xy € Tg(mp). This proves 7(K) is compact. O

Lemma 3.6. Given a nonnegative f € L'(Q), the set function

Myg,f(F) = f fdx
Tr(F)
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is a finite Borel measure defined on C and is called the refractor measure associated with

Rand f.

Proof. Let {F;}2, be a sequence of pairwise disjoint sets in C. Let H; = Tx(F1),
and Hy = T(Fy) \ Uf;lquq(Pi), for k > 2. Since H;NH; = 0 for i # jand U;? Hy =
Ul‘jilTR(Pk), it is easy to get

[o0]

Mg (Ve Fr) = f fdxzz f fdx.

H
™ k=1 k
Up H

Observe that Tx(Fx) \ Hy = Tw(Fx) N (Ufz‘llTyg(Fi)) is a subset of the singular set
of R and has area measure 0 for k > 2. Therefore, fHk fdx = Mg¢(Fy) and the
o-additivity of Mg s follows. O

The notion of weak solutions is introduced through the conservation of energy.

Definition 3.7. A refractor Ris a weak solution of the refractor problem for the case k < 1
with emitting illumination intensity f(x) on Q and prescribed refracted illumination

intensity u on Q0 if for any Borel set F C Q*
(3.8) Mg (F) = f fdx = u(F).
Tr(F)

3.2. Variational frame of optimal mass transport. The existence and uniqueness
of the refractor will be established by converting the question into a optimal mass
transport problem, see [Vil03|] for a comprehensive description of this field. To do
so, we now turn to discuss some results for general optimal mass transport. Let
D, D" be two domains on §"~! with [0D| = 0. Let N be a multi-valued mapping
from D onto D* such that N(x) is single-valued a.e. on D. For F c Dr, set
T(F) =N F)={xeD: Nx)NF # 0}. N is measurable if 7(F) is Lebesgue
measurable for any Borel set F ¢ D*. Given nonnegative ¢ € L'(D) and finite
Radon measure I on D* satisfying fﬁ g(x)dx = [(D*) > 0, N is measure preserving
from g(x)dx to I if for any Borel F C D*

(3.9) g(x)dx = T'(F).
T(F)
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Lemma 3.8. N is a measure preserving mapping from g(x)dx to I' if and only if for any
v e C(D*)

D*

(3.10) f_v(N(x))g(x) dx = f v(m) dI'(m).
D
We remark that v(N(x)) is well defined for x € D\ S where N(x) is single-valued
onD\ Sand|S| =0, and fEU(N (x))g(x) dx is understood as fﬁ\ s VN (1)) g(x) dx.

Proof. Let N be a measure preserving mapping. To show (3.10), it suffices to prove

it for v = xr, the characteristic function of a Borel set F. It is easy to verify that
X7 (x) = xr(N(x)) for x € D\ S. Therefore by (3.9)

fﬁ xr(m)dT = L o = fﬁ NG

To prove the converse, assume that (3.10) holds. We now show for any relatively

open set G in D
(3.11) f gdx < T(G).
7(G)

Indeed, given a compact set K C G, choose v € C(ﬁ) suchthat0<v<1,v=1o0n

K, and v = 0 outside G. By (3.10), one gets

f g(x)dx < j: (N (x))g(x)dx < T(G),
T(K) D

and (3.11)) follows from arbitrariness of K. Because a Borel set can be approximated
by open sets, (3.11)) is still valid for Borel sets F in D~. Noticing (7 (F))° € 7 (F°), to
get the reverse inequality we apply (B.11) to D* \ F and (3.9) follows. m|

Consider the general cost function c(x, m) € Lip(D x D), the space of Lipschitz

functions on D x D*, and the set of admissible functions
K = {(u,v) : u € C(D),v € C(D*), u(x) + v(m) < c(x,m), Vx € D,¥Ym € D}.
Define the dual functional I for (1, v) € C(D) x C(D)

I(u,v) = jl; u(x)g(x) dx + L_* v(m)drl,
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and define the c- and ¢*- transforms

u‘(m) = inf [c(x, m) —u(x)], me Dr; vc(x) = inf [e(x,m) —v(m)], x€ D.
xeD meD*

Definition 3.9. A function ¢ € C(D) is c-concave if for xo € D, there exist my € D* and

b € R such that ¢(x) < c(x, mp) — b on D with equality held at x = xo.

