REFLECTOR PROBLEM IN R^n ENDOWED WITH NON-EUCLIDEAN NORM

Luis A. Caffarelli and Qingbo Huang

Abstract. In this paper, we establish existence and uniqueness up to dilations for the reflector problem in a nonisotropic medium in R^n for which light wavefronts are described by non-Euclidean norm spheres, through approaches of paraboloid approximation and optimal mass transport.

§1. Introduction

Recently, there have been a lot of interests in the mathematical study of the reflector problem originated in the synthesis of reflector antennas in engineering. Let O be a nonisotropic point source of light in a homogeneous isotropic medium. By the law of reflection, if a light ray emanating from O in the direction x ∈ S^{n−1} is incident upon a perfectly reflecting surface R, then the reflected ray has direction:

(1-1) m = N (x) = x − 2(xν)ν,

where ν is the unit outer normal to R at the point where the light ray hits R. Throughout this paper, xν donotes the inner product of x and ν in R^n. The reflector problem can be described in the following. Given Ω, Ω^∗ ⊂ S^{n−1}, and two positive functions f(x), g(m) defined on Ω, Ω^∗, respectively, we want to construct a reflecting surface R parameterized by X = ρ(x)x for x ∈ Ω such that lights emitted from O with aperture Ω and input illumination intensity f(x) are reflected by R into the directions in Ω^∗ and all reflected lights cover Ω^∗ with prescribed output illumination intensity g(m). By conservation of energy, N in (1-1) is measure-preserving: � N^{−1}(E)

f(x) dx = � E g(m) dm, for all Borel set E ⊂ Ω^∗.

Dec 6, 2007.

2000 Mathematics Subject Classification. Primary 35J60; Secondary 35J20, 58J05, 52A20. Key words and phrases. reflector problem, existence, uniqueness, optimal mass transport. *Research of the first author supported in part by NSF grant No. DMS-0140338; research of the second author supported in part by NSF grants No. DMS-0201599 and No. DMS-0502045.

Typeset by AMS-TEX 1

By [GW98], it yields the following fully nonlinear equation on S^{n−1}

(1-2) det (∇_{ij} u + (u − η)e_{ij} ) η^{n−1} det(e_{ij} ) = f(x) g(N (x)) , where u = 1/ρ, ∇=covariant derivative, η =

|∇u|^2 + u^2 2u , and e is the metric on S^{n−1}. An equation similar to (1-2) for the Legendre transforms was derived earlier when n = 3. See [OW87].

The reflector problem in the case that n = 3, and Ω and Ω^∗ are contained in the northern and southern hemispheres respectively, was discussed in [Wan96], [Wan04]. The existence and uniqueness up to dilations of weak solutions were established in [Wan96]. Regularity of weak solutions was also discussed in [Wan96] if f, g are smooth and Ω, Ω^∗ satisfy certain geometric condition. A Monge-Kantorovich optimal transport approach was found and used to study this reflector problem in [Wan04].

For the global reflector problem (i.e., Ω = Ω^∗ = S^{n−1}), the existence of weak solutions was established in [CO94] if f and g are nonnegative L^1 functions, and the uniqueness up to homothety was treated in [GW98] under additional assumption that � G g(m) dm > 0 for any open set G in S^{n−1}. The existence of the optimal (reflector) map was discussed in [GaO07]. If f, g are strictly positive and in C^{1,1}(S^{n−1}), then weak solutions are C^{3,α} for any 0 < α < 1, by [GW98]. Moreover, there has been some important progress in the study of properties of weak solutions to the global reflector problem. In [CGH05], the inequalities of Alexandrov type for the reflector map were established, and then they were used to prove that any weak solution is a strict reflector (i.e., each supporting paraboloid touches it at only one point) and is of C^1 class, under the assumption that f and g are bounded away from 0 and ∞. In [O05], the focal function of reflectors was discussed and characterized.

In this paper, we consider the global reflector problem in a homogeneous nonisotropic medium. This is, for instance, the case when the effective speed of propagation in a periodic medium is considered. Indeed, given a periodic medium (for instance a crystal) of period ε, the geodesic distance between two points x and y is translation invariant up to an error of order ε, since given a vector z, x + z and y + z differ from x and y in vector of order ε modulo the lattice (z = z̄ + εv for z̄ a vector of the lattice). Therefore, as ε goes to zero, the geodesic distance becomes translation invariant and the distance to the origin a norm. On the other hand, every norm can be realized as the homogenization limit of a periodic medium. See [AB84], [BBF02].

Suppose that wave fronts of lights transmitted from a point source in this medium are a family of closed surfaces homothetic to a C^1 closed strictly convex surface Σ symmetric with respect to O, and radiation (light ray) flows along straight lines. The optical distance for radiation to flow from O to X, i.e., time taken up to a scale, can be represented by the norm ‖X‖ induced by Σ (Minkowski functional of Σ). A radiation emitted from O incident upon X_0 on a reflecting hyperplane Π is reflected according to Fermat’s principle. Thus, if the reflected radiation passes through Y_0, then the optical path OX_0Y_0 has the least optical length among all paths OXY_0 for X ∈ Π, i.e., ‖X_0‖+‖Y_0 −X_0‖ = inf_{X∈Π}(‖X‖+‖Y_0 −X‖). In general, the reflection angle is not necessarily equal to the incident angle.

In fact, the natural relation between the variables x and m below is not that of variables in the norm space B but in dual spaces B and B^∗. While the geometry associated to x is that of the norm ‖·‖ given by effective distance, that associated to m is the one of the dual norm ‖·‖_∗. It is like optimal mass transport for nonisotropic propagation speeds goes from B to B^∗, by identifying x with m through the support function (the Hahn-Banach theorem that assigns to the unit vector x, the unit form m_x that realizes its norm x · m_x = 1). This suggests considering the infinitely dimensional problem. We will come back to this issue in a later paper.

The global reflector problem in this medium can be described below. Let ‖ · ‖ be the norm in R^n such that the unit norm sphere Σ is C^1 strictly convex and norm spheres represent wavefronts. Given two nonnegative functions f(x), g(m) defined on Σ, we want to construct a reflecting surface R parameterized by X = ρ(x)x for x ∈ Σ such that lights emitted from O with input illumination intensity f(x) are reflected by R according to Fermat’s principle and the reflected lights have prescribed output illumination intensity g(m).

Our purpose in this paper is to deal with existence and uniqueness of this global generalized reflector problem (called as Σ-reflector problem). In §3-§6, we develop a very general theory via paraboloid approximation and geometric argument if Σ is only C^1 strictly convex. In §7, we use the optimal mass transport method to reconsider this global Σ-reflector problem if Σ is C^2 strongly convex.

Our work in §3-§5 is inspired by [CO94]. The development of the notion of weak solutions and existence theory is parallel to that in [CO94]. However, the Σ-reflector problem is much more involved with convex analysis. We formulate the problem by using convex analysis and the Fermat principle. This formulation is more involved technically than that in isotropic media and part of it is new.

For uniqueness, we extend the idea in [GW98, Theorem 3.2] to the Σ-reflector problem. The argument in [GW98] relies on some geometrical intuition with few details, and their notion of weak solutions is generally not equivalent to ours when Σ = S^{n−1}. The generality of the Σ-reflector problem requires a more analytically detailed argument presented in §6.

The optimal mass transport method was first used by [Wan04] for the local standard reflector problem (Σ = S^{n−1} and Ω ∩ Ω^∗ = ∅) for which the cost function − log(1 − xm) = − log^{|x−m|2}_2 is smooth. Also see [GlO03]. However, for the global case, this cost function is singular, and the existence under the framework of optimal mass transport is more difficult. Recently, [GaO07] considered the optimal mass transport problem from S^{n−1} to S^{n−1} for more general singular cost functions c(x, m) = l(^{|x−m|2}_2 ) with l(0^+) = ∞ and proved the existence of optimal maps by using c-cyclical monotonicity. In §7, we provide variational arguments for the global Σ-reflector problem which has a singular cost function c(x, m^∗) = − log(1 − xm^∗) defined on Σ × Σ^∗, where Σ^∗ is the unit dual norm sphere. Our approaches are different from that in [GaO07] and through the dual functional, the first way by maximizing sequence and second way by cost function approximation.

§2. Preliminary on Convexity

In this section, we give preliminary on some notions and facts about convexity. For the convenience of readers, the proofs for most of these facts are presented.

Given a norm ‖ · ‖ in R^n (n ≥ 2), let Σ = {x : ‖x‖ = 1} be the unit norm sphere and let B = {x : ‖x‖ ≤ 1} be the unit norm ball. Throughout the paper, denote by |x| the standard Euclidean norm of x and by S^{n−1} = {x : |x| = 1} the Euclidean unit sphere. Obviously, Σ is a closed convex surface enclosing the origin O and symmetric with respect to O. If Σ = {r(x)x : x ∈ S^{n−1}} is parameterized by radial function r(x), then there exist constants 0 < r_0 < R_0 such that r_0 ≤ r(x) ≤ R_0 for x ∈ S^{n−1}. Moreover, the norm ‖ · ‖ is just the Minkowski functional M_Σ of Σ defined by M_Σ(λx) = λ/r(x) for λ ≥ 0, x ∈ S^{n−1}. Note that M_Σ can also be defined through M_Σ(x) = 1/ sup{t > 0 : tx ∈ B} for x ∈ R^n. Geometrically, the graph of M_Σ is the cone in R^{n+1} generated by (0,0) and Σ × {1}.

It is easy to show the following.

Lemma 2.1. Σ is strictly convex if and only if the strict triangle inequality holds, i.e., ‖x + y‖ < ‖x‖ + ‖y‖, if x, y ≠ 0 and x/‖x‖ ≠ y/‖y‖.

We now discuss notions of support function, support set, and support map. Given ν ∈ S^{n−1}, let T_ν be a supporting hyperplane to Σ at some x_0 ∈ Σ with the outward normal ν. The function φ(ν) = νx_0 = sup_{x∈Σ} νx is called the support function of Σ. Geometrically, φ(ν) denotes the distance from O to the supporting hyperplane T_ν . Obviously, the equation of T_ν can be written as νx = φ(ν). The set T_ν ∩ Σ is called the support set of Σ with respect to T_ν or simply ν. The set-valued mapping Φ : ν −→ T_ν ∩ Σ is called the support map of Σ.

We turn to the dual norm ‖ · ‖_∗ of the norm ‖ · ‖. Since R^n is finite-dimensional, any bounded linear functional L on (R^n, ‖ · ‖) corresponds to a unique λν where λ ≥ 0 and ν ∈ S^{n−1} such that L(x) = L_{λν} (x) = λνx. Let ‖λν‖_∗ = ‖L_{λν} ‖ = sup_{‖x‖=1} |L_{λν} (x)|. ‖ · ‖_∗ is called the dual norm of ‖ · ‖. Since Σ is symmetric with respect to O, ‖λν‖_∗ = λφ(ν). Thus, we have

Lemma 2.2. The unit dual norm sphere is Σ^∗ = {y : ‖y‖_∗ = 1} = {ν/φ(ν) : ν ∈ S^{n−1}}, where φ(ν) is the support function of Σ.

The following lemma follows from the definitions of the support function and support map.

Lemma 2.3. Let x_0 ∈ Σ and ν^∗_0 = ν_0/φ(ν_0) ∈ Σ^∗ with ν_0 ∈ S^{n−1}. Then (i) |ν^∗_0 x_0| ≤ 1.

(ii) ν^∗_0 x_0 = 1 if and only if x_0 ∈ Φ(ν_0).

We say that Σ has a continuous normal field ν(x) if ν(x) : Σ −→ S^{n−1} is continuous and ν(x) is the unit outward normal of a supporting hyperplane T_{ν(x)} of Σ at x. By the proof of [CGH05, Theorem 6.2], if Σ has a continuous normal field ν(x), then Σ has a tangent plane at each point.

Lemma 2.4. Σ has a continuous normal field ν(x) if and only if the Minkowski functional M_Σ ∈ C^1(R^n \ {0}). Moreover, ∇M_Σ(x) = ν(x)/φ(ν(x)) for x ∈ Σ.

Proof. First show sufficient condition. Suppose M_Σ ∈ C^1(R^n \{0}). Since Σ is represented by the equation ‖x‖ = M_Σ(x) = 1, ∇M_Σ(x) is a normal of the tangent plane of Σ at x.

The homogeneity of M_Σ implies that x∇M_Σ(x) = 1 for x ∈ Σ and ∇M_Σ(x) is an outward normal. Let ν(x) = ∇M_Σ(x)/|∇M_Σ(x)|. Obviously, ∇M_Σ(x) = ν(x)/φ(ν(x)) and ν(x) is a continuous normal field of Σ.

