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PHY673 Mathematical Physics I (F10): Exam 1

Time: 8:30–9:30
No. questions: 3 (60 points)

Name:

Equations:

εijkεilm = δjlδkm − δjmδkl, (1)

hi =

√√√√
(
∂x

∂qi

)2

+

(
∂y

∂qi

)2

+

(
∂z

∂qi

)2

, (2)

∇ψ(qi) = e1
1

h1

∂ψ

∂q1
+ e2

1

h2

∂ψ

∂q2
+ e3

1

h3

∂ψ

∂q3
, (3)

∇ · V(qi) =
1

h1h2h3

[
∂

∂q1
(V1h2h3) +

∂

∂q2
(V2h3h1) +

∂

∂q3
(V3h1h2)

]

, (4)

∇× V =
1

h1h2h3

∣∣∣∣∣∣∣

e1h1 e2h2 e3h3
∂

∂q1

∂
∂q2

∂
∂q3

h1V1 h2V2 h3V3

∣∣∣∣∣∣∣
, (5)

∮

S
V · dS =

∫

V
∇ · V dV , (6)

∮

Γ
V · dl =

∫

S
(∇×V) · dS , (7)

∫

V
(u∇2v − v∇2u) dV =

∮

S
(u∇v − v∇u) · dS. (8)
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1. (a) Show that [5]
∇× (fV) = f∇× V + ∇f × V.

(b) Evaluate ∇× r. [5]

(c) Using Gauss’ theorem or otherwise, show that [5]

∮

S
dS × P =

∫

V
(∇× P) dV .

(d) The field of a magnetic dipole of moment M, placed in a vacuum at the origin,
is given by H = −∇Ω, where Ω is the magnetostatic potential Ω = −(1/4π)M ·

∇(1/r). Show that [5]

H = (1/4π)[3r̂(M · r)r−4
−Mr−3] .

2. The 2D parabolic coordinates (µ, ν) are defined in terms of the 2D cartesian as follows:

x =
1

2

(
µ2

− ν2
)
, y = µν,

and
0 ≤ µ <∞,−∞ < ν < +∞.

(a) Show that the scale factors are [5]

hµ = hν = (µ2 + ν2)1/2.

(b) Obtain an expression for the gradient operator. [5]

(c) Obtain an expression for the divergence of a vector. [5]

(d) Obtain an expression for the Laplacian operator. [5]

3. (a) Give the Laplacian in spherical polar coordinates. [5]

(b) Separate the Laplace equation in spherical polar coordinates giving the resulting
ordinary differential equations. [10]

(c) If the separation constant in the radial equation is written as l(l + 1), show that
the general solution to the radial equation can be written as [5]

R(r) = Arl +Br−(l+1).
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Exam Solution 1

1. (a) Using Gauss’ theorem ∮

S
V · dS =

∫

V
∇ · V dV ,

with V = P × a, and a being a constant vector,
∮

S
P× a · dS =

∫

V
∇ · (P× a) dV

a ·

∮

S
dS ×P = a ·

∫

V
(∇×P) dV

∮

S
dS ×P =

∫

V
(∇× P) dV .

(b)

∇× (fV) = εijk∂j(fVk) = εijk(∂jf)Vk + εijkf∂jVk

= f∇×V + ∇f ×V.

(c)
∇× ri = εijk∂jxk = εijkδjk = 0 .

(d)

H = −∇Ω =
1

4π
∇

(
M · ∇

1

r

)

=
1

4π
∂i

(
Mj∂j

(
1

r

))
=

1

4π
Mj∂i∂j

(
1

r

)

=
1

4π
Mj∂i

(
−

1

r2

xj

r

)
= −

1

4π
Mj

[
1

r3
∂ixj −

3

r4

xjxi

r

]

= (1/4π)[3r̂(M · r)r−4
− Mr−3] .

2. (a) Use

hi =

√√√√
(
∂x

∂qi

)2

+

(
∂y

∂qi

)2

+

(
∂z

∂qi

)2

.

(b)

∇ =
eµ

(µ2 + ν2)1/2

∂

∂µ
+

eν

(µ2 + ν2)1/2

∂

∂ν
.

(c)

∇ · V =
1

(µ2 + ν2)

{
∂

∂µ

[
(µ2 + ν2)1/2Vµ

]
+

∂

∂ν

[
(µ2 + ν2)1/2Vν

]}

.
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(d)

∇
2 =

1

(µ2 + ν2)

[
∂2

∂µ2
+

∂2

∂ν2

]

.

3. (a) Since,
hr = 1, hθ = r, hφ = r sin θ

then

∇
2 =

1

r2 sin θ

[

sin θ
∂

∂r

(

r2 ∂

∂r

)

+
∂

∂θ

(

sin θ
∂

∂θ

)

+
1

sin θ

∂2

∂φ2

]

.

(b) The Laplace equation is

∇
2ψ =

[
1

r2

∂

∂r

(

r2 ∂

∂r

)

+
1

r2 sin θ

∂

∂θ

(

sin θ
∂

∂θ

)

+
1

r2 sin2 θ

∂2

∂φ2

]

ψ = 0.

Let
ψ(r, θ, φ) = R(r)Θ(θ)Φ(φ).

Then

d2Φ

dφ2
+ k2

3Φ = 0,

1

sin θ

d

dθ

(

sin θ
dΘ

dθ

)

+

[

k2
2 −

k2
3

sin2 θ

]

Θ = 0,

d

dr

(

r2dR

dr

)

− k2
2R = 0.

(c) Writing k2
2 = l(l + 1),

R(r) = Arl +Br−(l+1).