Obviously v, is c-concave for any v € C(D*). We collect the following properties:
(1) Forany u € C(D)and v € C(D*), v. € Lip(ﬁ) and u¢ € Lip(ﬁ) with Lipschitz
constants bounded uniformly by the Lipschitz constant of c.
(2) If (u,v) € K, then v(m) < u‘(m) and u(x) < v.(x). Also (v, v), (u, u°) € K.
(3) ¢ is c-concave iff ¢ = (¢°)..
Indeed, if ¢(x) < c(x,my) — b on D and the equality holds at x = x,, then
b = ¢°(myp). So P(xo) = c(xo, my) — ¢°(my) which yields P(xp) > (¢)(x0). On

the other hand, from the definitions of c and c* transforms we always have

that (¢°). > ¢ for any ¢.
Definition 3.10. Given a function ¢(x), the c-normal mapping of ¢ is defined by
Neo(x) = {m € D : P(x) + P (m) = c(x, m)}, forx e D,
and T () = N j(m) = {x € D:m e N,(x)).
We assume that the cost function c(x, m) satisfies the following:

(3.12) For any c-concave function ¢, N, ¢(x) is single-valued a.e. on D

and N, is Lebesgue measurable.

Lemma 3.11. Suppose that c(x, m) satisfies the assumption (3.12). Then

(i) If ¢ is c-concave and N, is measure preserving from g(x)dx to T', then (¢, ¢°) is
a maximizer of I(u,v) in K.
(ii) If ¢(x) is c-concave and (¢, ¢) maximizes I(u,v) in K, then N4 is measure

preserving from g(x)dx toT.
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Proof. First prove (i). Given (u,v) € K, obviously
u(x) + (N (%)) < c(x, Neo(x)) = d(x) + ¢°(No(x)),  ae. xonD.

Integrating the above inequality with respect to gdx yields

Lugdx+£v(Nc,¢(x))g(x)dxs‘f5¢gdx+fBQDC(NC,q)(x))g(x)dx.

By Lemma it yields I(u, v) < I(¢, ¢°) and from (2) above the conclusion follows.
To prove (ii), let iy = ¢, and for v € C(D), let Yo(m) = YP(m) + 0 v(m) where
0 < |0] < gy with € small, and let ¢y = (p).. It suffices to show

(3.13) 0 = lim [P0 ¥0) ~1®,¥) _ f —0(Noo(x)) g dx + f o(m)dT.

0—0 0 ) o

Since (¢po, Yo) € K, I(Po, Vo) < (¢, ). So the limit must be zero if it exists. We

have

Lo, Po) =1, ) [ Po—¢
5 = fﬁ 5 gdx+fD;*v(m)dF.
Po(x) — P(x)

To prove (3.13), one only needs to show that

Po(x) — P(x)
and — 5
D\ S and |S| = 0. Indeed, for x € D \ S, we have ¢g(x) = c(x, mg) — Pg(mg) and

¢(x) = c(x, mq) — P(m;) for some my, m; € D-. Then we get

5 is uniformly bounded

— —0(N¢¢(x)) for all x € D \ S where N 4(x) is single-valued on

—0v(1mg) < Po(x) = P(x) < —Ov(my).

Moreover, m; = N4(x) due to p = ¢°. To finish the proof, we show that m,
converges to m; as 0 — 0. Otherwise, there exists a sequence mg, such that
Mg, — Mo # M. SO P(x) = c(x, Me) — P(Mo), which yields mq, € N, 4(x). We then

get m; = me, a contradiction. The proof is complete. m|

Lemma 3.12. There exists a c-concave ¢ such that

I(p, ¢°) = supil(u,v) : (u,v) € K}.
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Proof. Let

Iy = sup{l(u,v) : (u,v) € K},

and let (1, vx) € K be a sequence such that I(u, vr) — . Set ity = (vi). and
O = (ilx)". From property (2) above, (iix, ) € K and I(iix, k) — Iy. Let ¢y = ming il

and define

U = iy — Cy, Ul = U + Ck.