Now assume that Σ has a continuous normal field ν(x). Since M_Σ has homogeneous degree one, to show M_Σ ∈ C^1(R^n \ {0}), it suffices to prove that ∇M_Σ exists and is continuous on Σ. Let x = r(x_0)x_0 ∈ Σ, where x_0 ∈ S^{n−1} and r is the radial function of Σ. We first prove

Claim: M_Σ(x + h) − M_Σ(x) = ν(x) φ(ν(x)) h + o(|h|).

To proceed, write x + h = y = |y|y_0 with y_0 ∈ S^{n−1}, and let z = r(y_0)y_0 ∈ Σ. For small |h|, by the inner product

(2-1) 1 2 |x_0 − y_0|^2 = 1 − x_0y_0 =

|h|^2 − (|y| − |x|)^2 2|x||y|

≤ C|h|^2,

where C is a constant, and C will denote various constants from now onward.

Because the supporting plane of Σ at x has the equation Xν(x) = φ(ν(x)), r(x_0) − r(y_0) ≥ φ(ν(x))/x_0ν(x) − φ(ν(x))/y_0ν(x). It implies that r is Lipschitz on S^{n−1}. Therefore, x_0r(x_0) is a Lipschitz mapping on S^{n−1}. By (2-1), we obtain |x−z| ≤ C|x_0−y_0| ≤ Ch. Since Xν(x) = φ(ν(x)) represents the tangent plane of Σ at x and |z − x| ≤ Ch, one gets zν(x) = φ(ν(x)) − o(|h|). We then have (y − z)ν(x) = hν(x) + o(|h|). Note that y and z have the same direction y_0. It follows that y = � 1 + |y| − |z| |z| � |z|y_0 = � 1 + hν(x) φ(ν(x))

+ o(|h|) � z. By the homogeneity of M_Σ

M_Σ(y) − M_Σ(x) = � 1 + hν(x) φ(ν(x))

+ o(|h|) � M_Σ(z) − 1 = hν(x) φ(ν(x))

+ o(|h|).

The lemma follows from the claim and that ν(x) and φ(ν(x)) are continuous. □ Lemma 2.5. If Σ is C^1, then Σ^∗ is strictly convex.

Proof. Let ν^∗_1 = ν_1/φ(ν_1), ν^∗_2 = ν_2/φ(ν_2) ∈ Σ^∗, and 0 < θ < 1, where ν_1 ≠ ν_2 ∈ S^{n−1}. Let ν^∗ = θν^∗_1 + (1 − θ)ν^∗_2 . Now show that ‖ν^∗‖_∗ = sup_{x∈Σ} |ν^∗x| < 1 by contradiction. Otherwise, one may assume that there exists x_0 ∈ Σ such that ν^∗x_0 = 1. Thus, ν^∗_1 x_0 = 1 and ν^∗_2 x_0 = 1. By Lemma 2.3, one concludes that Σ has two different outward normals ν_1 and ν_2 at x_0, which contradicts with that Σ is C^1. □ Lemma 2.6. x_0 ∈ Σ is an outward normal of Σ^∗ at ν^∗_0 = ν_0/φ(ν_0) with ν_0 ∈ S^{n−1} if and only if x_0 ∈ Φ(ν_0).

Proof. Let x_0 ∈ Σ be an outward normal of Σ^∗ at ν^∗_0 . Obviously, x_0ν^∗_0 = sup_ν∗_{∈Σ}∗ x_0ν^∗ ≥ x_0ν^∗_1 = 1, where ν^∗_1 ∈ Σ^∗ is an outward normal of some supporting hyperplane of Σ at x_0. By Lemma 2.3, x_0 ∈ Φ(ν_0). Conversely, if x_0 ∈ Φ(ν_0), then x_0ν^∗_0 = 1 = sup_ν∗_{∈Σ}∗ x_0ν^∗. Hence, x_0Y = 1 represents a supporting hyperplane of Σ^∗ at ν^∗_0 . □

Lemma 2.7. If Σ is strictly convex, then Σ^∗ is C^1.

Proof. Since Σ is strictly convex, the support map Φ of Σ is single-valued. It is easy to show by Lemma 2.3 that Φ(ν) is continuous on S^{n−1}. From Lemma 2.6, Φ(ν^∗/|ν^∗|)/|Φ(ν^∗/|ν^∗|)| is a continuous normal field on Σ^∗. By Lemma 2.4, M_Σ∗ ∈ C^1(R^n \ {0}) and its level set Σ^∗ is C^1. □

Note that φ(ν) = M_Σ∗ (ν) for ν ∈ S^{n−1}. We have

Corollary 2.8. If Σ is strictly convex, then the support function φ(ν) ∈ C^1(S^{n−1}).

By above lemmas, if Σ is C^1 and strictly convex, ∇M_Σ(x_0) ∈ Σ^∗ is an outward normal of Σ at x_0 ∈ Σ, and it gives rise to a homeomorphism from Σ onto Σ^∗. We call ∇M_Σ as the dual map from Σ to Σ^∗. For simplicity, set D(ν^∗) = (∇M_Σ)^{−1}(ν^∗). Obviously, Φ(ν) = D(ν^∗) = ∇M_Σ∗ (ν^∗) for ν^∗ = ν/φ(ν) ∈ Σ^∗.

We now recall the concepts of normal section and normal curvature. If Σ ∈ C^2, given x_0 ∈ Σ and a unit tangent vector τ at x_0, the convex curve C_τ , cut from Σ by the twodimensional plane generated by the normal ∇M_Σ(x_0) and τ, is called a normal section. The curvature of C_τ at x_0 is called the normal curvature of Σ at x_0 in the direction τ.

Σ is said to be strongly convex if Σ ∈ C^2 and it has strictly positive normal curvature at any point in any direction.

Finally, we recall that if Σ is strongly convex, then M_Σ and M_Σ∗ are C^2(R^n \ {0}) and equivalently ∇M_Σ is a C^1 diffeomorphism from Σ to Σ^∗.

In the rest of the paper, we always assume that Σ is C^1 and strictly convex.

§3. Σ-paraboloids and Σ-reflectors

In this section, we first discuss distance from a point to a hyperplane in (R^n, ‖ · ‖) with C^1 strictly convex unit norm sphere Σ and geodesic realizing it. Then we introduce the notions of Σ-paraboloid and Σ-reflector. Basic properties of Σ-paraboloids including important reflection property are discussed.

Given m^∗ = m/φ(m) ∈ Σ^∗ with m ∈ S^{n−1} and a real number b, let Π_m∗_{,b} be the hyperplane in R^n with the equation

(3-1) m^∗x + b = 0 or mx + bφ(m) = 0.

The distance from a point y_0 to Π_m∗_{,b} is given by

dist(y_0, Π_m∗_{,b}) = inf_{x∈Πm∗,b} ‖x − y_0‖.

This distance is invariant under translations along directions perpendicular to m and has similarity property under translations along the direction of m. Indeed, by definition, it is easy to verify that dist(y_0, Π_m∗_{,b}) = dist(z_0, Π_m∗_{,b}) if (y_0 − z_0) ⊥ m. Moreover, for λ > 0, dist(λm, Π_m∗ ) = λ dist(m, Π_m∗ ), where Π_m∗ = Π_m∗_{,0}.

Note that Π_m∗_{,1} with the equation mx + φ(m) = 0 is the tangent plane to Σ at −Φ(m). Because Σ is the unit norm sphere and is strictly convex, dist(O, Π_m∗_{,1}) = 1 = ‖ − Φ(m)‖ and the segment connecting O and −Φ(m) = −D(m^∗) is the only geodesic realizing the distance dist(O, Π_m∗_{,1}). In general, we can prove the following.

Lemma 3.1. Given y_0 ∈ R^n and a hyperplane Π_m∗_{,b} with equation (3-1), there exists a unique x_0 ∈ Π_m∗_{,b} such that ‖y_0 − x_0‖ = dist(y_0, Π_m∗_{,b}). Furthermore, y_0 − x_0 = (m^∗y_0 + b)Φ(m) and dist(y_0, Π_m∗_{,b}) = |m^∗y_0 + b|.

Proof. The existence of x_0 realizing the distance dist(y_0, Π_m∗_{,b}) follows from that R^n is of finite dimension. By the strict triangle inequality (Lemma 2.1), it is easy to prove the uniqueness of x_0. Obviously

dist(y_0, Π_m∗_{,b}) = inf_{x∈Πm∗,b} ‖x − (my_0)m‖

= inf

y∈Π_m∗_{,m}∗_{y0 +b} ‖y‖ = inf

z∈Π_m∗_{,1}

|m^∗y_0 + b| ‖z‖ = |m^∗y_0 + b|.

We also note that x_0 = y_0 − (m^∗y_0 + b)Φ(m) ∈ Π_m∗_{,b} and ‖x_0 − y_0‖ = |m^∗y_0 + b|. Thus, the proof is finished. □

Definition 3.2. For m^∗ ∈ Σ^∗ and b > 0, Σ-paraboloid P (m^∗, b) with focus O and directrix Π_m∗_{,b} of equation (3-1) is defined by

P (m^∗, b) = {x ∈ R^n : ‖x‖ = dist(x, Π_m∗_{,b})}.

Φ(m) = D(m^∗) is called the axial direction of P (m^∗, b).

Now discuss some properties of Σ-paraboloids.

We note that dist(x, Π_m∗_{,b}) = m^∗x + b for x ∈ P (m^∗, b). By Lemma 3.1, it suffices to show m^∗x + b > 0. Otherwise, assume −m^∗x ≥ b > 0. Then 0 < λ = −b/(m^∗x) ≤ 1 and x_0 = λx ∈ Π_m∗_{,b}. One obtains a contradiction that ‖x‖ > ‖x − x_0‖ ≥ dist(x, Π_m∗_{,b}).

For X ∈ P (m^∗, b), use the (generalized) polar coordinates to write X = ρx where x ∈ Σ and ρ = ‖X‖. Clearly, ‖X‖ = m^∗X + b is equivalent to ρ =^b_{1−m∗x} . Therefore, P (m^∗, b) can be represented by the (generalized) radial function ρ(x) =^b_{1−m∗x} , i.e.,

(3-2) P (m^∗, b) = � ρ(x)x : x ∈ Σ \ {D(m^∗)} and ρ(x) = b 1 − m^∗x � . It is convenient to set ρ(D(m^∗)) = ∞. By the strict triangle inequality, P (m^∗, b) is strictly convex.

Lemma 3.3. Any line ℓ with the direction D(m^∗) intersects P (m^∗, b) at one and only one point. P (m^∗, b) can be viewed as an entire graph in the axial direction D(m^∗).

Proof. First show that ℓ ∩ P (m^∗, b) contains at most one point. Obviously, if 0 ∈ ℓ, then ℓ ∩ P (m^∗, b) = {−bD(m^∗)/2}. It remains to consider the case that 0 /∈ ℓ. We proceed by a contradiction argument and assume that there exist X_1, X_2 ∈ ℓ ∩ P (m^∗, b) such that X_2 − X_1 = λD(m^∗) with λ > 0. Let Y_0 be the intersecting point of ℓ and Π_m∗_{,b}. Then X_1 − Y_0 = τD(m^∗) where τ = m^∗X_1 + b > 0, and X_2 − Y_0 = (λ + τ)D(m^∗).

Since X_1, X_2 ∈ P (m^∗, b) and by Lemma 3.1, ‖X_1‖ = τ and ‖X_2‖ = λ + τ. Therefore, ‖X_2‖ = ‖X_1‖ + ‖X_2 − X_1‖. It contradicts with the strict triangle inequality, because X_1 is not parallel to D(m^∗).

To finish the proof of the lemma, it suffices to show ℓ ∩ P (m^∗, b) ≠ ∅. For t ≥ 0, let Y_t = Y_0 + tD(m^∗). Obviously, Y_t ∈ ℓ. We claim

(3-3) ‖Y_t‖ = t − b + o(1), as t −→ ∞.

To prove (3-3), note ‖Y_t‖ = M_Σ(Y_t) = tM_Σ(D(m^∗) + Y_0/t). Since M_Σ ∈ C^1(R^n \ {0}), for large t, we have

M_Σ(D(m^∗) + Y_0/t) = M_Σ(D(m^∗)) + ∇M_Σ(D(m^∗))Y_0/t + o(|Y_0|/t) = 1 + m^∗Y_0/t + o(1/t) = 1 − b/t + o(1/t).

Thus, (3-3) follows. Since m^∗Y_0 + b = 0, it is easy to verify that H(t) = ‖Y_t‖ − (m^∗Y_t + b) is continuous on [0, ∞), H(0) = ‖Y_0‖ > 0, and H(t) = −b + o(1) < 0 as t −→ ∞. One concludes that there exists some t_0 > 0 such that H(t_0) = 0 and Y_{t0} ∈ ℓ ∩ P (m^∗, b). □ Now turn to the reflection property of Σ-paraboloids.

