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COMMUTING SELF-ADJOINT EXTENSIONS OF SYMMETRIC
OPERA TORS DEFINED FR OM THE PAR TIAL DERIV ATIVES

PALLE E. T. JORGENSEN AND STEEN PEDERSEN

Abstra ct. We consider the problem of �nding commuting self-adjoin t ex-

tensions of the partial deriv ativ es
n

1
i

@
@x j

: j = 1; : : : ; d
o

with domain C1
c (
)

where the self-adjoin tnessis de�ned relativ e to L 2 (
) , and 
 is a given open
subset of Rd . The measure on 
 is Lebesguemeasure on Rd restricted to 
.
The problem originates with I.E. Segal and B. Fuglede, and is di�cult in gen-
eral. In this paper, we provide a representatio n-t heoret ic answer in the special
case when 
 = I � 
 2 and I is an open interv al. We then apply the results
to the case when 
 is a d-cube, I d , and we describe possible subsets � � Rd

such that f e� j I d : � 2 � g is an orthonormal basis in L 2
�
I d

�
.
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1. Intr oduction

Recently several papers have appearedon commuting non-self-adjoint operators
and their spectral theory; see,e.g., [LKMV95 ]. The present paper concernsthe
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2 PALLE E. T. JOR GENSEN AND STEEN PEDERSEN

casewhen the given commuting operators are unboundedand symmetric, but non-
self-adjoint. A concreteclassof operators is studied, and we addressthe questions
of when commuting extension operators exist and, when they do exist, what their
structural properties are.

The problem of understanding commuting symmetric, but non-self-adjoint, un-
bounded operators also has an origin in mathematical physics [AvIv95, Bel89,
HaKo91, Pav79]. The terminology from physics is \hermitian", or \formal ly self-
adjoint", for symmetry, i.e., for the identit y hSf hi = hf Shi for all vectors f ; h in
the domain of the operator S. The simplest caseof this is the problem of assigning
quantum mechanical boundary conditions for freeparticles con�ned in a box. More
speci�cally , the problem here corresponds to the quantum-mechanical tra jectories
of a particle con�ned to a region of tube type, e.g., a unit cube. It is \free" except
for the boundary conditions, and variations of the boundary conditions (as con-
sidered here) correspond to di�eren t physics. For single operators, von Neumann
solved (or made precise) the problem by use of the Cayley transform, and consid-
ering instead the extensionproblem for partial isometries. But this approach does
not work well in the caseof several operators. Powers (in [Pow71, Pow74]) intro-
duced an algebraic approach for understanding several operators, but the present
problem is very concreteand doesnot lend itself easily to the algebraic techniques
introduced by Powers.

Closelyconnectedto the problem of �nding commuting self-adjoint extensionsof
1
i

@
@x j

, j = 1; : : : ; d, on C1
c (
) is the corresponding spectral question: If commuting

self-adjoint extensionsdo exist, then it is known that the commoneigenfunctionsof
the extensionoperators must be of the form e� := ei� �x for special valuesof � 2 Rd .
Hencethe spectral problem is that of �nding when a given pair (
 ; �) satis�es the
condition that f e� j 
 : � 2 � g is an orthogonal basisin the Hilb ert spaceL 2 (
). We
note that this so-calledspectral pair condition is very restrictiv e, and so it explains
the rigid geometric con�gurations (
 ; �) which admit solutions. But it also serves
to motivate recent very interesting developments on overcompletesystems;see,e.g.,
[Kem99a, Kem99b].

The setting of spectral pairs in d real dimensionsinvolvestwo subsets
 and �
in Rd such that 
 has �nite and positive d-dimensional Lebesguemeasure,and �
is an index set for an orthogonal L 2 (
)-basis e� of exponentials, i.e.,

e� (x) = ei 2� � �x ; x 2 
 ; � 2 �(1.1)

where� �x =
P d

j =1 � j x j . Weusevector notation x = (x1; � � � ; xd), � = (� 1; � � � ; � d),
x j ; � j 2 R, j = 1; : : : ; d. The basisproperty refers to the Hilb ert spaceL 2 (
) with
inner product

hf gi 
 :=
Z



f (x)g(x) dx(1.2)

where dx = dx1 � � � dxd, and f ; g 2 L 2 (
). The corresponding norm is

kf k2

 := hf f i 
 =

Z



jf (x)j2 dx;(1.3)

as usual. It follows that the spectral pair property for a pair (
 ; �) is equivalent to