Obviously (ug, 02) € K and by the mass conservation of gdx and I, I(iix, 0x) =

#

I (ui, v,ﬁ(). Since il are uniformly Lipschitz, u;

are uniformly bounded. In addition,
U]’ﬁ = () +cx = (ul’ﬁ)c and consequently 02 are also uniformly bounded. By Arzela-
Ascoli’s theorem, (ui, vz) contains a subsequence converging uniformly to (¢, 1)
on DxD*. We then obtain that (¢, 1) € K and Iy = sup{I(1, ) : (1,v) € K} = I(p, V).

From property (2) above, (¢, ({.)°) is the sought maximizer of I(u, ). O

Lemma 3.13. Suppose that c(x, m) satisfies the assumption (3.12). Let (¢, ") with

¢ c-concave be a maximizer of 1(u,v) in K. Then insf c(x,s(x))g(x) dx is attained at
SE, 5
s = N., where S is the class of measure preserving mappings from g(x)dx toT'. Moreover

(3.14) inf f c(x,s(x))g(x)dx = sup{l(u,v) : (u,v) € K}.
€S Jp

Proof. Let i = ¢°. For s € S, we have

f_c(x,s(x))g(x) dx > L(cﬁ(x) + w(s(x))) g(x) dx

D
= f_¢<x>g<x> dx + f_ P((0)0) dx
D D
- f_<f><x>g<x>dx+ f_ PmydT = 19, )
D D+
= j; (<P(x)+¢(Nc,¢(x))) ¢(x) dx, from Lemma [3.T1J(ii)
D

= fﬁ c(x, Neo(x))g(x) dx.
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Obviously, for any c-concave function ¢, N, has the following converging

property (C): if my € N o(xx), xx — xo and my — my, then my € N (xo).

Lemma 3.14. Assume that c(x, m) satisfies the assumption (3.12) and that fG gdx > 0for

any open G C D. Then the minimizing mapping of ing f c(x, s(x))g(x) dx is unique in
SE 5

the class of measure preserving mappings from g(x)dx to I with the converging property

().

Proof. From Lemmas and let N, be a minimizing mapping associated
with a maximizer (¢, ¢°) of I(u,v) with ¢ c-concave. Suppose that N is another

minimizing mapping with the converging property (C). Clearly
(et Mt = 660 - 57 ua) 80
D

:igsffﬁc(x,s(x))g(x) dx—(f%qb(x)g(x) dx + fD;*qu(m) dF) =0,

and since ¢(x)+ ¢ (No(x)) < c(x, No(x)), it follows that ¢(x) + P (No(x)) = c(x, No(x))
on the set {x € D : g(x) > 0} which is dense in D. Hence from (3.12) and the
converging property (C), we get Ny(x) = N, (x) a.e. on D. O

We remark from the above proof that if g(x) > 0 on D, then the minimizing
mapping of infss fﬁc(x, s(x))g(x) dx is unique in the class of measure preserving

mappings from g(x)dx to T

3.3. Existence and uniqueness for the refractor problem if x < 1. We are ready
to use the concepts and results discussed above to establish the following main

existence and uniqueness theorem.

Theorem 3.15. Assume that Q, O3, f, u satisfy (3.1)-(3.3) and |0Q)| = 0. Then there
exists a weak solution R unique up to dilations of the refractor problem for the case x <1

with emitting illumination intensity f(x) and prescribed refracted illumination intensity

U
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Proof. We first transform our problem into an optimal mass transport problem
for the cost function c(x, m) = log Cp— Obviously, R = {p(x)x : x € Q}isa
refractor iff log p is c-concave. Furthermore, log p* = (log p)‘, log p = (log p*). by
Remark (3) after Definition and Ng(x0) = Nejogp(X0) by (3.5). By the Snell law
and Lemma c(x, m) satisfies (3.12). From the definitions, R is a weak solution
of the refractor problem iff log p is c-concave and N, o, is a measure preserving
mapping from f(x)dx to .
By Lemma there exists a c-concave ¢(x) such that (¢, ¢°) maximizes

I(u,v):fﬁ‘ufdx+‘fg_*vdy(m)

in K = {(u,0) € C(Q) x C(Q") : u(x) + v(m) < c(x,m), for x € Q,m € Q}. Then by
Lemma N¢4(x) is a measure preserving mapping from fdx to . Therefore,
R = {e?™x : x € Q} is a weak solution of the refractor problem.