Lemma 3.4. Let Y_0 be inside P (m^∗, b) and X_0 be the unique point on P (m^∗, b) such that Y_0 − X_0 is in the axial direction D(m^∗). Then for any X ∈ P (m^∗, b) \ {X_0}

(3-4) ‖X_0‖ + ‖Y_0 − X_0‖ < ‖X‖ + ‖Y_0 − X‖.

Consequently, the path OX_0Y_0 is the minimizing path among paths OXY_0 with X ∈ P (m^∗, b).

Proof. Let X^′_0, X^′ ∈ Π_m∗_{,b} such that dist(X_0, Π_m∗_{,b}) = ‖X_0 − X^′_0‖ and dist(X, Π_m∗_{,b}) = ‖X − X^′‖, where Π_m∗_{,b} is the directrix of P (m^∗, b). By Lemma 3.1, X − X^′ is parallel to X_0 − X^′_0 and hence X^′ ≠ X^′_0. Since X_0 ∈ P (m^∗, b), one obtains

‖X_0‖ + ‖Y_0 − X_0‖ = ‖X_0 − X^′_0‖ + ‖Y_0 − X_0‖ = dist(Y_0, Π_m∗_{,b}).

By Lemma 3.1

dist(Y_0, Π_m∗_{,b}) < ‖Y_0 − X^′‖ < ‖X − X^′‖ + ‖Y_0 − X‖.

Because X ∈ P (m^∗, b), we conclude (3-4). □

We remark that (3-4) also holds for any point X ≠ X_0 on the tangent plane to P (m^∗, b) at X_0. The Euler equation for (3-4) is equivalent to that ∇M_Σ(X_0) − ∇M_Σ(Y_0 − X_0) is a normal of the tangent plane to P (m^∗, b) at X_0. Therefore, according to the Fermat principle, a light ray emitted from O incident on X_0 ∈ P (m^∗, b) is reflected in the axial direction D(m^∗).

Definition 3.5. A closed surface R in R^n is a Σ-reflector (or a reflector for simplicity) if for any X_0 ∈ R there exists a Σ-paraboloid P (m^∗, b) such that X_0 ∈ P (m^∗, b) and R is contained in the convex body limited by P (m^∗, b). P (m^∗, b) is called a supporting Σ-paraboloid of R at X_0.

By definition, any Σ-reflector is strictly convex.

Lemma 3.6. Let R be a Σ-reflector. If R has two distinct supporting Σ-paraboloids at X_0, then X_0 is a singular point of R, i.e., R has no tangent plane at X_0. Proof. Assume that P (m^∗_1, b_1) and P (m^∗_2, b_2) are two distinct supporting Σ-paraboloids to R at X_0. Obviously, m^∗_1 ≠ m^∗_2. For i = 1, 2, ∇M_Σ(X_0) − m^∗_i is a normal of the tangent plane to P (m^∗_i , b_i) at X_0 which is also a supporting hyperplane to R. ∇M_Σ(X_0) ≠ m^∗_i for i = 1, 2. Otherwise, X_0 must be in the axial direction D(m^∗_i ). Since ∇M_Σ(X_0), m^∗_1, and m^∗_2 are three distinct points on Σ^∗, and Σ^∗ is strictly convex, ∇M_Σ(X_0) − m^∗_1 and ∇M_Σ(X_0) − m^∗_2 are not parallel. Therefore, R has two different supporting hyperplanes at X_0 and has no tangent plane at X_0. □ §4. Weak Solutions The purpose in this section is to discuss Σ-front map, Σ-reflector map, Σ-visibility map, Radon measures associated with these maps, notion of weak solution to the Σ-reflector problem, and Legendre transform.

Let R be a Σ-reflector parameteried by X = ρ(x)x for x ∈ Σ. Since R is strictly convex and encloses O, ρ(x) is strictly positive, bounded, and Lipschitz on Σ. Definition 4.1. For y ∈ Σ, the Σ-front map associated with R is

F_R(y) = {m^∗ ∈ Σ^∗ : P (m^∗, b) supports R at ρ(y)y for some b > 0}. For E ⊂ Σ, set F_R(E) = ∪_{y∈E} F_R(y).

Definition 4.2. For y ∈ Σ, the Σ-reflector map associated with R is

N_R(y) = D[F_R(y)] = {D(m^∗) ∈ Σ : P (m^∗, b) supports R at ρ(y)y for some b > 0}. For E ⊂ Σ, set N_R(E) = ∪_{y∈E} N_R(y).

Definition 4.3. For γ ∈ Σ, the Σ-visibility map associated with R is

V_R(γ) = {y ∈ Σ : γ ∈ N_R(y)}

= {y ∈ Σ : P (∇M_Σ(γ), b) supports R at ρ(y)y for some b > 0}. For E ⊂ Σ, set V_R(E) = ∪_{γ∈E} V_R(γ).

We note that F_R, N_R, V_R are surjective set-valued mappings. To see surjectivity of F_R, given m^∗ ∈ Σ^∗, let b_0 = inf{b > 0 : ρ(x) ≤ b/(1 − m^∗x) for x ∈ Σ}.

Then P (m^∗, b_0) is a supporting Σ-paraboloid to R. The surjectivity of N_R and V_R follows.

Lemma 4.4. C = {E ⊂ Σ : V_R(E) is Lebesgue measurable} is a σ-algebra containing all Borel sets in Σ.

Proof. Obviously, V_R(Σ) = Σ and V_R(∅) = ∅. By definition, V_R(∪^∞_{i=1}E_i) = ∪^∞_{i=1}V_R(E_i). Therefore, if E_i ∈ C, for i ≥ 1, then ∪^∞_{i=1}E_i ∈ C. Clearly, for E ⊂ Σ

(4-1)

V_R(E^c) = {y ∈ Σ : N_R(y) ∩ E^c ≠ ∅} = {y ∈ Σ : N_R(y) ∩ E = ∅} ∪ {y ∈ Σ : N_R(y) ∩ E^c ≠ ∅, N_R(y) ∩ E ≠ ∅} = [V_R(E)]^c ∪ [V_R(E^c) ∩ V_R(E)].

If y ∈ V_R(E^c) ∩ V_R(E), R has at least two distinct supporting Σ-paraboloids at ρ(y)y. By Lemma 3.6, ρ(y)y is a singular point of R and the area measure of V_R(E^c) ∩ V_R(E) is 0. It follows that if E ∈ C then E^c ∈ C. We have proved that C is a σ-algebra.

To prove that C contains all Borel subsets, it suffices to show that V_R(K) is compact if K is compact. Let y_i ∈ V_R(K) for i ≥ 1. There exists γ_i ∈ N_R(y_i) ∩ K. Let P (m^∗_i , b_i) be the supporting Σ-paraboloid to R at ρ(y_i)y_i, where m^∗_i = ∇M_Σ(γ_i). We have

(4-2) ρ(x)(1 − m^∗_i x) ≤ b_i for x ∈ Σ,

where the equality in (4-2) occurs at x = y_i, ρ(x) is the generalized radial function of R, and a_1 ≤ ρ(x) ≤ a_2 on Σ for some constants a_2 ≥ a_1 > 0. Assume through subsequence that y_i −→ y_0, γ_i −→ γ_0 ∈ K, m^∗_i −→ m^∗_0 = ∇M_Σ(γ_0), as i −→ ∞. It is easy to see b_i ≥ 2a_1 by choosing x = −γ_i in (4-2). Clearly b_i ≤ 2a_2. So one may assume lim_{i→∞} b_i = b_0. By taking limit in (4-2), ρ(x)(1 − m^∗_0x) ≤ b_0 for x ∈ Σ and the equality occurs at x = y_0. Therefore, P (m^∗_0, b_0) is a supporting Σ-paraboloid to R at ρ(y_0)y_0 and y_0 ∈ V_R(γ_0). This proves V_R(K) is compact. □

Lemma 4.5. Given a nonnegative f ∈ L^1(Σ), the set function

μ_{f,R}(E) = � V_R(E)

f dx

is a finite Borel measure defined on C, where dx donotes the area measure on Σ.

Proof. Let {E_i}^∞_{i=1} be a sequence of pairwise disjont sets in C. Let H_1 = V_R(E_1), and H_k = V_R(E_k) \ ∪^{k−1}_{i=1} V_R(E_i), for k ≥ 2. Because H_i ∩ H_j = ∅ for i ≠ j and ∪^∞_{k=1}H_k = ∪^∞_{k=1}V_R(E_k), it is easy to get

μ_{f,R}(∪^∞_{k=1}E_k) = � ∪^∞_{k=1}H_k

f dx = ∞� k=1 � H_k

f dx.

Observe that V_R(E_k) − H_k = V_R(E_k) ∩ (∪^{k−1}_{i=1} V_R(E_i)) is a subset of the singular set of R and has area measure 0 for k ≥ 2. Therefore, � H_k f dx = μf,R(Ek) and the σ-additivity of

μ_{f,R} follows. □

The Σ-visibility map possesses some weak compactness under uniform convergence of Σ-reflectors.

Lemma 4.6. Let R_j = {ρ_j(x)x : x ∈ Σ}, j ≥ 1, be Σ-reflectors. Suppose that 0 < a_1 ≤ ρ_j ≤ a_2 and ρ_j −→ ρ uniformly on Σ. Then R = {ρ(x)x : x ∈ Σ} is a Σ-reflector. Furthermore:

(i) For any compact set K ⊂ Σ, lim sup_{j→∞} V_{Rj} (K) ⊂ V_R(K).

(ii) For any open set G ⊂ Σ, V_R(G) ⊂ lim inf_{j→∞} V_{Rj} (G) ∪ S, where S = {x ∈ Σ :

R has no tangent plane at ρ(x)x} is the singular set of R with the area measure 0.

Proof. It is easy to verify that R is a Σ-reflector. The proof of (i) is similar to that of Lemma 4.4. Let y ∈ lim sup_{j→∞} V_{Rj} (K). Without loss of generality, may assume that y ∈ V_{Rj} (K) for all j ≥ 1. Then there exists γ_j ∈ N_{Rj} (y)∩K. Let P (∇M_Σ(γ_j), b_j) support R_j at ρ_j(y)y, i.e., ρ_j (x)(1 − ∇M_Σ(γ_j )x) ≤ b_j on Σ and equality occurs at x = y. One may assume that γ_j −→ γ_0 ∈ K and b_j −→ b_0 > 0. By taking limit, we conclude that P (∇M_Σ(γ_0), b_0) supports R at ρ(y)y. This proves that y ∈ V_R(γ_0).

To prove (ii), given an open set G ⊂ Σ, by (i), lim sup_{j→∞} V_{Rj} (G^c) ⊂ V_R(G^c). By (4-1), it gives rise to

lim sup j→∞ [V_{Rj} (G)]^c ⊂ lim sup_{j→∞} � [V_{Rj} (G)]^c ∪ [V_{Rj} (G) ∩ V_{Rj} (G^c)] � ⊂ [V_R(G)]^c ∪ [V_R(G) ∩ V_R(G^c)].

By De Morgan’s law

V_R(G) ∩ [V_R(G) ∩ V_R(G^c)]^c ⊂ lim inf_{j→∞} V_{Rj} (G).

Since V_R(G) ∩ V_R(G^c) ⊂ S, we conclude V_R(G) ⊂ lim inf_{j→∞} V_{Rj} (G) ∪ S. □

Below we define weak solutions to the Σ-reflector problem through energy conservation as [CO94].

Definition 4.7. Let f ≥ 0 and f ∈ L^1(Σ), and μ be a nonnegative Radon measure on Σ. Suppose that f and μ satisfy the compatible energy condition

(4-3) � Σ f dx = μ(Σ) > 0.

A Σ-reflector R is a weak solution of the Σ-reflector problem with emitted illumination intensity f(x) and prescribed reflected illumination intensity μ in a medium in which light wavefronts are similar to Σ if for any Borel set E ⊂ Σ

(4-4) μ_{f,R}(E) = � V_R(E)

f dx = μ(E).

Remark 4.8. If R is a weak solution to the Σ-reflector problem satisfying (4-4) and λ > 0, then λR, λ-dilation of R with respect to O, is also a weak solution to the same reflector problem.

To see this, observe that N_{λR}(y) = N_R(y) for y ∈ Σ. Therefore, V_{λR}(E) = {y ∈ Σ : N_{λR}(y) ∩ E ≠ ∅} = V_R(E) and μ_{f,λR}(E) = μ_{f,R}(E) = μ(E).

Definition 4.9. The Legendre transform of a Σ-reflector R parameterized by ρ(x) is the Σ^∗-reflector R^∗ = {ρ^∗(m^∗)m^∗ : m^∗ ∈ Σ^∗} where

ρ^∗(m^∗) = inf_{x∈Σ} 1 ρ(x)(1 − m^∗x) .

