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Abstract: The effect of tensile stress applied during cooling of binary glasses on the potential energy
states and mechanical properties is investigated using molecular dynamics simulations. We study
the three-dimensional binary mixture that was first annealed near the glass transition temperature
and then rapidly cooled under tension into the glass phase. It is found that at larger values of applied
stress, the liquid glass former freezes under higher strain and its potential energy is enhanced. For a
fixed cooling rate, the maximum tensile stress that can be applied during cooling is reduced upon
increasing initial temperature above the glass transition point. We also show that the amorphous
structure of rejuvenated glasses is characterized by an increase in the number of contacts between
smaller type atoms. Furthermore, the results of tensile tests demonstrate that the elastic modulus and
the peak value of the stress overshoot are reduced in glasses prepared at larger applied stresses and
higher initial temperatures, thus indicating enhanced ductility. These findings might be useful for the
development of processing and fabrication methods to improve plasticity of bulk metallic glasses.

Keywords: metallic glasses; glass transition; rejuvenation; thermomechanical processing; yield stress;
molecular dynamics simulations

1. Introduction

Understanding the relation between amorphous structure and mechanical and physi-
cal properties of disordered solids is important for numerous biomedical and structural
applications [1,2]. Bulk metallic glasses are known to posses advantageous properties,
including high yield stress and large elastic limit, but they become brittle when in a relaxed
state [3–8]. To increase ductility, metallic glasses can be rejuvenated via thermal treatment
or mechanical agitation [9]. In general, the processing methods that are used to control the
energy states of amorphous alloys can be broadly distinguished in two categories based on
their temperature relative to Tg. The first one deals with either cooling from the liquid state
into the glass phase or flash annealing, where a glass is temporarily brought to the liquid
state and then cooled below Tg with a suitably fast rate [10–13]. Other methods involve
mechanical and thermal manipulation of amorphous materials within the glass phase.
Common examples include ion irradiation [14,15], high-pressure torsion [16,17], shot peen-
ing [18,19], elastostatic loading [20–29], and thermal cycling [30–38], among others. On
the other hand, amorphous alloys can be mechanically annealed to lower energy states by
applying time periodic deformation with an amplitude below the yielding point [39–43],
and the decay of the potential energy is accelerated when the loading orientation is periodi-
cally alternated in two or three spatial dimensions [44,45]. Most recently, it was discovered
experimentally that upon cooling under tension, bulk metallic glass formers become highly
rejuvenated and their bending ductility can be tripled [46]. These findings were rational-
ized by invoking the concept of fictive temperature upon cooling when the characteristic
timescale of structural relaxation is comparable to the inverse cooling rate. Moreover,
the fictive temperature can be increased by the application of sufficiently high strain rate
during freezing, which leads to enhanced ductility [46]. However, despite recent progress,
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optimization and design of the cooling protocols, including stress- versus strain-controlled
deformation as well as the range of annealing temperatures and applied stresses, remain a
challenging problem.

In this paper, the influence of initial temperature and tensile stress applied during
the cooling process on rejuvenation and mechanical properties of binary glasses is studied
via molecular dynamics simulations. We consider a binary mixture initially annealed at
temperatures slightly above the glass transition temperature and then rapidly cooled under
applied tensile stress deep into the glass phase. It will be shown that with increasing tensile
stress, glasses are relocated to higher energy states and become more ductile. Moreover,
for a given cooling rate, the initial temperature determines the maximum value of the
applied stresses and therefore the maximum strain rate during freezing.

The rest of the paper proceeds as follows. The parameters of the interaction potential
and the preparation procedure as well as the protocol for cooling under stress are described
in the next section. The results for the system deformation, potential energy, atomic
structure, and mechanical properties are presented in Section 3. The main conclusions are
briefly summarized in the last section.