It remains to prove the uniqueness of solutions up to dilations. Let R; = {p;(x)x :

X € 5}, i = 1,2, be two weak solutions of the refractor problem. Obviously, N o p:

have the converging property (C). It follows from Lemmas3.11} 3.13|and [3.14|that
Nejogpr () = Nejogp,(¥) a.e. on Q. That is, Ng,(x) = Ng,(x) a.e. on Q. By 2.1),

— N

vi(x) = M is the unit normal to R; towards medium II at p;(x)x where R;
|x - KNR;‘ (x |

is differentiable. So v1(x) = v,(x) a.e. and consequently p;(x) = C p,(x) for some

C>0. |

4. EXISTENCE AND UNIQUENESS OF WEAK SOLUTIONS IN CASE Kk > 1

The refractor problem in case x > 1 can be solved by converting it to an optimal
mass transport problem in a way similar to the case x < 1. The main difference
is to use semi-hyperboloids of two sheets H(m, ), defined by 2.9), in place of the
semi-ellipsoids E(m, b), and the associated cost function for the case x > 1is given
by log(xx - m — 1).

Let Q, ' be two domains on S*7!, the illumination intensity of the emitting

beam is given by nonnegative f(x) € LY(Q), and the prescribed illumination
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intensity of the refracted beam is given by a nonnegative Radon measure y on )+

Throughout this section, we assume that |[dQ)| = 0 and the physical constraint

4.1) inf x-m>1/x+9,

xeQ,me)*

for some 6 > 0. We also suppose that the total energy conservation

(42) [ ser =@ >0,

and for any open set G C )

(4.3) Lf(x) dx > 0.

We begin with the notions of refractor and supporting semi-hyperboloid.

Definition 4.1. A surface R parameterized by p(x)x with p € C(Q) is a refractor from Q
to O for the case x > 1 (often simply called as refractor in this section) if for any x, € Q

there exists a semi-hyperboloid H(m, b) with m € Q- such that p(xp) = pe— and
- xg —

p(x) > ﬁ for all x € Q. Such H(m, b) is called a supporting semi-hyperboloid of
R at the point p(xg)xo.
Obviously, any refractor must be Lipschitz in Q. The refractor mapping and

Legendre transform are defined similarly.

Definition 4.2. Given a refractor R = {p(x)x : x € Q}, the refractor mapping of R is the
multi-valued map defined by for x, € Q

Ng(xo) = {m € Q' : H(m,b) supports R at p(xo)x, for some b > 0}.
Given mgy € Q, the tracing mapping of R is defined by
Tr(mg) = Ng'(mg) = {x € Q: my € Ng(x)}.

Definition 4.3. Given a refractor R = {p(x)x : x € Q}, the Legendre transform of R is
defined by

1
()(xx-m—1)

R ={p"(m)ym: p'(m) = sup m € Q.

rea P
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The proof of the following lemma is analogous to that of Lemma

Lemma 4.4. Let R be a refractor from Q to Q. Then
(i) R is a refractor from Q¥ to Q.
(i) R* = (R) =R
(iii) If xo € Q and my € Qr, then x, € Ng-(my) iff my € Ng(xo).

We can also prove the following lemma about the refractor measure.

Lemma 4.5. Let R be a refractor. Then C = {F C Q : Tx(F) is Lebesgue measurable} is

a o-algebra containing all Borel sets in O, and the set function on C defined by

Mg ¢(F) = f fdx
T(F)

is a finite Radon measure, called as the refractor measure associated with R and f.
Weak solutions are again introduced through energy conservation.

Definition 4.6. A refractor Ris a weak solution of the refractor problem for the case k > 1
with emitting illumination intensity f(x) on Q and prescribed refracted illumination
intensity u on Q if for any Borel set F C Q*
(4.4) Mg ¢(F) = fdx = u(F).