Note that if m^∗_0 ∈ F_R(x_0) then x_0 ∈ F_R∗ (m^∗_0), which also verifies that R^∗ is a Σ^∗-reflector. Indeed, if P (m^∗_0, b) is a supporting Σ-paraboloid to R at ρ(x_0)x_0, then P^∗(x_0,^1_{ρ(x0 )} ) = � m^∗ ρ(x_0)(1 − x_0m^∗)

: m^∗ ∈ Σ^∗ � is a supporting Σ^∗-paraboloid to R^∗ at ρ^∗(m^∗_0)m^∗_0.

Lemma 4.10. If R is a Σ-reflector and R^{∗∗} denotes the Legendre transform of R^∗, then R^{∗∗} = R.

Proof. Given x_0 ∈ Σ, let P (m^∗_0, b) be a supporting Σ-paraboloid to R at ρ(x_0)x_0. Since P^∗(x_0,^1_{ρ(x0 )} ) supports R^∗ at ρ^∗(m^∗_0)m^∗_0, ρ^∗(m^∗)(1 − x_0m^∗) attains the maximum 1/ρ(x_0) at m^∗_0. We obtain ρ^{∗∗}(x_0) = inf_m∗_{∈Σ}∗ 1/[ρ^∗(m^∗)(1 − x_0m^∗)] = ρ(x_0). □ Lemma 4.11. Assume Σ is strongly convex. Let R be a Σ-reflector. Then � x_1≠x_2

[N_R(x_1)∩

N_R(x_2)] ⊂ Σ has measure zero.

Proof. If γ_0 ∈ N_R(x_1) ∩ N_R(x_2) where x_1 ≠ x_2, then m^∗_0 = ∇M_Σ(γ_0) ∈ F_R(x_1) ∩ F_R(x_2) and x_1, x_2 ∈ F_R∗ (m^∗_0). One obtains that m^∗_0 is a singular point of R^∗ and ∇M_Σ [∪_{x1≠x2} (N_R(x_1) ∩ N_R(x_2))] is contained in the singular set of R^∗. Since ∇M_Σ : Σ −→ Σ^∗ is a C^1-diffeomorphism, the lemma is proved. □

Similar to the proofs of Lemma 4.4 and 4.5, and by Lemma 4.11, if Σ is strongly convex, then the collection of sets E ⊂ Σ such that N_R(E) is Lebesgue measurable is a σ-algebra containing all Borel sets in Σ, and for any nonnegative g(γ) ∈ L^1(Σ), � N_R(E) g(γ) dγ as a

set function of E is a finite Borel measure.

Lemma 4.12. Let f, g ≥ 0 and f, g ∈ L^1(Σ), and let dμ = g(γ)dγ. Suppose that Σ is strongly convex and (4-3) holds. Then a Σ-reflector R is a weak solution of the Σ-reflector problem in the sense of (4-4) if and only if for any Borel set E ⊂ Σ � E f(x) dx = � N_R(E)

g(γ) dγ = � F_R(E)

g^∗(m^∗) dm^∗,

where g^∗(m^∗) = g(D(m^∗))J_D(m^∗) and J_D is the Jacobian of D.

Proof. By change of variables, it suffices to prove that R satisfies (4-4) is equivalent to that for any Borel set E ⊂ Σ

(4-5) � E f(x) dx = � N_R(E)

g(γ) dγ.

Assume that (4-4) holds. Given a Borel set E ⊂ Σ, there exist Borel sets B_1, B_2 such that B_1 ⊂ N_R(E) ⊂ B_2 and meas(B_2 \ B_1) = 0. Obviously, V_R(B_2) ⊃ V_R(N_R(E)) ⊃ E. By (4-4), we have �

N_R(E)

g dγ = � V_R(B_2)

f dx ≥ � E f dx.

On the other hand, by Lemma 4.11, the set of all γ such that V_R(γ) contains at least two points is contained in some Borel set B_3 of measure zero. So V_R(B_1 \ B_3) ⊂ E. By (4-4), we obtain �

N_R(E)

g dγ = � V_R(B_1\B_3)

f dx ≤ � E f dx.

Thus, (4-5) is established. Similarly, one can show that (4-5) implies (4-4). □

§5 Existence of Weak Solutions

We first establish the existence of weak solution to the Σ-reflector problem for which all lights are reflected into only finite directions. In this case, weak solutions can be realized as poly-Σ-paraboloids. The proof of Theorem 5.1 is similar to that in [CO94].

Theorem 5.1. Let f ∈ L^1(Σ) and f ≥ 0, and μ =

�_k

i=1 g_iδ_{γi} where k ≥ 2, {γ_i} are distinct points on Σ, g_i is a positive constant and δ_{γi} is the Dirac measure at γ_i for 1 ≤ i ≤ k. Suppose the energy conservation

(5-1) � Σ f dx = k� i=1 g_i.

Then there exists a weak solution R to the Σ-reflector problem in the sense of (4-4) such that Σ = ∪^k_{i=1}V_R(γ_i) and

(5-2) μ_{f,R}({γ_i}) = � V_R(γ_i)

f dx = g_i, for 1 ≤ i ≤ k.

Proof. Let m^∗_i = ∇M_Σ(γ_i). For b = (b_1, · · · , b_k) ∈ R^k with each b_i > 0, let R(b) = R(b_1, · · · , b_k) be the Σ-reflector consisting of pieces of P (m^∗_i , b_i) defined by

R(b) = � ρ(x)x : x ∈ Σ, ρ(x) = min_{1≤i≤k} b_i 1 − m^∗_i x � . Because any point on R(b) is on some P (m^∗_i , b_i), Σ = ∪^k_{i=1}V_{R(b)}(γ_i). Consequently, � Σ f dx =

�_k i=1 μ_{f,R(b)}(γ_i), where μ_{f,R}(γ_i) = μ_{f,R}({γ_i}) for simplicity. We note that some P (m^∗_i , b_i) may not support R(b).

Fix b_1 = 1 and let W ⊂ R^k be the set of all b = (1, b_2, · · · , b_k) with each b_i > 0 such that R(b) = R(1, b_2, · · · , b_k) satisfies

(5-3) μ_{f,R(b)}(γ_i) ≤ g_i, for i = 2, · · · , k.

By definition and (5-1), if b ∈ W , then μ_{f,R(b)}(γ_1) ≥ g_1. As a result, V_{R(b)}(γ_1) is of positive area. Let y ∈ V_{R(b)}(γ_1)\S(b) where S(b) is the singular set of R(b). Then N_{R(b)}(y) = {γ_1}. Therefore, ρ(y)y ∈ R(b) ∩ P (m^∗_1, 1) and P (m^∗_1, 1) is the supporting Σ-paraboloid to R(b) at ρ(y)y. To prove the theorem, we first prove four claims.

Claim 1: W ≠ ∅.

To prove, choose large b_2, · · · , b_k. If ρ(x)x ∈ R(b) ∩ P (m^∗_i , b_i) for some i ≠ 1, then 1/(1 − m^∗_1x) ≥ ρ(x) ≥ b_i/2. Since b_i is large and Σ is strictly convex, x must be in some small neighborhood N_η(γ_1) = {γ ∈ Σ : |γ − γ_1| < η}. Therefore, V_{R(b)}(γ_i) \ S(b) ⊂ N_η(γ_1) and μ_{f,R(b)}(γ_i) ≤ g_i, for i ≠ 1. Thus, W ≠ ∅.

Claim 2: There exists some ε > 0 such that if b = (1, b_2, · · · , b_k) ∈ W , then b_i ≥ ε for i = 2, · · · , k.

To proceed, choose some small η > 0 such that � N_η (γ_i) f dx ≤ g1/2 for i ≠ 1. Then

there exists some y ∈ V_{R(b)}(γ_1) \ [S(b) ∪ N_η(γ_i)]. Otherwise, μ_{f,R(b)}(γ_1) ≤ g_1/2 which yields a contradiction. We have ρ(y)y ∈ R(b) ∩ P (m^∗_1, 1) and 1/(1 − m^∗_1y) ≤ b_i/(1 − m^∗_i y). Since y /∈ N_η(γ_i), b_i ≥ ε = ε(η).

Claim 3: For 1 ≤ i ≤ k, μ_{f,R(b)}(γ_i) is a continuous function on W with respect to the Euclidean distance.

To prove, assume that b^j = (1, b^j_2, · · · , b^j_k) ∈ W converges to b = (1, b_2, · · · , b_k) ∈ W . Since b^j_i is bounded away from ∞ and 0, we obtain

ρ_j (x) = min_{1≤i≤k} b^j_i 1 − m^∗_i x

−→ ρ(x) = min_{1≤i≤k} b_i 1 − m^∗_i x

, uniformly on Σ,

and 0 < r_1 ≤ ρ_j(x) ≤ r_2 for some constants r_1, r_2. By Lemma 4.6, for 1 ≤ i ≤ k

(5-4) lim_{j→∞} μ_{f,R(b}j_)(γ_i) ≤ � lim_{j→∞} V_{R(b}j_)(γi) f dx ≤ � V_{R(b)}(γ_i)

f dx = μ_{f,R(b)}(γ_i).

Similarly, for any open set G ⊂ Σ, we have

lim_{j→∞} � V_{R(bj )}(G)

f dx ≥ � V_{R(b)}(G)

f dx.

Choose a small neighborhood G of γ_i such that γ_l /∈ G for l ≠ i. Obviously, V_{R(b}j_)(G \ {γ_i}) ⊂ S(b^j). It follows that

lim_{j→∞} � V_{R(bj )}(γ_i)

f dx ≥ � V_{R(b)}(γ_i)

f dx,

which, together with (5-4), implies the continuity of μ_{f,R(b)}(γ_i).

Now pick up b^0 = (1, b^0_2, · · · , b^0_k) ∈ W and fix it. Define

W_0 = {b ∈ W : b_1 = 1 and b_i ≤ b^0_i for i ≠ 1}.

Claim 4: W_0 is compact and W_0 ⊂ {1} × [ε, b^0_2] × · · · × [ε, b^0_k] where ε is the constant given in claim 2.

It suffices to prove that W_0 is closed. Given that b^j ∈ W_0 and b^j converges to b = (1, b_2, · · · , b_k), obviously b_i ≤ b^0_i for 2 ≤ i ≤ k. Since (5-3) holds for R(b^j ) and μ_{f,R(b)}(γ_i) is continuous, R(b) also satisfies (5-3) and b ∈ W_0.

Now turn to the proof of the theorem. Let d(b) =

�_k i=1 b_i for b = (1, b_2, · · · , b_k) ∈ W_0.

By compactness of W_0, d(b) must attain the minimum on W_0 at some b^∗ = (1, b^∗_2, · · · , b^∗_k). We use a contradiction argument to show that μ_{f,R(b}∗_)(γ_i) = g_i for 2 ≤ i ≤ k and hence R(b^∗) is a weak solution satisfying (5-2). May assume that μ_{f,R(b}∗_)(γ_2) < g_2. Consider b^∗_θ = (1, θb^∗_2, b^∗_3, · · · , b^∗_k) where 0 < θ < 1. It is easy to verify that

(5-5) V_{R(b}∗_{θ )}(γ_i) \ S(b^∗_θ) ⊂ V_{R(b}∗_)(γ_i), i ≠ 2.

If θ is close to 1, by the continuity of μ_{f,R(b)}(γ_2), μ_{f,R(b}∗_{θ )}(γ_2) < g_2. By (5-5), μ_{f,R(b}∗_{θ )}(γ_i) ≤ μ_{f,R(b}∗_)(γ_i) ≤ g_i for i ≥ 3. Therefore, b^∗_θ ∈ W_0. However, d(b^∗_θ) < d(b^∗). That is a contradiction. Thus, the proof of the theorem is complete. □

Remark 5.2. If � Σ f dx = g_0 > 0 and inf_Σ f > 0, then there exists no (closed) Σ-reflector R satisfying μ_{f,R} = g_0δ_{γ0} , where δ_{γ0} is the Dirac measure at γ_0.

To prove, assume by contradiction that there exists a solution R. Observe that V_R(Σ \ {γ_0}) is of measure 0. For y ∈ Σ \ [V_R(Σ \ {γ_0}) ∪ S], N_R(y) ∩ (Σ \ {γ_0}) = ∅ and hence N_R(y) = {γ_0}. Therefore, there exists b > 0 such that R = P (∇M_Σ(γ_0), b) on Σ \ [V_R(Σ \ {γ_0}) ∪ S]. Since Σ \ [V_R(Σ \ {γ_0}) ∪ S] is dense on Σ, it gives rise to a contradiction.

To discuss the existence of solution in general case, we need to show the following L^∞ estimate.

