Section 6.5. Least-Squares Approximations
In this section, we consider linear systems
AZ =1 (1)

when it is inconsistent. Recall that a system is inconsistent when the last row of its aug-
mented matrix is a pivot column. In other words, its augmented matrix has an Echelon
form

x % ... % b
[f1,B] — 1o 0 .. 0 b, b#o0,
0O 0 .. 00
where [0 0 ... 0 b, is the first non-zero row from the top. Note that as long as b, is not

zero, for instance, b, = 0.000001, the system is inconsistent. From a practical point of view,
due to data sampling errors or floating point errors within computers or programming, many
supposedly consistent systems could turn out to be inconsistent. In this section, we shall
learn a method that would produce the best possible approximation (in a certain sense) to
the linear system. When a system is consistent, this method would provide solutions to the
systems.

Definition Let A,,x, be a m x n matrix and b e R™, a vector g € R" is called a
2

least-squares approximation solution for linear system (1) if it minimizes Hg — A7|| among

all ¥in R", i.e.,

N 2 . 2
‘ﬁ—x@o gHb—Aﬂ‘ for all # € R™.

Note that if (1) is consistent, then a least-squares approximation solution is a solution

T since ) ,
HE—Aﬁ) —0< E—Aﬂ‘.

We also note that, since
dist <g, Col (A)) = min{Hl;— Z_’H 1z € Col (A)} = min{Hg— Aa?” S R”} ,
a least-squares approximation solution is such that
HE—/@q(zdthZCd(AD.

This observation motivates us to find least-squares approximation solutions as follows.
Let b =Projcoi(a) (5) € Col (A) . By definition, this means that

AZ = b



is consistent. Suppose that g, is a solution: Agy = Z;.Then,

—b

Il
Sy

5 - o

=[P Proicacy ()]
< |lb— ZH (for 7€ Col (A), since Projeya) (5) is closest to b)

—

= ||b— AZ

(7= A for any 2 € Col (A) ).

This means that the solution 7, is a least-squares approximation solution.
We can further simplify the above two-step procedure. Let b =Projcoi(a) (5) . Then,
since Col (A) = {AZ : all ¥ € R"}

b—b L Col (A) = (E—z}) A7 =0,
Suppose 7 solves Ayy = b. The above equation becomes
(5— Ago) CAZ = 0.

Using the fact that, for any two vectors @ and v,
- - ST . . .
W-U=u v (onerow matrix times one-column matrix ),
we see, for any ¥ € R",

(AT (5—Ago)) 3= <AT (E—Ago))Tf: (E—AQO)TAf: (E—Ago) AT = 0.

In the above equation, if we take

o (05 ).

0= (AT (5—/@0)) F= <AT (g_A%)) , <AT (5—Ag0)>
- - ) = (- )

This leads to the following linear system

then

0= <AT (5 . Ag)0>> — ATh — AT Agy — AT = AT A
Theorem The least-squares approximation solutions coincide with the solution set for
AT Ay = ATb.
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Any solution is a least-squares approximation.
Example 6.5.1. Find least-squares approximation solutions for

4 0 . 2
@ A=10 2|, b =10
11 11
(1 1 0 0] [—3]
1100 —1
1010 - 0
(b) A= 1 010 b= 2
1 001 5)
100 1], 1
Solution. (a) We computer A7 A and ATb :
T
4 0 4 0 4 0
ATA=10 2| |0 2 :Bgﬂ 0 2 :[117 ﬂ
11 1 1 11

a 2
ATp [4 0 1} 0 :{19]

We then solve

by performing row operations as follows:

17119_)0—84—168_)012_}012
1 5 11 1 5 11 1 5 11 10 1°

So,

= [1,2]" . One can verify that

m -

Ans for (a): Least squares solution is

— N O <
o

s i = |
1

This means that it is impossible to solve



The best one can do is to make

V84 =9.1652.
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We then solve
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We solve it by row operations on augmented matrix:

6 2 2 2 4 [0 2 2 —4 —14]
2200—4_}020—2—10
2 020 2 002 -2 —4
2 002 6 2 00 2 6 |
00 2 —2 —4] 000 0 O
_)()20—2—1() 010 -1 -5
002 -2 —4 001 —1 =2
2 00 2 6 | 100 1 3
14 is the free variable, and
Y1 =3—ya
Yo = —9+ s
Ys = =2+ ya
There are infinite many least squares approximations. For instance, letting y4 = 0, we have
Eh
N )
y_ _2 ’
_O_
or ys =1, o
2
L |4
S S|
—1—
One can verify that
[1 1 0 0] [—3] [ 1]
1 100 3 -1 -1
. 1 01 0] [-5 0 1
“Ay_b_1010—2_2_—1 =2v3
10 01 0 5 -2
1 0 0 1] | 1] | 2 ]
For the second solution Z,
(1 1 0 0] [—3] [ 1]
1100 2 -1 -1
> o ({1 01 0f |—4 0 B 1 -
HA’Z_ bH_ Lot o =1 |2 =] =28
100 1 1 5 -2
1 0 0 1] | 1] | 2 ]




Section 6.4. The Gram-Schmidt Algorithm

The Gram-Schmidt Algorithm is a process for producing an orthonormal basis for any
subspace in R". The idea of this algorithm is demonstrated below.
Example 6.4.1. Let W = Span {¥;, U2} , where

Construct an orthonormal basis for W.
Solution. We start with

O q 1 2 1 2 1 ;
U1 = = fry —_——_— — -
"T@l T V9 +36 5 NG
0 0 0

Next, we need to construct a vector iy satisfying

(1) s is orthogonal to 4; and is a unit vector
(2) ﬁg isin W = Spcm {171, 172} .

Suppose we already find this vector us. Then, since both «; and s are in W, we see
Span {iy, i} C W.

Note that Condition (1) implies that w; and 5 are linearly independent, Span {u, iy} has
dimension 2. So

Span{uy, s} = W.

Thus, 1, 1s form an orthonormal basis. How to find such a vector u5? Recall the concept
of orthogonal decomposition:

Uy = Projg va + 2, 2z L 1.

Since w7 is in W, we see that

5: _‘2 — PT'Ojﬁl’ITQ = ?72 — (’172 ﬁl> ?Il
- ; 5 1 ;
o] VBB 0
1] 1 [0
=121 — (2] =10
2] 0 |2

(@)



is in WW. Thus, the vector

> 0
'l_[g TS — 0
[t/
is exactly what we want. So
1 1 0
— |2 0

forms an orthonormal basis.
The Gram-Schmidt Algorithm: Suppose that {7, Zs,...,7,} forms a basis for the
subspace W = Span {¥1, s, ..., 7} in R". Define

, T
Uy = 7573
174
’(72 = fg — fg . 171?71 (: fg — PrOjSpan{gl}fg
Uy = ——3
172
Uy = T3 — (T3 tr) th — (T3 U2) U2 (= T3 — Projspania,,m} %)
U3
Uus = Y
73]

—

Vi = X3 — PrOJSPan{ﬁh@,m,ﬁiA}mi
U;

— =02
|5l

U

—

Up = Tp — Projspan{a‘l,az,...,ﬁp_l}fp =Tp - [(fp SUp) Uy A (fp ) ﬁp—l) ﬁp—l]

P = 52"
Al

Then

{¥}, V2, ..., U,} forms an orthogonal basis, and

{1y, Us,...,u,} forms an orthogonal basis for WV.

QR Factorization of Matrices.
Let A = [#1, %, ..., T} be a column matrix whose columns are linearly independent.

nxp
Then A can be factored as
A=QR
where () is an orthonormal matrix
Q = [u, ﬁ2,...,ﬁp]mp
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whose columns {#;, s, ..., 4,} forms an orthonormal basis for Col (A), and
Ris a (p X p) upper triangular invertible matrix with positive diagonal entries.

Proof. We use the Gram-Schmidt algorithm to produce {u;, s, ...,4,}. One sees that

Ui = T — PrOjgpantin o, s 1y i = Lo — (T3 - ) Uy + o+ (T - Ui—1) Ui
U

= =5
1]

So Z; is a linear combination of {uy, s, ...,u;} as

8 )
= (fl ﬁl) ﬁl “+ ...+ (l’l Uz—l) U;—1 + ”"UZH ﬁz
In particular, we have
T = ||y || U4
Ty = (Lo - Uy) Uy + ||V2]] Us
U3 = (¥ - ty) Uy + (T3 - Us) Uz + ||T5]| Us.
Thus,
A= [fbf% 7xp]n><p
onl| (22 - ily) (25 - i0) (@, - 1) ]
0 [al] (%3 - ) (T - 1)
A W I B N Y IR A
0 00 A




