PHY673 Mathematical Physics I (W09): Take-Home Exam 1
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(a) Discuss the convergence of the infinite series
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zn:( ')

n.

for various integer values of r. [10]

(b) Find the radius of convergence of [5]

5 (”“’)"2” (peR).
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(¢) In a quantum theory of a system of oscillators, the average energy of the system
is given by [5]
<E> _ Zzozgonhye_nz |
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where x = hv/(kgT). Evaluate (E).

(a) From Maxwell’s equations in free space, show that the electric field satisfies the
vector wave equation [10]

O*E
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V°E = MO&OW .

(b) Derive V*V in cylindrical polar coordinates. [10]

(a) Find an analytic function of z whose imaginary part is (ycosy + xsiny)e®. [5]

(b) i. For the function
fl2) =t (Z=5).
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where c is real, show that the real part v of f is constant on a circle of radius
ccosechu centered on the point z = ccothu. [10]

ii. Use this result to show that the electrical capacity per unit length of two
parallel cylinders of radii a, placed with their axes 2d apart, is proportional

to (cosh™'(d/a))~!. [5]

(a) Write down the first 3 terms of the Laurent expansion of sin z/2* about z = 0. [5]
(b) Calculate the residue of sin z/z%. [5]
(c) Evaluate the following integral: [10]
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Sample Exam Solution 1

1. (a)
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2.

(a) Taking the curl of Eq. (10) and using Eq. (8):
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(b) For this, we will need the following results:
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Imf(z) = v=(ycosy+ xsiny)e”,
ov ou

— = (cosy+xzcosy)e® —ysinye® =
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Expanding,
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sinh u|z|* + sinh uc? — 2ccoshuRez =

sinh? u|z|? + sinh® uc? — 2ccoshusinhuRez = 0,
sinh® u|z|* + cosh® uc®> — 2ccoshusinhuRez = ¢,
2
|2)* + coth? uc® — 2ccothuRez = ———,
sinh” u
|z —ccothu| = ccosechu.

ii. If the centers of the two cylinders are chosen such that

ccothu, = —d,ccothuy = d,



then, they are 2d apart. Both radii are
a = |ccosechu;| .
These equations are consistent with
coshu; = d/a, uy = —us.

Then, the capacity is
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Use Jordan’s lemma to close in UHP. Only pole is at t = ¢ with residue
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