� � � = f � � � 0 : �; � 0 2 � g
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being contained in the zero-set of the complex function

z 7�!
Z



ei 2� z�x dx =: F
 (z)(1.4)

where z = (z1; � � � ; zd) 2 Cd , and z � x :=
P d

j =1 zj x j , and the corresponding e� -set
f e� : � 2 � g being total in L 2 (
). Recall, totalit y meansthat the span of the e� 's
is densein L 2 (
) relative to the k � k
 -norm, or, equivalently , that f = 0 is the
only L 2 (
)-solution to:

hf e� i 
 = 0, for all � 2 � :

2. Spectral pairs

The theory of spectral pairs was developed in previous joint papers by the coau-
thors [JoPe92, JoPe94, JoPe96]. A set 
 with �nite nonzero Lebesguemeasure
is called a spectral set if (
 ; �) is a spectral pair for someset �. We recall that
Fuglede showed [Fug74] that the disk and the triangle in two dimensionsare not
spectral sets. By the disk and the triangle we meanthe usual versions,respectively,�

(x1; x2) 2 R2 : x2
1 + x2

2 < 1
	

and
�

(x1; x2) 2 R2 : 0 < x1; 0 < x2; x1 + x2 < 1
	

:
Note that, for the present discussion, it is inessential whether or not the sets 

are taken to be open, but it is essential for the following theorem which we will
need. It is due to Fugledeand the coauthors; see[Fug74, Jor82, Ped87, JoPe92].

If 
 � Rd is open, then we consider the partial derivatives @
@x j

, j = 1; : : : ; d,

de�ned on C1
c (
) as unbounded skew-symmetric operators in L 2 (
). The cor-

responding versions 1
2�

p
� 1

@
@x j

are symmetric of course. We say that 
 has the
extensionproperty if there are commuting self-adjoint extensionoperators H j , i.e.,

1
2� i

@
@x j

� H j ; j = 1; : : : ; d:(2.1)

Wesay that the containment A � B holds for two operators A and B if the graph of
A is contained in that of B . (For details, see[ReSi] and [DS2].) Commutativity for
the extension operators H j is in the strong senseof spectral resolutions. Since the
H j 's are assumedself-adjoint, each one has a projection-valued spectral resolution
E j , i.e., an L 2 (
)-pro jection-valuedBorel measureon R, such that E j (R) = I L 2 (
) ,
and

H j =
Z 1

�1
�E j (d� ) ;(2.2)

for j = 1; : : : ; d. The strong commutativit y is taken to mean

E j (�) E j 0 (� 0) = E j 0 (� 0) E j (�)(2.3)

for all j; j 0 = 1; : : : ; d, and all Borel subsets� ; � 0 � R. Extensionscommuting in a
weaker sensewere consideredin [Fri87].

Our analysis is basedon von Neumann'sde�ciency-spacecharacterization of the
self-adjoint extensionsof a given symmetric operator [vNeu29]. Let 
 be an open
set with �nite Lebesguemeasure. For each j , the de�ciency spacescorresponding
to 1

i
@

@x j
are in�nite-dimensional. It follows that each 1

i
@

@x j
has \man y" self-adjoint

extensions. The main problem (not addressedby von Neumann's theory) is the
selection of a commuting set H 1; H 2; : : : ; H d of extensions. In fact, for some 

(e.g., when d = 2, the disk and the triangle) it is impossibleto selecta commuting
set H 1; H 2; : : : ; H d of extensions.
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We have (see[Fug74, Jor82, Ped87, JoPe92])

Theorem 2.1. (Fuglede,Jorgensen,Pedersen)Let 
 � Rd be open and connected
with �nite and positive Lebesguemeasure. Then 
 has the extension property if
and only if it is a spectral set. Moreover, with 
 given, there is a one-to-one
correspondence between the two sets of subsets:

�
� � Rd : (
 ; �) is a spectral pair

	
(2.4)

and

(2.5) f � � Rd : � is the joint spectrum of somecommutative

family (H 1; : : : ; H d) of self-adjoint etensionsg:

This correspondence is determined as follows:

(a) If the extensions(H 1; : : : ; H d) are given, then � 2 � if and only if

e� 2
\

j

domain(H j ) :(2.6)

(b) If, conversely,(
 ; �) is a spectral pair at the outset, then the ansatz (2.6) and

H j e� = � j e� ; � 2 �(2.7)

determine uniquely a set of commuting extensions.

If 
 is only assumed open, then the spectral-set property implies the extension
property, but not conversely.

Corollary 2.2. Suppose 
 is open and connected. It follows then that a discrete
set � is the joint spectrum of somecommuting self-adjoint extensionoperators H j ,
j = 1; : : : ; d, if and only if (
 ; �) is a spectral pair.