Lemma 5.3. Let R = {ρ(x)x : x ∈ Σ} be a weak solution in sense of (4-4) and inf_Σ ρ(x) = 1. Assume that (4-3) holds and there exist ε, η > 0 such that for any x ∈ Σ � N_η (x)

f dx ≤ ε,

μ[N_η(x)] ≤ μ(Σ) − 2ε,

where N_η(x) denotes η-neighborhood of x on Σ. Then there exists C > 0 dependent on η, Σ but not ε such that sup_Σ ρ(x) ≤ C.

Proof. Assume ρ(x_0) = inf_{x∈Σ} ρ(x) = 1. Let P (m^∗_0, b_0) be a supporting Σ-paraboloid to R at ρ(x_0)x_0. Obviously 1 = b_0 1 − m^∗_0x_0

= ρ(x_0) ≤ ρ(−D(m^∗_0)) ≤ b_0 2 .

By Lemma 2.3, x_0 = −D(m^∗_0), and hence b_0 = 2. We now claim

(5-6) N_R[Σ \ N_η(D(m^∗_0))] ∩ [Σ \ N_η(D(m^∗_0))] ≠ ∅.

Otherwise, N_R[Σ \ N_η(D(m^∗_0))] ⊂ N_η(D(m^∗_0)). Hence Σ \ N_η(D(m^∗_0)) ⊂ V_R[N_η(D(m^∗_0))] and one obtains the following contradiction � Σ f dx − ε ≤ � Σ\N_η (D(m^∗_0 ))

f dx ≤ � V_R[N_η (D(m^∗_0 ))]

f dx = μ(N_η(D(m^∗_0))) ≤ μ(Σ) − 2ε.

By (5-6), there exist D(m^∗_1) ∈ N_R(y) ∩ [Σ \ N_η(D(m^∗_0))] with y ∈ Σ \ N_η(D(m^∗_0)) and a supporting Σ-paraboloid P (m^∗_1, b_1) to R at ρ(y)y. Therefore

b_1 1 − m^∗_1y

= ρ(y) ≤ 2 1 − m^∗_0y . It follows from y /∈ N_η(D(m^∗_0)) that b_1 ≤ C_η for some c_η > 0. Thus, we obtain

ρ(x) ≤ min � 2 1 − m^∗_0x , b_1 1 − m^∗_1x � . Since |D(m^∗_1) − D(m^∗_0)| ≥ η and b_1 ≤ C_η, there exists C such that ρ(x) ≤ C on Σ. □ Lemma 5.4. Let μ be a Radon measure on Σ such that μ(Σ) > 0 and μ is not a multiple of a Dirac measure. Then there exist ε_0, η_0 > 0 such that for any γ ∈ Σ

(5-7) μ(N_{η0} (γ)) ≤ μ(Σ) − 2ε_0.

Proof. Observe that there exists at most one γ^∗ ∈ Σ such that μ({γ^∗}) >^1_2 μ(Σ). We have μ({γ^∗}) < μ(Σ). Otherwise, μ is concentrated on a point. Consequently, sup_{γ∈Σ} μ({γ}) < μ(Σ). Choose ε_0 > 0 such that sup_{γ∈Σ} μ({γ}) ≤ μ(Σ) − 3ε_0. To finish the proof, it suffices to show that there exists η_0 such that (5-7) holds. Otherwise, there exist η_i −→ 0 and γ_i ∈ Σ −→ γ_0 such that μ(N_{ηi} (γ_i)) > μ(Σ) − 2ε_0.

Let ε_i = |γ_i − γ_0|. Obviously

(5-8) μ(N_{ηi+εi} (γ_0)) > μ(Σ) − 2ε_0.

It is easy to verify that lim_{i→∞} N_{ηi+εi} (γ_0) = {γ_0}. By taking limit in (5-8), we obtain μ({γ_0}) ≥ μ(Σ) − 2ε_0, which contradicts with the choice of ε_0. □

We are now ready to establish the following main existence result.

Theorem 5.5. Suppose that Σ is C^1 strictly convex. Let f ∈ L^1(Σ) and f ≥ 0. Let μ be a Radon measure on Σ that is not a multiple of a Dirac measure. Assume (4-3) holds. Then there exists a weak solution R to the Σ-reflector problem in sense of (4-4). Proof. By Lemma 5.4, there exist ε_0, η_0 > 0 such that (5-7) holds. For any integer l ≥ 1, partition Σ into pairwise disjoint subsets E^l_1, · · · , E^l_{Kl} such that Σ = ∪^{Kl}_{i=1}E^l_i and diam(E^l_i) ≤ η_1/l with η_1 = η_0/2. Choose γ^l_i ∈ E^l_i and define μ_l =

�_{Kl} i=1 μ(E^l_i) δ_γl_i . We claim that

(i) μ_l −→ μ weakly on Σ. (ii) μ_l(Σ) = μ(Σ) for l ≥ 1.

(iii) μ_l(N_{η1} (γ)) ≤ μ_l(Σ) − 2ε_0, for γ ∈ Σ, l ≥ 1.

It is easy to verify (ii). (i) follows from the following observation that for h ∈ C(Σ) � Σ h(x) dμ_l − � Σ h(x) dμ =

K_l�

i=1 � E^l_i

[h(γ^l_i) − h(x)] dμ = o(1)μ(Σ).

To prove (iii), for γ ∈ Σ

μ_l(N_{η1} (γ)) = � γ^l_j ∈N_{η1} (γ)

μ(E^l_j) = μ � ∪_γl_{j ∈Nη1 (γ)}E^l_j � . If γ^l_j ∈ N_{η1} (γ), then E^l_j ⊂ N_{2η1} (γ). Therefore, μ_l(N_{η1} (γ)) ≤ μ((N_{η0} (γ)) and (iii) is implied.

By Theorem 5.1, there exists a weak solution R_l parameterized by ρ_l(x)x satisfying (5-9) μ_{f,Rl} = μ_l.

We may normalize R_l such that inf_Σ ρ_l(x) = 1. By Lemma 5.3, there exists a constant C independent of l such that sup_Σ ρ_l(x) ≤ C for l ≥ 1.

Now estimate the Lipschitz constant of ρ_l. Given x_0 ∈ Σ, let P (m^∗_0, b_0) be a supporting Σ-paraboloid to R_l at ρ_l(x_0)x_0. Therefore, ρ_l(x)(1 − m^∗_0x) attains the maximum b_0 at x_0. Since 1 ≤ ρ_l ≤ C, 2 ≤ b_0 ≤ C. For x_1 ∈ Σ close to x_0, we have

ρ_l(x_1) − ρ_l(x_0) ≤ b_0m^∗_0(x_1 − x_0) (1 − m^∗_0x_1)(1 − m^∗_0x_0)

≤ C|x_1 − x_0|,

which gives an estimate of the Lipschitz constant of ρ_l.

By the Arzelà-Ascoli theorem, we may assume that ρ_l −→ ρ uniformly on Σ. Clearly, R = {ρ(x)x : x ∈ Σ} is a Σ-reflector. To finish the proof, we want to show that R is a weak solution to the Σ-reflector problem. If we can show that μ_{f,Rl} weakly converges to μ_{f,R}, by taking limit in (5-9), we obtain μ_{f,R} = μ, i.e, R is a weak solution. To show that μ_{f,Rl} −→ μ_{f,R} weakly, note by Lemma 4.6 that for any compact set K ⊂ Σ

lim_{l→∞} μ_{f,Rl} (K) ≤ � lim_{l→∞} VR_l (K) f dx ≤ � V_R(K)

f dx = μ_{f,R}(K),

and similarly for any open set G ⊂ Σ, lim_{l→∞} μ_{f,Rl} (G) ≥ μ_{f,R}(G). □

In light of Remark 5.2, Theorem 5.5 may fail if μ is a Dirac measure.

§6. Uniqueness of Weak Solutions

The purpose in this section is to establish the uniqueness of weak solutions to the Σ-reflector problem up to dilations.

If P (m^∗, b_0) is a Σ-paraboloid intersecting with a Σ-reflector R, define

S_R(P (m^∗, b_0)) = {X ∈ R : ∃ b ≥ b_0 such that X ∈ P (m^∗, b)}.

We first give two auxiliary lemmas.

Lemma 6.1. Let R be a Σ-reflector and P (m^∗_0, b_0) be a Σ-paraboloid such that R ∩ P (m^∗_0, b_0) ≠ ∅. Then for X_1, X_2 ∈ S_R(P (m^∗_0, b_0)), there exists a planar curve on S_R(P (m^∗_0, b_0)) joining X_1 to X_2.

Proof. Let X_1, X_2 be two distinct points on S_R(P (m^∗_0, b_0)). First consider the case that X_2 − X_1 = tD(m^∗_0) for some −∞ < t < ∞. Let L be the two-dimensional plane generated by O, X_1, and X_2, and ℓ be the line passing X_1, X_2 and with the direction D(m^∗_0). Let T_{Y0} be the tangent hyperplane to P (m^∗_0, b_0) at the point Y_0 where ℓ intersects P (m^∗_0, b_0). Obviously, the line T_{Y0} ∩ L traverses the closed convex curve R ∩ L and X_1, X_2 are below T_{Y0} ∩L in the direction D(m^∗_0), i.e., Y_0 −X_i = λ_iD(m^∗_0) with λ_i > 0, for i = 1, 2. Therefore, there exists a piece of R∩L denoted by C which connects X_1 and X_2 and lies below T_{Y0} ∩L in the direction of D(m^∗_0). Clearly, C lies outside P (m^∗_0, b_0).

It remains to prove the lemma for the case that X_2 − X_1 is not parallel to D(m^∗_0). Let ~L be the two-dimensional plane generated by X_1 and the line passing through X_2 with the direction D(m^∗_0). Denote by ~C the portion of the convex curve R ∩ ~L connecting X_1 and X_2 which lies below the segment X_1X_2 in the direction D(m^∗_0). It is convenient to view geometrically the direction of D(m^∗_0) as the positive y-axis direction in the plane ~L in the proof. We claim that ~C lies outside P (m^∗_0, b_0). Indeed, let X ∈ ~C and P (m^∗, b) be a supporting Σ-paraboloid to R at the point X. If m^∗ = m^∗_0, then b_0 ≤ b and X is outside P (m^∗_0, b_0). Now consider the case m^∗ ≠ m^∗_0. Since X_1, X_2 are outside P (m^∗_0, b_0) and inside P (m^∗, b), m^∗_0X_i + b_0 ≤ m^∗X_i + b, for i = 1, 2. Because (m^∗_0 − m^∗)D(m^∗_0) = 1 − m^∗D(m^∗_0) > 0, X_1, X_2 lie below the line Π ∩ ~L in the direction D(m^∗_0), where Π is the hyperplane with equation m^∗_0Y + b_0 = m^∗Y + b. It is easy to see that either the closed convex curve R ∩ ~L lies below the line Π ∩ ~L in the direction D(m^∗_0) or Π ∩ ~L crosses R ∩ ~L. In either case, ~C lies below Π ∩ ~L in the direction D(m^∗_0). Therefore, m^∗_0X + b_0 ≤ m^∗X + b and X is outside P (m^∗_0, b_0). □

Lemma 6.2. Let R_1, R_2 be two Σ-reflectors parameterized by ρ_1(x), ρ_2(x), respectively. Suppose that for a.e. x ∈ Σ, the unit outward normal of R_1 at ρ_1(x)x is the same as the unit outward normal of R_2 at ρ_2(x)x. Then ρ_1 = Cρ_2 on Σ for some constant C.

Proof. Given x_0 ∈ Σ, without loss of generality, choose a local coordinate system such that some neighborhood U ⊂ Σ of x_0 can be written as U = {x(x^′) = (x^′, u(x^′)) : x^′ ∈ B_r(x^′_0)}, where u(x^′) is a C^1 function defined in B_r(x^′_0), B_r(x^′_0) is the (n−1)-dimensional Euclidean ball centered at x^′_0 with radius r, and x_0 = (x^′_0, u(x^′_0)). For i = 1, 2, ρ̄_i(x^′) = ρ_i(x(x^′)) is a Lipschitz function on B_r(x^′_0). Consider a point y^′ ∈ B_r(x^′_0) such that y^′ is a differentiable point of both ρ̄_1 and ρ̄_2, and R_1, R_2 have the unit outward normal ν(y^′) at ρ̄_1(y^′)x(y^′), ρ̄_2(y^′)x(y^′), respectively. For 1 ≤ k ≤ n − 1, let β_k(t) = y^′ + te_k, where |t| < ε for some small ε and e_k is the k-th unit vector of the standard Euclidean orthogonal basis. Thus, x(β_k(t)) is a curve on Σ, and ρ̄_i(β_k(t)) x(β_k(t)) is a curve on R_i passing through ρ̄_i(y^′)x(y^′) for i = 1, 2. We have

ν(y^′) � d dt x(β_k(t)) � � � t=0 + x(y^′)

∇_kρ̄_i(y^′) ρ̄_i(y^′) � = 0, i = 1, 2.