Twr(F)

Below is the main existence and uniqueness theorem for the case « > 1.

Theorem 4.7. Assume that Q, (Y, f, u satisfy (4.1)-(4.3) and |0Q| = 0. Then there
exists a weak solution R unique up to dilations of the refractor problem for the case x > 1

with emitting illumination intensity f(x) and prescribed refracted illumination intensity

U

Proof. We first convert the problem into an optimal mass transport problem with
the cost function c(x,m) = log(xx - m —1). Obviously, R = {p(x)x : x € Q} is
a refractor iff —log p is c-concave. Furthermore, —logp* = (-logp)‘, —logp =

(—log p*). by Lemma and Ng(xo) = N -10gp(%0). By the Snell law, c(x,m)



THE REFRACTOR PROBLEM IN RESHAPING LIGHT BEAMS 21

satisfies (3.12). From the definitions, R is a weak solution of the refractor problem
iff —log p is c-concave and N, -1, is @ measure preserving mapping from fdx to
.

By Lemma there exists a c-concave function ¢ such that (¢, ¢°) maximizes

I(u,v):j%ufdx+j%vdy(m)

in K = {(u,0) € C(Q) x C(QY") : u(x) + v(m) < c(x,m), for x € Q,m € Q}. Then by
Lemma N.»(x) is a measure preserving mapping from fdx to u. Therefore,
R = {e?@x : x € Q) is a weak solution of the refractor problem.

It remains to prove the uniqueness of solutions up to dilations. Let R; = {p;(x)x :
x € Q},i = 1,2, be two weak solutions of the refractor problem. Obviously, N, iog,

has the converging property (C). It follows from Lemmas and that
Ne 1050, () = Ne—10gp,(x) a.e. on Q. That is, Ng, (x) = Ng,(x) a.e. on Q. By 2.1),

i) = RO XL it I to R; towards medium 1T at p;(x)x wh

i(x) = —————— is the unit normal to R; towards medium II at p;(x)x where
[Nz (x) — ] P

R is differentiable. So v1(x) = v,(x) a.e. and consequently p;(x) = Cpz(x) for some

C>0. |

Remark 4.8. Theorems and [4.7/imply the existence of a lens refracting radia-
tion in a prescribed way. The lens is bounded by two surfaces, the “outer” surface
is the one described in those theorems and the “inner” one is a sphere with center
at the point from where the radiation emanates. These ideal lenses do not have

spherical aberration, i.e., they focus all incoming rays into exactly one point.

5. THE DIFFERENTIAL EQUATION AND CONDITION A3

If f is a function defined in an n-dimensional neighborhood of the pointx € §"~!,

the tangential gradient f at x is defined by

Vif(x) = Dif(x) = (Dxf(x) - X) x,
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where D, is the standard gradient in R". Also the tangential Hessian of f at x with

respect to the standard metric in the sphere, dx? + - - - + dx3, is defined by

Vief () = D3 f(x) = (Dsf(x) - 0)1d,

where D2, is the standard Hessian in R".
Since the refractor problem is a mass transportation problem, the differential

equation satisfied by the potential ¢ = log p is

(5.1) det(V2,6(x) + A, p)) = Bx,p),  p = V.p(x),

with A(x, p) = (Vikxlc(x, Y(x, p))), Bx,p) = ‘det (kaVy,c(x, Y(x, p))) %, and

Vie(x,Y) = p; see [MIWO5], [ITWO07], [Tru06], and [Vil07, Chapter 12]. We are

going to calculate the matrix A and 8.
Let 0 < k¥ < 1, and the cost function c(x, y) = —% log(l —xx-y), x-y > « (the
factor 1/x is added to simplify the computations). We have

y—(x-yx

Vie(x, y) = “rex- g

For each x € $"! and for each p € R" in the tangent plane to the sphere at x,
ie, x L p, we want to find Y = Y(x,p) € S"! such that V.c(x,Y) = p. Indeed,

we write Y = Ax + up + 6x+ with x*+ a vector orthogonal to both x and p. Then

+ Oxt
Vie(x,Y) = % =p. Wehave 6 = 0,1 = A? + p?|p*, and since x - Y > x, we
obtain
(5.2)

_ xlpP + yh(p)

Y p) = AQ)rHA-kA)p, AP = an b= 1=,

for |p| < 1/ V1 — 2 (there is no solution Y for larger values of p). Notice that
Dyc(x,Y) - x =

Ap)

(5.3) (X, Y) =pi+ Wxi-
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We next calculate V2, c(x, y) = (Vikxlc(x, y)). Notice that

Cxy (X, ) = Ky (X, Y) Cx (X, ).