Remark 2.3. The simplest caseof a disconnected
 which has the extensionprop-
erty, but which is not a spectral set, is in d = 1, and we may take 
 = h0; 1i [ h2; 4i ,
i.e., the union of two intervals with a doubling and separation. The example was
noted �rst in [Fug74] and is basedon the simple observation that the polynomial
1 + z2 + z3 has no roots z on the circle jzj = 1.

Someof the interest in spectral pairs derivesfrom their connection to tilings. A
subset 
 � Rd with nonzero measureis said to tile Rd if there is a set L � Rd

such that the translates f 
 + l : l 2 Lg cover Rd up to measurezero, and if the
intersections

(
 + l) \ (
 + l0) for l 6= l0 in L(2.8)

have measurezero. We will call (
 ; L ) a tiling pair and we will say that L is a set
of translations. The Spectral-Set conjecture (see [Fug74, Jor82, Ped87, LaWa96c,
LaWa97a]) states:

Conjecture 2.4. Let 
 � Rd have positive and �nite Lebesguemeasure.Then 

is a spectral set if and only if there is a set L of translations which make 
 tile Rd .

Lemma 2.5. If 
 = I d , then the zero-set for the function F 
 in (1.4) is

Z I d =
�

z 2 Cd� f 0g : 9j 2 f 1; : : : ; dg s:t : zj 2 Z� f 0g
	

:(2.9)
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Proof. The function FI d ( � ) factors as follows.

FI d (z) =
dY

j =1

ei� z j
sin � zj

� zj
(2.10)

for z = (z1; : : : ; zd) 2 Cd , with the interpretation that the function z 7! sin � z
� z is 1

when z = 0 in C.

Remark 2.6. What is special about Z 
 for 
 = I d , as opposedto the general form
of 
, is that Z I d [ f 0g is the Cayley graph of the group � = Zd with generators

S = f (� 1; 0; : : : ; 0) ; : : : ; (0; : : : ; � 1; 0; : : :; 0) ; : : : ; (0; : : : ; 0; � 1)g :

We recall from [BKS, Chapter 10] the de�nition of the Cayley graph G (� ; S) of a
discrete group � with generatorsS, e =2 S. When � ; S are given, G (� ; S) is the
graph with vertex set � in which two vertices 
 1; 
 2 are the two endsof an edgei�

 � 1

1 
 2 2 S. This givesa non-oriented graph, without any loop or multiple edge.

3. Tw o dimensions

We begin with the following simple observation in one dimension for 
 = I =
[0; 1i . (For details, see[JoPe92, ReSi].)

Prop osition 3.1. The only subsets� � R such that (I ; �) is a spectral pair are
the translates

� � := � + Z = f � + n : n 2 Zg(3.1)

where � is some�xed real number.

In two dimensions,the corresponding result is more subtle, but the possibilities
may still be enumerated as follows:

Theorem 3.2. ([JoPe99]) The only subsets� � R2 such that
�
I 2; �

�
is a spectral

pair must belong to either one or the other of the two classes,indexed by a number
� , and a sequence f � m 2 [0; 1i : m 2 Zg, where

� =
��

� + m
� m + n

�
: m; n 2 Z

�
(3.2)

or

� =
��

� n + m
� + n

�
: m; n 2 Z

�
:(3.3)

Each of the two types occurs as the spectrum of a pair for the cube I 2, and each of
the sets � as speci�e d is a set of translation vectors which produces a tiling of R2

by the cube I 2.

Proof. See[JoPe99] for details. The following are someremarks of relevanceto the
generalextensionproblem for operators.

The assertionin the theorem about �-translations tiling the plane with I 2 is also
clear from (3.2){(3.3 ), and it is illustrated graphically in Figures 1 and 2.
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Figure 1.

� 1 � � 0

� 2 � � 1

� 3 � � 2

Illustrating tiling with (3.2)

It is clear that the pattern (3.2) for d = 2 contin ues to higher dimensions as
follows:

0

B
B
B
B
B
@

� + k1

� (k1) + k2


 (k1; k2) + k3
...

� (k1; k2; : : : ; kd� 1) + kd

1

C
C
C
C
C
A

(3.4)

with k1; k2; : : : ; kd 2 Z, and

� : Z � ! [0; 1i ;


 : Z � Z � ! [0; 1i ;

...

� : Zd� 1 � ! [0; 1i :

Of course, then there are the obvious modi�cations of those casesresulting from
permutation of the d coordinates; but the assertion is that, when d � 10, these
con�gurations do not su�ce for cataloguing all the possiblespectra � which turn�
I d ; �

�
into an Rd-spectral pair.
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Figure 2.