By subtracting them, we obtain ∇ log ρ̄_1(y^′) = ∇ log ρ̄_2(y^′), which yields ρ_1 = Cρ_2 on U. By the connectedness of Σ, ρ_1 = Cρ_2 on Σ. □

Below is our main uniqueness theorem.

Theorem 6.3. Suppose that Σ is strictly convex and C^1. Let f ∈ L^1(Σ) and f ≥ 0. Let μ be a Radon measure on Σ but not a multiple of a Dirac measure. Assume � G f dx > 0 for any open set G ⊂ Σ. If R_1 = {ρ_1(x)x : x ∈ Σ} and R_2 = {ρ_2(x)x : x ∈ Σ} are two weak solutions to the Σ-reflector problem in sense of (4-4), then ρ_1 = Cρ_2 on Σ for some constant C.

Proof. Let S ⊂ Σ be the set of singular points of R_1 and R_2. Then S has the area measure 0. For x ∈ Σ \ S, i = 1, 2, N_{Ri} (x) has only one element and for simplicity we will make no difference about N_{Ri} (x) and its element. If we can show N_{R1} (x) = N_{R2} (x) for x ∈ Σ \ S, then R_1 and R_2 have the same unit outward normal at ρ_1(x)x and ρ_2(x)x respectively. By Lemma 6.2, there exists C such that ρ_1 = Cρ_2. We proceed by contradiction. Assume that N_{R1} (x_0) ≠ N_{R2} (x_0) for some x_0 ∈ Σ \ S. Through a dilation, one can assume ρ_1(x_0) = ρ_2(x_0). Since N_{R1} (x_0) ≠ N_{R2} (x_0), R_1 cannot be contained inside R_2 and Ω_0 = {x ∈ Σ : ρ_1 > ρ_2} ≠ ∅. Moreover, the tangent plane of R_2 at ρ_2(x_0)x_0 cannot be the tangent plane of R_1 at ρ_1(x_0)x_0 and must cross R_1. Hence, x_0 is a boundary point of Ω_0. Let Ω be the connected component of Ω_0 such that x_0 ∈ ∂Ω. We first prove four claims.

Claim 1: Let γ_0 = D(m^∗_0) = N_{R1} (x_0). Then γ_0 /∈ N_{R2} (Ω).

To prove, assume otherwise γ_0 ∈ N_{R2} (y_0) where y_0 ∈ Ω ⊂ {x ∈ Σ : ρ_1 ≥ ρ_2}. Let P (m^∗_0, b_2) be the supporting Σ-paraboloid to R_2 at ρ_2(y_0)y_0 and P (m^∗_0, b_1) be the supporting Σ-paraboloid to R_1 at ρ_1(x_0)x_0. If b_2 = b_1, then ρ_2(x_0) = ρ_1(x_0) = b_2/(1 − m^∗_0x_0). Thus, γ_0 ∈ N_{R2} (x_0) and that is impossible. If b_2 > b_1, we get the contradiction

ρ_2(y_0) = b_2/(1 − m^∗_0y_0) > b_1/(1 − m^∗_0y_0) ≥ ρ_1(y_0),

and if b_2 < b_1, we get another contradiction

ρ_1(x_0) = b_1/(1 − m^∗_0x_0) > b_2/(1 − m^∗_0x_0) ≥ ρ_2(x_0).

Claim 2: N_{R1} (x) is continuous at x_0. More precisely, for any ε > 0, there exists η > 0 such that |γ − γ_0| < ε, for γ ∈ N_{R1} (x) with |x − x_0| < η.

Claim 2 follows directly from the fact that N_{R1} (x_0) is single-valued. Claim 3: Ω^∗ = N_{R2} (Ω) ⊂ N_{R1} (Ω).

The proof is to use dragging Σ-paraboloid as in the proof of [CGH05, Theorem 3.4]. Let D(m^∗) ∈ Ω^∗ and P (m^∗, b) be a supporting Σ-paraboloid of R_2 at ρ_2(y)y with y ∈ Ω. Geometrically, P (m^∗, b) traverses the portion R_1|_Ω = {ρ_1(x)x : x ∈ Ω} of R_1. Drag P (m^∗, b) outward (i.e., have b increase) and we obtain a Σ-paraboloid P (m^∗, b_0) with b_0 > b supporting R_1|_Ω at some point ρ_1(z_0)z_0 with z_0 ∈ Ω. By Lemma 6.1, R_1|_{Σ\Ω} is also contained inside P (m^∗, b_0). Otherwise, P (m^∗, b_0) must touches R_1 at some ρ_1(z_1)z_1 where z_1 ∈ ∂Ω. Since b_0 > b, ρ_1(z_1) > b/(1 − m^∗z_1) ≥ ρ_2(z_1), which contradicts with z_1 ∈ ∂Ω. Therefore, P (m^∗, b_0) supports R_1 at ρ_1(z_0)z_0 and D(m^∗) ∈ N_{R1} (Ω).

Claim 4: Ω ⊂ V_{R2} (Ω^∗) and V_{R1} (Ω^∗) ⊂ Ω \ N_η(x_0) for some η > 0. Obviously, V_{R2} (Ω^∗) = {y ∈ Σ : N_{R2} (y) ∩ Ω^∗ ≠ ∅} ⊃ Ω. Now prove V_{R1} (Ω^∗) ⊂ Ω \ N_η(x_0). Given γ = D(m^∗) ∈ Ω^∗ and y ∈ V_{R1} (γ), let P (m^∗, b̄_1) be the supporting Σ-paraboloid to R_1 at ρ_1(y)y. By claim 3, γ ∈ N_{R1} (Ω) and P (m^∗, b̄_1) must touch R_1 at some ρ_1(z̄_1)z̄_1 where z̄_1 ∈ Ω. We assert y ∈ Ω. Otherwise, by Lemma 6.1, P (m^∗, b̄_1) must touch R_1 at some ρ_1(z̄)z̄ where z̄ ∈ ∂Ω. Since γ ∈ N_{R2} (Ω) and ρ_2 < ρ_1 in Ω, there exists b̄_2 < b̄_1 such that P (m^∗, b̄_2) supports R_2. Thus, we obtain ρ_1(z̄) > b̄_2/(1 − m^∗z̄) ≥ ρ_2(z̄) which contradicts with z̄ ∈ ∂Ω. Thus, we have shown V_{R1} (Ω^∗) ⊂ Ω. To show V_{R1} (Ω^∗) ∩ N_η(x_0) = ∅, note that N_{R2} (Ω) is a closed set containing Ω^∗, and by claim 1 and claim 2, N_{R1} (x) ∩ Ω^∗ = ∅ for x ∈ N_η(x_0) where η is small enough. Therefore, N_{R1} (N_η(x_0)) ∩ Ω^∗ = ∅ and V_{R1} (Ω^∗) ⊂ Ω \ N_η(x_0).

To finish the proof of the theorem, observe that Ω^∗ is a F_σ set. Since R_1 and R_2 satisfy (4-4), we have �

V_{R1} (Ω^∗)

f dx = μ(Ω^∗) = � V_{R2} (Ω^∗)

f dx.

By claim 4, it implies � Ω∩N_η (x_0) f dx ≤ 0 and that is a contradiction. □

We point out that the condition � G f dx > 0 for any open set G ⊂ Σ in Theorem 6.3 is slightly weaker than f > 0 a.e. on Σ, in light of sets of Cantor type. This condition is also sharp to obtain the uniqueness result. Indeed, if some region on a Σ-reflector R is not illuminated, one can modify that piece of R, and the uniqueness is violated. See the following example.

Example 6.4. Let Σ = S^{n−1}. Let R_1 = S^{n−1} be parameterized by ρ_1(x) ≡ 1 and R_2

parameterized by ρ_2(x) = min � 1, 2(1 − ε) 1 + e_nx � where 0 < ε < 1 and e_n = (0, · · · , 0, 1).

Consider f(x) = χ_Ω(x), the characteristic function of Ω = {x ∈ S^{n−1} : 1 <^{2(1−ε)}_{1+enx} }, and the Radon measure μ defined by

μ(E) = � V_{R1} (E)

f dx = area[(−E) ∩ Ω],

where E is any Borel set on S^{n−1} and −E = {−x : x ∈ E}. Then R_1 and R_2 are two non-homothetic weak solutions to the reflector problem satisfying (4-4) and the uniqueness fails.

Proof. Obviously, N_{R1} (x) = −x for x ∈ S^{n−1}, V_{R1} (γ) = −γ for γ ∈ S^{n−1}, and R_1 is a reflector. It is also easy to verify that N_{R2} (x) = −x for x ∈ Ω, N_{R2} (Ω_1) = {−e_n} where Ω_1 = {x ∈ S^{n−1} :^{2(1−ε)}_{1+enx} < 1}, N_{R2} (∂Ω) = −Ω_1, and R_2 is a reflector consisting of pieces of S^{n−1} and P (−e_n, 2(1 − ε)). We claim that for any Borel set E ⊂ S^{n−1}

(6-1) [V_{R1} (E) \ V_{R2} (E)] ∪ [V_{R2} (E) \ V_{R1} (E)] ⊂ Ω^c

Indeed, if x ∈ V_{R1} (E) ∩ Ω, then −x = N_{R1} (x) = N_{R2} (x) ∈ E. Thus, x ∈ V_{R2} (E) and V_{R1} (E) \ V_{R2} (E) ⊂ Ω^c. Similarly, V_{R2} (E) \ V_{R1} (E) ⊂ Ω^c. This proves (6-1). Therefore, by (6-1), for any Borel set E ⊂ S^{n−1}

μ(E) = � V_{R1} (E)

f dx = � V_{R2} (E)

f dx,

and R_1, R_2 are two non-homothetic weak solutions. □

Corollary 6.5. Suppose that Σ is strongly convex. Let f, g ∈ L^1(Σ) and f, g ≥ 0, and let dμ = g dγ. Assume � G g dγ > 0 for any open set G ⊂ Σ. If R_1 = {ρ_1(x)x : x ∈ Σ} and R_2 = {ρ_2(x)x : x ∈ Σ} are two weak solutions to the Σ-reflector problem satisfying (4-4), then ρ_1 = Cρ_2 on Σ for some constant C.

Proof. We first show that for any Σ-reflector R and any Borel set E^∗ ⊂ Σ^∗

(6-2) F_R(D(E^∗)) = V_R∗ (E^∗).

To prove (6-2), let β^∗_0 ∈ F_R(D(m^∗_0)) where m^∗_0 ∈ E^∗. Then D(m^∗_0) ∈ F_R∗ (β^∗_0 ) and m^∗_0 ∈ ∇M_ΣF_R∗ (β^∗_0 ) = N_R∗ (β^∗_0 ). So β^∗_0 ∈ V_R∗ (m^∗_0). To establish the reverse inclusion, given β^∗_1 ∈ V_R∗ (m^∗_1) with m^∗_1 ∈ E^∗, we have m^∗_1 ∈ N_R∗ (β^∗_1 ) and ∇M_Σ∗ (m^∗_1) ∈ F_R∗ (β^∗_1 ). Therefore, β^∗_1 ∈ F_R∗∗ (D(m^∗_1)) = F_R(D(m^∗_1)). The proof of (6-2) is done.

Let f^∗(β^∗) = f(D(β^∗))J_D(β^∗) and g^∗(m^∗) = g(D(m^∗))J_D(m^∗). By change of variables, Lemma 4.12, and (6-2), if R is a weak solution in the sense of (4-4), then we have for Borel set E^∗ ⊂ Σ^∗ � E^∗

f^∗(β^∗) dβ^∗ = � D(E^∗ )

f(x) dx = � F_R[D(E^∗)]

g^∗(m^∗) dm^∗ = � V_R∗ (E^∗)

g^∗ dm^∗,

which simply says that R^∗ is a weak solution to the Σ^∗-reflector problem with emitted illumination g^∗ and reflected illumination f^∗. Therefore, by Theorem 6.3, if R_1 and R_2 are two weak solutions satisfying (4-4), then R^∗_1 = CR^∗_2 for some C > 0. By Lemma 4.10, R_1 =^1_C R_2. □

We mention that in the case Σ = S^{n−1}, Corollary 6.5 is due to [GW98].

§7. The Monge-Kantorovich Mass Transfer Approach

In this section, we use a variational method to re-establish the existence of solutions of the global Σ-reflector problem via its connection with the optimal mass transport problem of the cost function c(x, m^∗) = − log(1 − xm^∗) defined on Σ × Σ^∗ which is singular at all points (x, ∇M_Σ(x)).

Throughout this section, assume that Σ is C^2 strongly convex, and consider the global Σ-reflector problem with emitted illumination intensity f ∈ L^1(Σ) and prescribed reflected illumination intensity dμ = gdγ with g ∈ L^1(Σ) such that (4-3) holds.

