Homework 7: Series Solution

1. Using the transformation # = 1/z, show that

y' 4+ Px)y + Q(x)y =0,

becomes .
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2. For the equation
y" —2xy —2y =0,

(a) calculate the two series solutions at x = 0; [2.5]
(b) show that one solution is ¢*”; [2.5]

(c) given the closed form solution, attempt to find the second solution using [2.5]

Yo () = f(2)y1 ().

Hence, obtain the following series expansion of the error function: [2.5]
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One can fix the constants by comparing coefficients for small z.

3. Write the first three terms in the series solutions of [10]

@ d d
U
an l(l — n2)d_7]] + au + Bn*u = 0.

(b) (do only for indicial root = 1)
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Solution

1.
dy dydz  ,dy

dx dzdz ¥ dz’

dz? dz dz

O(c) = olo—1)+opy+q=0c(c—1)=0,
o = 0,1,
?;(% ar [(U + T)pnfr + anr] o 2

a, = —
For 0 =0, ay, = %ao, and

[e.e] 1 9
yi(z) :aoz —T "
n=0 n.

For 0 =1, as, = ﬁao, and
o 2n )
valw) = a0 3 o=y
(b) 2
yi1(z) = e*".
(¢) Let y(z) = f(z)e*". Then
y = fe +2afe”,
y' = f”e’C2 + 41’]”6962 + QfeI2 + 4x2fex2.
This gives
f/l + fo/ — 07
(f) +22(f) = 0,
;o= e

O(o +n) S o+4n "



If xr=0= B =0. For small z,

oo 1
LHS = / du[l —v?] =2 — =a?,
0 3
H _ a? 2" 2n+1% 1 — 22y ~
RHS nZ:O 1) (1—2%)r~x,
A = 1
3. (a) Let u(n) = 555 ™
> [(mA k) (m+ k= D™ 4 {a = (m+ k) (m + b+ 1)}y
m=0

+ ﬂnm+k+2} —0.

Gives
n™ agk(k—1)=0 —> k=0, or 1 (exclude ag = 0).

If k =0,

1 ark(k+1)=0,
2 ¢ as(k+1)(k+2) + ala — k(k+1)] =0,
3+ az(k+2)(k+3)+afa—(k+1)(k+2)] =0,

m
m
m

m=4:ana(m+k+3)(m+k+4)+amiofa—(m+k+2)(m+k+3)]+ Ba,, = 0.

Thus,
B a
az = _CLOE?
ay = TZ[MQT_ES)_ﬁ] ao,
1
antt = e g ~ (2 m+ Dlanss + fen,
) = aofi B LSO )
Ifk=1
m=1 atk(k+1)=0 = a; =0,
m =2 as(k + 1)(k +2) + apla — k(k+ 1)] =0,
m=3 : az(k+2)(k+3)+ajaa—(k+1)(k+2)]=0,



m=4:ana(m+k+3)(m+k+4)+amiofa—(m+k+2)(m+k+3)]+ Ba,, = 0.
Thus,

_ 2—a)
Gz = Qo 6 )

2= a)(12-a) B
o= [ 120 _%] o

un) = a1+

(b) Let v =X, amz™ *. Then,

Zam [(m + k)(m + k- 1)[Em+k_2 4 El$m+k _ All_m—l—k—le—ax} —0.

Expanding the exponential
apk(k—1) =0 = k=1,
&1]€(l€ -+ 1) — aoA/ =0 — a; = %A/,
az(k+1)(k+2) —a; A"+ (E' + aA)ag = 0,

ag [ A” , ,
CLQZEO{?—(E +CLA)},

W(r) = agx l1+%/a:+6{%’2—(E’+aA’)}a:2+--~1.