2. Molecular Dynamics Simulations

In our study, the model glass is represented via a mixture of two types of atoms
with strongly non-additive interaction that prevents crystallization when the system is
cooled below the glass transition temperature [47]. This model was first introduced by
Kob and Andersen (KA) about twenty years ago and has since been extensively studied
in the context of glass transition, dynamical heterogeneity, and yielding in amorphous
materials [47]. It should be noted that the parameters of the KA binary mixture model
are similar to those used by Weber and Stillinger to study the amorphous metal alloy
Ni80P20 [48]. In the KA model, the interaction between atoms of types α, β = A, B is
described by the Lennard–Jones (LJ) potential as follows,

Vαβ(r) = 4 εαβ

[(σαβ

r

)12
−
(σαβ

r

)6 ]
, (1)

where εAA = 1.0, εAB = 1.5, εBB = 0.5, σAA = 1.0, σAB = 0.8, σBB = 0.88, and
mA = mB [47]. The total number of atoms is N = 60, 000. To alleviate the computa-
tional burden, the cut-off radius of the LJ potential was fixed to rc, αβ = 2.5 σαβ. The results
are reported in terms of the LJ units of length, mass, energy, and time, as follows, σ = σAA,
m = mA, ε = εAA, and, correspondingly, τ = σ

√
m/ε. The MD simulations were per-

formed in parallel using the efficient LAMMPS code [49] with the integration time step
4tMD = 0.005 τ, periodic boundary conditions, and the Nosé–Hoover thermostat [50].

The first step in the preparation procedure was to equilibrate the binary mixture
near the glass transition temperature at zero pressure. It was originally demonstrated, by
extrapolating diffusion coefficients of both types of atoms as a function of temperature, that
the critical temperature of the KA model at the constant density ρ = ρA + ρB = 1.2 σ−3

is Tc = 0.435 ε/kB [47]. More recently, it was found from the crossover of the potential
energy curve that the glass transition temperature is about Tg ≈ 0.35 ε/kB when the system
is cooled from the liquid state with the rate 10−5 ε/kBτ at zero pressure [12]. In the present
study, the binary mixture was equilibrated at TLJ = 1.0 ε/kB and then annealed at four
temperatures near Tg, namely, TLJ = 0.36 ε/kB, 0.38 ε/kB, 0.40 ε/kB, and 0.42 ε/kB, during
2× 105 τ in a periodic box at P = 0. It was previously shown that the binary mixture
undergoes structural relaxation during the time interval 2× 105 τ at TLJ > 0.32 ε/kB, and
the potential energy of inherent structures decreases upon reducing annealing temperature
towards Tg [6].

Following the equilibration period, the system was linearly cooled from the initial
temperatures (0.36 ε/kB, 0.38 ε/kB, 0.40 ε/kB, and 0.42 ε/kB) to TLJ = 0.01 ε/kB at a rate
of 10−4 ε/kBτ. In addition, a constant stress along the ẑ direction was applied during
the cooling process, while the normal stress components along the other two directions
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were set to zero (see Figure 1). For reference, the simulations of the cooling process at
zero pressure along all three directions were also carried out. After cooling, the applied
stress was set to zero and the glass was allowed to equilibrate during the additional time
interval of 104 τ at TLJ = 0.01 ε/kB and P = 0. Finally, the glassy samples were strained
at the constant rate of 10−5 τ−1 at TLJ = 0.01 ε/kB and zero pressure in order to evaluate
the elastic modulus and the peak value of the stress overshoot. The data for the potential
energy and mechanical properties were averaged over 15 independent samples.

Figure 1. (Color online) The snapshot of the binary glass after cooling from TLJ = 0.36 ε/kB to
0.01 ε/kB with the rate 10−4 ε/kBτ and at the same time applying the constant stress 0.6 εσ−3 along
the ẑ direction. The stress components along the x̂ and ŷ directions are set to zero. The total number
of atoms is 60,000. The atoms of types A and B are denoted by large blue and small red spheres,
respectively. The atoms are not drawn to scale.