Let R parameterized by ρ(x)x for x ∈ Σ be a weak solution satisfying (4-4). By the definition of the Legendre transform, one can verify

(7-1) log ρ(x) + log ρ^∗(m^∗) = c(x, m^∗), for x ∈ Σ, m^∗ ∈ F_R(x).

Note that F_R is a single-valued mapping on Σ \ S_R, where S_R is the singular set of R of measure zero. Without loss of generality, we can assume that S_R is a Borel set.

Denote by C(Σ) (C(Σ^∗)) the space of all continuous functions on Σ (Σ^∗).

Lemma 7.1. Let R be a Σ-reflector. Then R is a weak solution satisfying (4-4) if and only if for any v^∗ ∈ C(Σ^∗)

(7-2) � Σ v^∗(F_R(x))f(x) dx = � Σ^∗

v^∗(m^∗)g^∗(m^∗) dm^∗,

where g^∗ is defined as in Lemma 4.12.

Proof. Let R be a weak solution. To show (7-2), it suffices to prove it for v^∗ = χ_E∗ , the characteristic function of the Borel set E^∗. Note that m^∗_0 ∈ F_R(x_0) iff x_0 ∈ F_R∗ (m^∗_0). It is easy to verify F_R[(Σ \ S_R) ∩ F_R∗ (E^∗)] ⊂ E^∗ and F_R[F_R∗ (E^∗)] ⊃ E^∗. We can assume that F_R∗ (E^∗) is a Borel set. Otherwise, replace it by a suitable Borel set with the same measure, as in the proof of Lemma 4.12. Therefore, by Lemma 4.12, we obtain � E^∗

g^∗ dm^∗ ≤ � F_R∗ (E^∗)

f dx = � Σ χ_E∗ (F_R(x))f(x) dx = � (Σ\S_R)∩F_R∗ (E^∗)

f(x) dx ≤ � E^∗

g^∗ dm^∗.

To prove sufficient condition, assume that (7-2) holds. We now show for any open set G^∗ ⊂ Σ^∗

(7-3) � F_R∗ (G^∗)

f dx ≤ � G^∗

g^∗ dm^∗.

Indeed, given a compact set K^∗ ⊂ G^∗, choose v^∗ ∈ C(Σ^∗) such that 0 ≤ v^∗ ≤ 1, v^∗ = 1 on K^∗, and v^∗ = 0 outside G^∗. Since F_R[(Σ \ S_R) ∩ F_R∗ (K^∗)] ⊂ K^∗, we have � (Σ\S_R)∩F_R∗ (K^∗)

f(x) dx ≤ � Σ v^∗(F_R(x))f(x) dx ≤ � G^∗

g^∗ dm^∗.

(7-3) follows from arbitrariness of K^∗. Because a Borel set can be approximated by open sets, (7-3) is still valid for Borel sets in Σ^∗. Obviously, F_R∗ [∇M_Σ(E)] = V_R(E) for E ⊂ Σ. From (7-3) and by change of variables, we have for Borel set E ⊂ Σ � V_R(E)

f dx ≤ � E g dγ.

Noting (4-1) and (4-3) which is simply (7-2) with v^∗ = 1, we apply the above inequality to Σ \ E to get the reverse inequality and (4-4). □

Now turn to the variational formulation of the Σ-reflector problem. Consider the set of admissible functions

K = {(u, v^∗) ∈ C(Σ) × C(Σ^∗) : u(x) + v^∗(m^∗) ≤ c(x, m^∗) on Σ × Σ^∗}

where c(x, ∇M_Σ(x)) is understood as ∞ and the dual functional

I(u, v^∗) = � Σ u(x)f(x) dx + � Σ^∗

v^∗(m^∗)g^∗(m^∗) dm^∗, for u ∈ C(Σ), v ∈ C(Σ^∗).

Given φ ∈ C(Σ), ψ^∗ ∈ C(Σ^∗), let φ^c = (φ)^c and ψ^∗_c = (ψ^∗)_c denote the c-transform of φ and c^∗-transform of ψ^∗ respectively defined by

φ^c(m^∗) = inf_{x∈Σ} [c(x, m^∗) − φ(x)] , ψ^∗_c (x) = inf_{m∗∈Σ∗} [c(x, m^∗) − ψ^∗(m^∗)] .

It is easy to verify that R = {e^{ψ∗c (x)}x : x ∈ Σ} is a Σ-reflector and ^R = {e^{φc (m∗)}m^∗ : m^∗ ∈ Σ^∗} is a Σ^∗-reflector.

Lemma 7.2. Suppose that Σ is strongly convex. Then

(i) If R is a weak solution of the Σ-reflector problem satisfying (4-4), then (log ρ, log ρ^∗) is a maximizer of the functional I(u, v^∗) in K, where ρ and ρ^∗ are radial functions of R and R^∗, respectively.

(ii) If (φ, ψ^∗) maximizes I(u, v^∗) in K, then R_0 = {e^{φ0 (x)}x : x ∈ Σ} is a weak solution satisfying (4-4), where φ_0 = ψ^∗_c .

Proof. First prove (i). Given (u, v^∗) ∈ K, then by (7-1)

u(x) + v^∗(F_R(x)) ≤ c(x, F_R(x)) = log ρ(x) + log ρ^∗(F_R(x)), a.e. x in Σ.

Integrating the above inequality with respect to fdx yields � Σ uf dx + � Σ v^∗(F_R(x))f(x) dx ≤ � Σ log ρf dx + � Σ log ρ^∗(F_R(x))f(x) dx.

By Lemma 7.1, it implies I(u, v^∗) ≤ I(log ρ, log ρ^∗). Clearly, (log ρ, log ρ^∗) ∈ K by the definition of Legendre transform. Thus, I(log ρ, log ρ^∗) = sup_{(u,v}∗_{)∈K} I(u, v^∗).

To prove (ii), first observe that (φ^c_0)_c = φ_0, where φ^c_0 = (φ_0)^c. Indeed, R_0 is a Σreflector, and e^{φc0(m∗)} and e^{(φc0)c (x)} are the radial functions of the Legendre transform R^∗_0 and double Legendre transform R^{∗∗}_0 of R_0, respectively. By Lemma 4.10, (φ^c_0)_c = φ_0. For simplicity, set ψ^∗_0 = φ^c_0 and then φ_0 = (ψ^∗_0 )_c. Obviously, φ ≤ φ_0 and ψ^∗ ≤ ψ^∗_0 . Hence, (φ_0, ψ^∗_0) also maximizes I(u, v^∗) in K.

We now show that R_0 satisfies (7-2) to finish the proof. Given v^∗ ∈ C(Σ^∗) and a small number θ, consider ψ^∗_θ = ψ^∗_0 + θv^∗ and φ_θ(x) = inf_m∗_{∈Σ}∗ [c(x, m^∗) − ψ^∗_θ (m^∗)]. Clearly, (φ_θ, ψ^∗_θ ) ∈ K. For x̄ ∈ Σ, let φ_0(x̄) = c(x̄, m^∗) − ψ^∗_0 (m^∗) and φ_θ(x̄) = c(x̄, m^∗_θ) − ψ^∗_θ (m^∗_θ). Obviously −θv^∗(m^∗_θ) ≤ φ_θ(x̄) − φ_0(x̄) ≤ −θv^∗(m^∗).

If x̄ /∈ S_{R0} , then F_{R0} (x̄) = m^∗ and m^∗_θ must converge to m^∗, as θ −→ 0. Therefore, lim_{θ→0}[φ_θ(x̄) − φ_0(x̄)]/θ = −v^∗(F_{R0} (x̄)), for x̄ ∈ Σ \ S_{R0} . Since (φ_0, ψ^∗_0 ) is a maximizer, by the dominated convergence theorem

0 = lim_{θ→0}

I(φ_θ, ψ^∗_θ ) − I(φ_0, ψ^∗_0 ) θ = − � Σ v^∗(F_{R0} (x))f(x) dx + � Σ^∗

v^∗(m^∗)g^∗(m^∗) dm^∗.

By Lemma 7.1, R_0 is a weak solution. □

According to Lemma 7.2, to study the existence of solutions of the Σ-reflector problem, we just need to consider the existence of maximizers of I(u, v^∗) in K. The difficulty in variational arguments is the singularity of the cost function c(x, m^∗). First deal with the case f, g ∈ L^p(Σ), p > 1.

Theorem 7.3. Suppose that Σ is strongly convex, f, g ≥ 0, f, g ∈ L^p(Σ) with p > 1 such that (4-3) holds. Then there exists a maximizer (φ, ψ^∗) of I(u, v^∗) in K such that R = {e^{ψ∗c (x)}x : x ∈ Σ} is a weak solution of the Σ-reflector problem.

Proof. Choose (u_k, v^∗_k) ∈ K such that I(u_k, v^∗_k) −→ I_0 = sup_{(u,v}∗_{)∈K} I(u, v^∗) as k → ∞. Since I(u + C, v^∗ − C) = I(u, v^∗) for any constant C by (4-3), may assume max_Σ u_k = u_k(x_k) = 0, and furthermore, if necessary replaced by (u_k, max[v^∗_k, log^1_2 ]), v^∗_k ≥ log^1_2 . We now show that there exists a constant C_0 > 0 such that

log(1/2) ≤ v^∗_k ≤ C_0.

Proceed by contradiction. Assume that v^∗_k(m^∗_k) > C_0 for some m^∗_k ∈ Σ^∗, where C_0 will be determined later. Obviously, u_k(x) ≤ c(x, m^∗_k) − v^∗_k(m^∗_k) and v^∗_k(m^∗) ≤ c(x_k, m^∗). Then

(7-4)

I(u_k, v^∗_k) ≤ � Σ − log(1 − m^∗_kx)f(x) dx

− C_0 � Σ f(x) dx − � Σ^∗

log(1 − x_km^∗)g^∗(m^∗) dm^∗.

If we can prove ‖ log(1 − m^∗_0x)‖_Lq_{(Σ)} ≤ C and ‖ log(1 − x_1m^∗)‖_Lq_{(Σ}∗_) ≤ C for any x_1 ∈ Σ, m^∗_0 ∈ Σ^∗, where q = p/(p − 1), then by the Hölder inequality, for k and C_0 sufficiently large, (7-4) yields the following contradiction

I[0, log(1/2)] − 1 ≤ I(u_k, v^∗_k) ≤ C − C_0 � Σ f(x) dx.

To prove log(1 − m^∗_0x) ∈ L^q(Σ), set E_j = {x ∈ Σ : 1 − m^∗_0x ≤ 2^{−j} }. Geometrically, E_j is the cross section of Σ between its tangent plane at x_0 = D(m^∗_0) with equation 1 − m^∗_0x = 0 and the plane of equation 1 − m^∗_0x = 2^{−j} . Since Σ is strongly convex, area(E_j) ≤ C2^{−j(n−1)/2}. Therefore � Σ | log(1 − m^∗_0x)|^q dx ≤ C + ∞� j=1 (j + 1)^qarea(E_j) ≤ C.

Similarly, log(1 − x_1m^∗) ∈ L^q(Σ^∗).

We consider the functions

û_k(x) = inf_{m∗∈Σ∗}[c(x, m^∗) − v^∗_k(m^∗)],

v̂^∗_k(m^∗) = inf_{x∈Σ}[c(x, m^∗) − û_k(x)].

Obviously, (û_k, v̂^∗_k) ∈ K, u_k ≤ û_k, and v^∗_k ≤ v̂^∗_k. From the bounds of v^∗_k, log^1_2 − C_0 ≤ û_k ≤ 0. Since v^∗_k and û_k are uniformly bounded, there exists a constant ε_0 > 0 such that if û_k(x) + v^∗_k(m^∗) = c(x, m^∗) then 1 − xm^∗ ≥ 2ε_0. Therefore, there exists η_0 > 0 such that for x_0 ∈ Σ and x ∈ N_{η0} (x_0), û_k(x) = inf_m∗_{∈E}∗_0 [c(x, m^∗) − v^∗_k(m^∗)], where E^∗_0 = {m^∗ ∈ Σ^∗ : 1 − x_0m^∗ ≥ ε_0}. For x_1, x_2 ∈ N_{η0} (x_0)

|û_k(x_2) − û_k(x_1)| ≤ sup_{m∗∈E∗} 0 |c(x_2, m^∗) − c(x_1, m^∗)| ≤ C|x_2 − x_1|.

Similarly, we can prove that v̂^∗_k is uniformly bounded and Lipschitz. By the Ascoli-Arzelà theorem, one may assume that û_k −→ φ in C(Σ) and v̂^∗_k −→ ψ^∗ in C(Σ^∗), as k → ∞. Obviously, (φ, ψ^∗) maximizes I(u, v^∗) in K. □

For the general case f, g ∈ L^1(Σ), we will establish the existence of maximizers of I(u, v^∗) through cost function approximation, a priori estimates, and use of test function. For small ε > 0, consider approximate cost function on Σ × Σ^∗ given by

c_ε(x, m^∗) = − log(1 + ε − xm^∗)

and the set of corresponding admissible functions

K_ε = {(u, v^∗) ∈ C(Σ) × C(Σ^∗) : u(x) + v^∗(m^∗) ≤ c_ε(x, m^∗) on Σ × Σ^∗}.