We have A(x, p) = (au(x,p)) = (Vikx]c(x, Y(x, p))) and therefore

B A(p) A(p) A(p)
(5.4) an(x,p) = K (Pk + ka) (Pz T, A(P)xl T« A(p)ékl-
The A3s condition introduced by Ma, Trudinger and Wang [MITWO05] reads

(5.5) Dy (x, p)Ei& e < —col&lPInl?,

for all x € §"!, and for all p,&,1n € R" in the tangent plane to x, ie, p, &, 17 L x,
with & L 1), and ¢ a positive constant. Similarly, the matrix A verifies A3w if

AMp) o« Vh(p)

1-xAp) -2 1-12

holds with ¢y = 0. Letting g(p) = and differentiating

ay with respect to p;, p; yields
Dypan(x, p) = ((apipjg xe)(p1 + gx1) + (0ki + 9y, gxk)(01j + Iy, g%1)
+(Okj + 9, gx)(O1i + Iy, 8x1) + (prc + gxk)(apfmgxl)) — Iy, 800-

Hence

Dp,'pjakl(xl P)&Eﬂ?knl
= 2K(D3,8(P)E, )0 1) ((p - 1) + p)Cx - 1) + 2k - MAD(p) - ) = (D, (DS, N

We have
IEPh(p) + (1 = &*)(p - &)
<D§pg(p)'§/ "E) = - h(p)3/2
Since x L &,n,and £ L 17, we obtain
IEPh(p) + (1 = &*)(p - &)
Z Dyppa(x, p)Ei& e = P )T P %,

ijkl
and so A3w does not holdﬂ From [Loe06, Theorem 3.2] one cannot expect C!

regularity of u in case x < 1.

*Notice that —c verifies A3w for |p| < 1/ V1 — x2.
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Let us now consider the case x > 1. In this case the cost function is c(x, y) =

1
Elog(Kx -y —1),for x-y > 1/x. We then have

y—(x-yx

Vaclx y) = kx-y—1"

Proceeding as in the previous case we get that

Y(x,p) = Ap)x + (kA(p) — Dp,

where A(p) is defined in (5.2), now for all p. Since in this case

Cr; (X, Y) = —KCx, (%, Y) Cx; (%, Y),

the formula for A(x, p) is now

Ap) )( N Ap) ) A(p)

ag(x,p) = —x (Pk + ka pi @) = 7%~ Wékl,

that is,
an(x, p) = —x (px — &P)xx) (71 — 8(P)x1) + §(P)owr.

Therefore we now get

Dpipjak;(X, P)Eiéﬂ]k’?l
= ~2K(D},&(P)E, E)x - 1) ((p - 1) = &P - M) = 2K - D, (p) - £ + (D 2(P)E, N

From the orthogonality and the value of D7 ¢,

PR + A= EF o1

_ 2,12
h(p)*? = h(P)?’/zl(EI L

Y Dy e pIEE i = —

ikl

and therefore A3w holds and A3s does not.

To find B, if 0 < ¥ < 1, then we have

Oj .y X Yy Kyyixey) | xyixey)
—xx-y (I-xx-y)? A-xx-y? 1-xx-y (1—xx-y)? (1-xx-y)*

V¥ ) = 1
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Therefore

o xi(xYi—x;) = Y;(Yi — Ax;)
Vi Vye(x, Y(x, p)) = Tl + 1=xA)

0ij 1

Similarly, if ¥ > 1 one obtains that

0ij 1
Va Ve Y 0o ) = g+ g (= 0pi =) + iy
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