3. Results

It is now well understood that the potential energy of glasses and, consequently, their
mechanical properties depend sensitively on the rate of cooling from the liquid state [9].
In general, more slowly cooled glass formers settle at lower energy states, and, under
external deformation, exhibit higher yield stress and are more brittle [51]. Remarkably, it
was recently demonstrated experimentally that ductility can be enhanced when sufficiently
large normal stress is applied during the cooling process, leading to highly rejuvenated
states [46]. The key parameters of the cooling under stress protocol include the initial
temperature of a glass former, the rate of cooling, and the applied stress. In the present
study, the binary mixture was cooled under stress with the fixed rate of 10−4 ε/kBτ. We note
that cooling at higher rates, 10−2 ε/kBτ and 10−3 ε/kBτ, and zero pressure was shown
to produce highly rejuvenated glassy samples with already low values of the yielding
peak [32,34]. On the other hand, test runs at the lower cooling rate, 10−5 ε/kBτ, did
not reveal significant rejuvenation, in part because only a relatively small stresses can
be applied during the cooling process without extended flow near the glass transition
temperature. Therefore, for each initial temperature near Tg, the values of the applied stress
were chosen by trial and error up to the maximum stress above which samples break.

In our setup, the binary mixture is initially equilibrated near Tg in a cubic box with
periodic boundaries, and then cooled under stress applied along the ẑ direction, which
might result in significant deformation of the computational domain. The time dependence
of the system size along the ẑ direction is reported in Figure 2 for the selected values of the
applied stress. For each value of the initial temperature, the variation of Lz is shown for
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zero, intermediate value, and the maximum applied stress above which samples undergo
extensive plastic deformation near the glass transition temperature. It can be clearly seen
in Figure 2 that with increasing applied stress, the deformation becomes more pronounced
in the vicinity of Tg = 0.35 ε/kB, which is marked by the vertical dashed lines. Note that
the negative slope at later times corresponds to contraction upon cooling below the glass
transition temperature, where the applied stress becomes smaller than the yield stress.
Shown for reference in all panels in Figure 2, the black curves denote the variation of Lz
during the cooling process at zero pressure for different initial temperatures. As deduced
from the blue curve in Figure 2c, the maximum elongation upon cooling to TLJ = 0.01 ε/kB
under stress is Lz/Lx ≈ 1.6.
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Figure 2. (Color online) The system size along the ẑ direction during cooling from the indicated
initial temperatures to TLJ = 0.01 ε/kB with the rate 10−4 ε/kBτ. The initial temperatures are (a)
0.36 ε/kB, (b) 0.38 ε/kB, (c) 0.40 ε/kB, and (d) 0.42 ε/kB. The values of the applied stress (in units of
εσ−3) are listed in the legend. The vertical dashed lines denote times when the system temperature is
0.35 ε/kB. The scales along the vertical axes are different on the upper and lower panels.

The rejuvenated structure in a strained sample is formed mostly during the time
interval when the system temperature is reduced in a close vicinity of the glass transition
temperature. Otherwise, a liquid glass former flows above Tg, whereas in the glass phase,
the applied stress remains smaller than the yield stress, and the effect of elastostatic loading
on the energy state during ∼103 τ is negligible [28]. Similar to the definition used in [46],
the strain along the ẑ direction was computed as

ε(t) = [Lz(t)− Lz(0)]/Lz(0) · 100, (2)

where Lz(0) is the initial length of the computational domain and Lz(t) is the time depen-
dent length. The rate of strain as a function of time is plotted in Figure 3 for the same
values of the applied stress and initial temperature as in Figure 2. It can be readily observed
that the rate of strain at Tg = 0.35 ε/kB is larger at higher initial temperatures and the
maximum applied stress (marked by the blue curves in Figure 3). The exception to this
trend is the case of the initial temperature TLJ = 0.42 ε/kB where the maximum applied
stress is relatively low, 0.2 εσ−3, and most of the deformation occurs just above Tg (see
Figure 3d). Further, it was argued that the effect of rejuvenation is enhanced when the
typical timescale associated with the cooling process (i.e., the inverse cooling rate) exceeds
the characteristic time of the straining process, which is roughly a few percent divided by