Lemma 7.4. Suppose that Σ is strongly convex, f, g ≥ 0, f, g ∈ L^1(Σ) such that (4-3) holds. Then there exists a maximizer (φ_ε, ψ^∗_ε ) of I(u, v^∗) in K_ε such that φ_ε = (ψ^∗_ε )_{cε} and ψ^∗_ε = (φ_ε)^{cε} .

Proof. The proof is similar to but easier than that of Theorem 7.3, since c_ε is smooth. Let (u_k, v^∗_k) ∈ K_ε such that I(u_k, v^∗_k) −→ I_ε = sup_{(u,v}∗_{)∈Kε} I(u, v^∗), as k → ∞. Consider û_k = (v^∗_k)_{cε} − C_k = (v^∗_k + C_k)_{cε} and v̂^∗_k = (û_k)^{cε} , where C_k is chosen such that sup_Σ û_k(x) = 0. Obviously, u_k − C_k ≤ û_k and v^∗_k + C_k ≤ v̂^∗_k, and (û_k, v̂^∗_k) is also a maximizing sequence of I(u, v^∗) in K_ε. For x_1, x_2 ∈ Σ

|û_k(x_2) − û_k(x_1)| ≤ sup_{m∗∈Σ∗} |c_ε(x_2, m^∗) − c_ε(x_1, m^∗)| ≤ C(ε)|x_2 − x_1|.

Therefore, û_k and v̂^∗_k are uniformly bounded and Lipschitz. It follows that I(u, v^∗) can be maximized in K_ε. As in the proof of Lemma 7.2 (ii), if ( ^φ_ε, ^ψ^∗_ε ) maximizes I(u, v^∗) in K_ε, then (φ_ε, ψ^∗_ε ) = (( ^ψ^∗_ε )_{cε} , [( ^ψ^∗_ε )_{cε} ]^{cε} ) is also a maximizer such that φ_ε = (ψ^∗_ε )_{cε} and ψ^∗_ε = (φ_ε)^{cε} . □

Lemma 7.5. Let (φ_ε, ψ^∗_ε ) be a maximizer of I(u, v^∗) in K_ε such that φ_ε = (ψ^∗_ε )_{cε} , ψ^∗_ε = (φ_ε)^{cε} , and min_Σ φ_ε = 0. Then sup_Σ |φ_ε| + sup_Σ∗ |ψ^∗_ε | ≤ C, where the constant C is independent of ε.

Proof. To simplify notations, we will use (φ, ψ^∗) to replace (φ_ε, ψ^∗_ε ) in the proof. For y ∈ Σ and E ⊂ Σ, let T_φ(y) = {m^∗ ∈ Σ^∗ : φ(y) = c_ε(y, m^∗) − ψ^∗(m^∗)} and T_φ(E) = ∪_{y∈E} T_φ(y). Assume φ(x_0) = min_Σ φ = 0. If m^∗_0 ∈ T_φ(x_0), then

c_ε(x_0, m^∗_0) − ψ^∗(m^∗_0) = 0 ≤ φ(−D(m^∗_0)) ≤ c_ε(−D(m^∗_0), m^∗_0) − ψ^∗(m^∗_0).

It yields x_0 = −D(m^∗_0) and ψ^∗(m^∗_0) = log^1_{2+ε} . Let η > 0 be a small number to be determined later, and consider E = Σ \ N_η(D(m^∗_0)). We now show the following Claim: T_φ(E) ∩ [Σ^∗ \ N_η(m^∗_0)] ≠ ∅.

Prove by contradiction. Assume T_φ(E) ⊂ N_η(m^∗_0). Choose h^∗ ∈ C(Σ^∗) such that 0 ≤ h^∗ ≤ 1 on Σ^∗, h^∗ = 1 on N_{2η}(m^∗_0), and h^∗ = 0 outside N_{4η}(m^∗_0). For small τ > 0, define ψ^∗_τ (m^∗) = ψ^∗(m^∗) − τh^∗(m^∗) and φ_τ (x) = (ψ^∗_τ )_{cε} (x) = inf_Σ∗ [c_ε(x, m^∗) − ψ^∗_τ (m^∗)]. Obviously, 0 ≤ φ_τ − φ ≤ τ on Σ.

We show that there exists τ_0 = τ_0(ε) > 0 such that for any y_0 ∈ E and τ ≤ τ_0

(7-5) φ_τ (y_0) = c_ε(y_0, m^∗_τ ) − ψ^∗_τ (m^∗_τ ) =⇒ m^∗_τ ∈ N_{2η}(m^∗_0).

Otherwise, there exist x_j ∈ E, τ_j → 0, and m^∗_{τj} /∈ N_{2η}(m^∗_0) such that

(7-6) φ_{τj} (x_j ) = c_ε(x_j , m^∗_{τj} ) − ψ^∗_{τj} (m^∗_{τj} ).

One may assume that x_j → x_∞ ∈ E and m^∗_{τj} → m^∗_∞. By taking limit in (7-6), we obtain m^∗_∞ ∈ T_φ(x_∞) ⊂ T_φ(E) ⊂ N_η(m^∗_0), which contradicts with m^∗_∞ /∈ N_{2η}(m^∗_0).

By (7-5) and the properties of h^∗, given x ∈ E and τ ≤ τ_0, there exists m^∗_τ ∈ N_{2η}(m^∗_0) such that φ_τ (x) = c_ε(x, m^∗_τ ) − ψ^∗_τ (m^∗_τ ) ≥ φ(x) + τ. Thus, φ_τ = φ + τ on E for τ ≤ τ_0. Since (φ, ψ^∗) is a maximizer � � Σ\E + � E � φ_τ − φ τ f dx + � Σ^∗

ψ^∗_τ − ψ^∗ τ g^∗ dm^∗ ≤ 0, 0 < τ ≤ τ_0.

It gives rise to the following � E f dx ≤ � N_{4η} (m^∗_0 )

g^∗ dm^∗,

which is a contradiction if η is small enough. Therefore, the Claim is proved.

By the Claim, there exists x_1 ∈ E and m^∗_1 ∈ T_φ(x_1) \ N_η(m^∗_0). Clearly

0 ≤ φ(x_1) ≤ c_ε(x_1, m^∗_0) + log(2 + ε) ≤ C.

We have ψ^∗(m^∗_1) = c_ε(x_1, m^∗_1) − φ(x_1) ≥ −C. Since φ ≥ 0, ψ^∗(m^∗_1) ≤ inf_Σ c_ε(x, m^∗_1) ≤ log^1_2 . Therefore, we obtain

0 ≤ φ(x) ≤ min{c_ε(x, m^∗_0) + log(2 + ε), c_ε(x, m^∗_1) − ψ^∗(m^∗_1)} ≤ C.

It follows from ψ^∗ = φ^{cε} that ψ^∗ is also uniformly bounded. □

Theorem 7.6. Suppose that Σ is strongly convex, f, g ≥ 0, f, g ∈ L^1(Σ) such that (4-3) holds. Then there exists a maximizer (φ, ψ^∗) of I(u, v^∗) in K such that φ = ψ^∗_c , ψ^∗ = φ^c, and R = {e^{φ(x)}x : x ∈ Σ} is a weak solution of the Σ-reflector problem.

Proof. By Lemma 7.4, for small ε > 0, there exists (φ_ε, ψ^∗_ε ) maximizing I(u, v^∗) in K_ε and satisfying φ_ε = (ψ^∗_ε )_{cε} and ψ^∗_ε = (φ_ε)^{cε} . Without loss of generality, assume min_Σ φ_ε = 0. φ_ε and ψ^∗_ε are uniformly bounded by Lemma 7.5. As in the proof of Theorem 7.3, we can show that φ_ε and ψ^∗_ε are uniformly Lipschitz. Then there exist ε_j −→ 0, φ_{εj} −→ φ uniformly on Σ, and ψ^∗_{εj} −→ ψ^∗ uniformly on Σ^∗, as j −→ ∞. It is easy to verify that φ = ψ^∗_c and ψ^∗ = φ^c. To finish the proof, we show that(φ, ψ^∗) maximizes I(u, v^∗) in K. Given (u, v^∗) ∈ K, let u(x) + v^∗(m^∗) ≤ M. For 0 < ε < e^{−M} /2, if 1 − xm^∗ < e^{−M} /2, then u(x) + v^∗(m^∗) ≤ M ≤ c_ε(x, m^∗); if 1 − xm^∗ ≥ e^{−M} /2, then u(x) + v^∗(m^∗) ≤ c(x, m^∗) ≤ c_ε(x, m^∗) + 2e^M ε. Therefore, for sufficiently large j, I(u − 2e^M ε_j , v^∗) ≤ I(φ_{εj} , ψ^∗_{εj} ). We then obtain I(u, v^∗) ≤ I(φ, ψ^∗). □

Finally, we briefly mention the connection with the optimal mass transport problem. Consider to find an optimal plan to minimize the cost functional � Σ c(x, s(x))f(x) dx in the set S of all plans s, where a plan s is a measurable mapping from Σ to Σ^∗ such that it is measure-preserving: � s^{−1}(E^∗ )

f dx = � E^∗

g^∗ dm^∗, ∀ Borel set E^∗ ⊂ Σ^∗,

or equivalently � Σ v^∗(s(x))f(x) dx = � Σ^∗

v^∗(m^∗)g^∗(m^∗) dm^∗, ∀ v^∗ ∈ C(Σ^∗).

It can be shown that if (φ, ψ^∗) is a maximizer of I(u, v^∗) in K such that φ = ψ^∗_c and ψ^∗ = φ^c, then F_R is an optimal plan minimizing the cost, where R is parameterized by e^{φ(x)}x. If � G f dx > 0 for any open set G ⊂ Σ, the uniqueness of solutions can be treated through this connection. These discussions are similar to those in [Wan04]. We leave the details to readers.

References

[AB84] E. Acerbi & G. Buttazzo, On the limits of periodic Riemannian metrics, J. Anal. Math. 43 (1984), 183-201.

[BBF02] A. Braides, G. Buttazzo & I. Fragalà, Riemannian approximation of Finsler metrics, Asymptot. Anal. 31 (2002), 177-187.

[CGH05] L. A. Caffarelli, C. E. Gutiérrez & Qingbo Huang, On the regularity of reflector antennas, Annals of Mathematics, to appear.

[CKO99] L. Caffarelli, S. Kochengin & V. Oliker, On the numerical solution of the problem of reflector design with given far-field scattering data, Contemporary Mathematics 226 (1999), 13-32.

[CO94] L. A. Caffarelli & V. Oliker, Weak solutions of one inverse problem in geometric optics, Preprint, 1994.

[GaO07] W. Gangbo & V. Oliker, Existence of optimal maps in the reflector-type problems, ESAIM: Control, Optimization and Calculus of Variations 13 (2007), 93-106.

[GlO03] T. Glimm & V. Oliker, Optical design of single reflector systems and the Monge-Kantorovich mass transfer problem, Journal of Mathematical Sciences 117 (2003), 4096-4108.

[GW98] Pengfei Guan & Xu-Jia Wang, On a Monge-Ampère equation arising from optics, J. Diff. Geom. 48 (1998), 205-222.

[KK65] M. Kline & I. W. Kay, Electromagnetic theory and geometrical optics, Interscience Publishers, John Wiley & Sons, Inc., 1965.

[O02] V. Oliker, On the geometry of convex reflectors, PDEs, Submanifolds and Affine Differential Geometry, Banach Center Publications 57 (2002), 155-169.

[O05] V. Oliker, A Minkowski-style theorem for focal functions of compact convex reflectors, Trans. Amer. Math. Soc., to appear.

[OW87] V. Oliker & P. Waltman, Radially symmetric solutions of a Monge-Ampère equation arising in a reflector mapping problem, Proc. UAB Int. Conf. on Diff. Equations and Math. Physics, Lecture Notes in Math. 1285 (1987), 361-374.

[P] A. V. Pogorelov, The Minkowski multidimensional problem, V. H. Winston & Sons, Washington, D.C., 1978.

[Wan96] Xu-Jia Wang, On the design of a reflector antenna, Inverse Problems 12 (1996), 351-375. [Wan04] Xu-Jia Wang, On the design of a reflector antenna II, Calc. Var. Partial Differential Equations 20 (2004), 329-341.

Department of Mathematics, University of Texas at Austin, Austin, TX 78712

E-mail address: caffarel@math.utexas.edu Department of Mathematics & Statistics, Wright State University, Dayton, OH 45435 E-mail address: qhuang@math.wright.edu