Homework 13: Series Solution 11

1. Show that for any equation for which the origin is an ordinary point, the indicial
equation has roots 0 and 1. [5]

2. For the equation

3
22y — Qxy’ +(14+2)y=0,

find the (i) recurrence relation, [2] and (ii) general term of the series with o = 1/2. [2]
Show that the series converges for all finite z. [1]

3. For the equation
y' —2xy —2y =0,
(a) calculate the two series solutions; [2.5]
(b) show that one solution is e*”; [2.5]

(c) given the closed form solution, attempt to find the second solution using [2.5]

ya(z) = f(z)yi().

Hence, obtain the following series expansion of the error function: [2.5]
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4. Find the series solution of [10]
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Solution
1.
O(c) = o(6—1)+opo+q =0(c —1)=0,
o = 0,1.
2.
12 3/2 . 1/2 = (=2z)"
y@)=e+ 2 —e gn!(zn_g)u'
3. (a)

O(c) = olc—1)+opy+q =0(c—1) =0,

For o0 =0, ay, =
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This gives

If r=0= B =0. For small z,

LHS =
RHS =
n—O
A = 1
(a) Let u(n) = Sy_on™™.

oo
)3
m=0

+ 577m+k+2} —0.

m [(m+ k) (m+ k=

Gives
77m : a,ok’( ) =
m=1 : ak(k+1)=
m=2 : ay(k+1)(k
m=3 : az(k+2)(k+

m=4:appa(m+k+3)(m+k+4)+ami2fa—

Tdull =] =z — —a?
/0 ull —u’] == 3%

1)nm+k—2 + {a

= 0,
= 0,
2

—_= (& s

= A/ due_“2+B,
0

— {A /zdu e v + B}
0

2”
- “Og(2n+1)!!”

2n+1

1

TL

—x? 22 (1 2~
> G RO

— (m+k)(m+k+ 1)} ™"

= k =1 (exclude ag = k = 0),
— a; =0,

+2) + agla — k(k+1)] =0,

3)+aifa— (k+1)(k+2)] =0,
(m+k+2)(m+k+3)]+ Ba, = 0.

Thus,
B 2 —a)
Gz = Qo 6 )
0 = [(2—a)(12—0¢)_£]a0
120 20 ’
2—w) , 2—a)(12 -« Bl 4
u(n) = aon[1+( G )77 l( iéo ) 20]77 +-~1



(b) Let ¥ =X, amz™"*. Then,

Zam {(m + k)(m + k- 1)$m+k_2 + Ell’m+k . Alxm—i-k—le—ax —0.

Expanding the exponential
apk(k—1)=0 = k=1,
ark(k+1) —apAd’ =0 — a, = %A’,

az(k+1)(k+2) — a1 A"+ (E' + aA)ag = 0,
_ o [AR (E' + ad)
a9 = 6 9 a y

/ 2
U(z) = apx [1—#%9&%—%{%—(E’+aA’)}x2+~-~1.