Metals 2021, 11, 67 5 of 11

the strain rate [46]. For the parameters of the present study, this condition is satisfied for
all values of the applied stress, thus leading to rejuvenated states with respect to energy
levels obtained upon cooling at P = 0.
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Figure 3. (Color online) The rate of strain along the ẑ direction (in units of τ−1) during cooling from
the initial temperatures to TLJ = 0.01 ε/kB with the rate 10−4 ε/kBτ. The same data as in Figure 2.
The initial temperatures are (a) 0.36 ε/kB, (b) 0.38 ε/kB, (c) 0.40 ε/kB, and (d) 0.42 ε/kB. The applied
stress (in units of εσ−3) along the ẑ direction is indicated in the legend. The vertical dashed lines
denote the temperature of 0.35 ε/kB. Note that the vertical scales are different on the upper and
lower panels.

Next, the variation of the potential energy per atom as a function of stress applied
during the cooling process is shown in Figure 4 for the initial temperatures TLJ = 0.36 ε/kB,
0.38 ε/kB, 0.40 ε/kB, and 0.42 ε/kB. The data in Figure 4 were averaged over 15 samples
after annealing during 104 τ at TLJ = 0.01 ε/kB and P = 0. It can be seen that for zero
applied stress, the potential energy is reduced upon decreasing initial temperature. It was
previously demonstrated that the potential energy of the inherent structures of the KA
mixture at zero pressure is reduced when the annealing temperature approaches Tg from
above [6]. Further, with increasing applied stress, the binary glass is relocated to progres-
sively higher energy states as it freezes at higher strain. It should be commented that the
maximum increase in the potential energy at TLJ = 0.36 ε/kB and 0.38 ε/kB is slightly larger
than the most pronounced rejuvenation due to elastostatic loading of the KA glass detected
at about half the glass transition temperature [28,29]. On the other hand, it was shown for
the same binary mixture model that rejuvenation is significantly enhanced as a result of
flush annealing when samples are rapidly heated above Tg and cooled at effectively high
rates into the glass phase [12].
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Figure 4. (Color online) The potential energy per atom as a function of the applied stress (in units of
εσ−3) during cooling to the temperature TLJ = 0.01 ε/kB with the rate 10−4 ε/kBτ. The values of the
initial temperature (in units of ε/kB) are listed in the legend. The potential energy is computed at
TLJ = 0.01 ε/kB and zero pressure. The data were averaged over 15 independent samples.

The increase in potential energy reported in Figure 4 is reflected in the atomic structure,
which can be analyzed using the radial distribution function. Thus, it was previously found
that the most sensitive measure of the structural changes in the KA model glass is the
average separation between neighboring atoms of type B [6,52,53]. This correlation can
be understood by realizing that the interaction energy between smaller atoms of type B in
the LJ potential, Equation (1), is the lowest among εAA, εAB, and εBB, leading to a reduced
number of contacts between B type atoms in a well-annealed (low-energy) glass [52,53]. The
averaged radial distribution function, g(r)BB, is shown in Figure 5 for zero and maximum
applied stress during cooling from the indicated initial temperatures to TLJ = 0.01 ε/kB.
It can be observed that upon increasing stress, the height of the first peak at about 0.96 σ
becomes slightly larger and the magnitude of the second peak at ≈1.38 σ is reduced. This
trend is consistent with the increase in potential energy when samples are cooled under
stress, thus leading to a more random packing and larger number of contacts between
B− B type atoms.

In order to evaluate changes in mechanical properties due to cooling under applied
stress, the glassy samples were strained at the constant rate of 10−5 τ−1 at TLJ = 0.01 ε/kB
and zero pressure. The representative stress–strain curves are plotted in Figure 6 for the
indicated values of the initial temperature. In each case, the data are reported for zero
and maximum applied stress during the cooling process. As is evident, the height of
the yielding peak increases in samples prepared at lower initial temperatures and zero
external stress. This is consistent with the results in Figure 4 where more relaxed states were
obtained by cooling at zero applied stress and lower temperatures. Moreover, it is clearly
seen that the yielding peak in Figure 6 is reduced in highly rejuvenated samples initially
cooled at the maximum applied stress. Therefore, it can be concluded that the maximum
difference in the yield stress becomes more pronounced for binary glasses prepared at
lower initial temperatures.



Metals 2021, 11, 67 7 of 11

0 1 2 3 4 5 6

r /σ

0

0.1

0.2

0.3

0.4

g
B

B
(r

)

0.3
0.0

0.4
0.0

0

0.1

0.2

0.3

0.4

0.5

g
B

B
(r

)
0.6
0.0

0 1 2 3 4 5 6 7

r /σ

0.2
0.0

(a)                            0.36 (b)                            0.38

(d)                            0.42(c)                            0.40

Figure 5. (Color online) The radial distribution function, gBB(r), after cooling to TLJ = 0.01 ε/kB

from the initial temperatures (a) 0.36 ε/kB, (b) 0.38 ε/kB, (c) 0.40 ε/kB, and (d) 0.42 ε/kB. The values
of the applied stress (in units of εσ−3) along the ẑ direction are listed in the legend.
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Figure 6. (Color online) The variation of the normal stress (in units of εσ−3) as a function of strain
along the ẑ direction during steady loading with the rate 10−5 τ−1 at TLJ = 0.01 ε/kB and zero
pressure. The samples were prepared by cooling from the initial temperatures (a) 0.36 ε/kB, (b)
0.38 ε/kB, (c) 0.40 ε/kB, and (d) 0.42 ε/kB. The values of the applied stress during the cooling process
are listed in the insets. See text for details.

The simulation results for the elastic modulus, E, and the peak value of the stress over-
shoot, σY, in steadily strained samples at TLJ = 0.01 ε/kB are presented in Figures 7 and 8,
respectively. Here, the data were averaged over 15 realizations of disorder. For each sample,
the elastic modulus was computed from the best linear fit to stress at small values of strain,
εzz 6 0.01, and the yielding peak represents the maximum of the stress–strain curves in
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the range εzz 6 0.15. As expected, both E and σY tend to increase in better-annealed sam-
ples that were cooled from lower initial temperatures at zero stress (see Figures 7 and 8).
Except for the case TLJ = 0.42 ε/kB, the elastic modulus is reduced by about 10% and the
yielding peak is decreased by roughly 15%, when the applied stress varies from zero to
a maximum value. All in all, these results demonstrate that the process of cooling from
initial temperatures near the glass transition temperature and concomitantly applying a
constant stress in tension leads to improved plasticity in amorphous alloys.

0 0.1 0.2 0.3 0.4 0.5 0.6

applied stress

52

54

56

58

60

E

0.36

0.38

0.40

0.42

Figure 7. (Color online) The elastic modulus E (in units of εσ−3) versus the applied stress (in units of
εσ−3) used during the cooling process for the tabulated values of the initial temperature. The elastic
modulus was measured during tension along the ẑ direction with the rate 10−5 τ−1 at TLJ = 0.01 ε/kB

and zero pressure.
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Figure 8. (Color online) The peak value of the stress overshoot σY (in units of εσ−3) as a function the
applied stress (in units of εσ−3) used during cooling to TLJ = 0.01 ε/kB for the indicated values of
the initial temperature. The same samples and loading conditions as in Figure 7.
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4. Conclusions

In summary, we studied the effect of strain rate applied during the cooling of amor-
phous alloys on their energy states and mechanical properties using atomistic simulations.
The model glass was represented via a binary mixture which was first equilibrated near
the glass transition temperature and then linearly cooled under constant tensile stress deep
into the glass phase. It was found that the potential energy of binary glasses increases
when a larger tensile stress was applied during the cooling process, resulting in a higher
strain rate during freezing near the glass transition temperature. In turn, the maximum
value of the applied stress is reduced at higher initial temperatures as glassy samples
can be extensively deformed above Tg. Furthermore, it was shown that the amorphous
structure of rejuvenated glasses contains a larger number of contacts between smaller
atoms, as reflected in the shape of the radial distribution function. Last, the ductility is
enhanced as the elastic modulus and the yielding peak are reduced in glasses that were
cooled at larger tensile stresses and higher initial temperatures.
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