� 1 � � 0

� 2 � � 1

� 3 � � 2

Illustrating tiling with (3.3)

We now turn to the non-trivial spectral-theoretic content of the conclusion of
the theorem. We claim that the two cases(3.2){(3.3 ) su�ce when d = 2. Note that
the sequence� : Z ! [0; 1i is completely arbitrary .

We will show in Theorem 5.1 below that, up to a single translation in the plane,
the possibilities for the coordinates of points in a spectrum � for I 2 are given by
two sequences� m , � n satisfying the following two cocycle relations:

�
ei� m + k � ei� m

� �
1 � ei� n

�
= 0(3.5)

and
�
ei� n + l � ei� n

� �
1 � ei� m

�
= 0(3.6)

as identities in m; n 2 Z, and k; l 2 Z� f 0g. Note that the respective sequencesare
determined from this only up to 2� Z at each coordinate place.

Simplealgebrashowsthat the two identities (3.5){(3.6 ) imply the following single
identit y

�
1 � ei� m + k

� �
1 � ei� n

�
=

�
1 � ei� m

� �
1 � ei� n + l

�
(3.7)

again for all m; n 2 Z and k; l 2 Z� f 0g. But it follows from (3.7) that at least one
of the two sequences,1 � ei� m or 1 � ei� n , must then vanish identically . This yields
the connection to the two casesfor � stated in (3.2){(3.3 ) of the theorem.

Hencethe result giving two classesfor � in Theorem 3.2 may be derived from
our more general result in Section 5.

The proof sketch of Theorem3.2is completedfor now, but details will beresumed
in Section 5 below.
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4. Opera tor extensions

We saw in Theorem 2.1 that in somecasesthe existenceproblem for spectral
pairs, i.e., the question of when somegiven open subset 
 in Rd has an orthog-
onal basis f e� : � 2 � g in L 2 (
) for some set � in Rd, may be reformulated as
a problem about existenceof commuting self-adjoint extensionsof the operatorsn

1
i

@
@x j

: j = 1; : : : ; d
o

with common (dense) domain C1
c (
) in L 2 (
). Suppose

for the moment that 
 = h0; 1i � 
 2 where 
 2 is some subset in Rd� 1 of �nite
positive (d � 1)-dimensional Lebesguemeasure.We then have the following classi-
�cation of the self-adjoint extensionsH of 1

i
@

@x 1
.

Theorem 4.1. The symmetric operator 1
i

@
@x 1

in L 2 (h0; 1i � 
 2) with dense do-
main D consisting of ' 2 L 2 (h0; 1i � 
 2) such that ' ( � ; y) 2 C1

c (h0; 1i ) for all
y 2 
 2, has self-adjoint extensions indexed by unitary operators V in L 2 (
 2) in
such a way that the (unique) extensionH V is determined by its core domain being
of the form

DV =
�

' (x1; y) + ex 1 h (y) + e1� x 1 (Vh) (y) : ' 2 D; h 2 L 2 (
 2)
	

(4.1)

and

iH V
�
' + ex 1 h + e1� x 1 V h

�
=

@'
@x1

+ ex 1 h � e1� x 1 V h;(4.2)

for ' 2 D and h 2 L 2 (
 2). We shall interpr et the implicit boundary condition
dictating someextensionH V as

f (1; � ) = UV (f (0; � )) ;(4.3)

f 2 DV where the partial isometry UV is given by

WV = (eI + V) (I + eV) � 1 ; UV = expWV :(4.4)

Conversely,V may be calculated from UV by

V = (I � eWV )� 1 (WV � eI ) ;(4.5)

and in each case, the fractional linear transform, and its inverse, are well de�ned.

Proof. The proof is basedon von Neumann'sde�ciency-spaceanalysisof self-adjoint
extensions,and we refer to [vNeu29], [ReSi], and [Jor79] for background material on
the theory of operator extensions. If S is a symmetric operator with densedomain
D in a Hilb ert spaceH, then it has self-adjoint extensionsif and only if the two
spaces

(( iI � S) D)? =: D�(4.6)

have the samedimensions. In that case,the corresponding extensionsare given by
partial isometries between the respective defect spacesD+ and D� (see[vNeu29],
[ReSi], or [DS2]). For convenience,we have chosena slightly di�eren t \normaliza-
tion" in our treatment of the Cayley transform (4.4) and its inverse(4.5). We did
not normalize the functions ex 1 and e1� x 1 in the defect spaces.They have L 2 (I )-

norm equal to
�

e2 � 1
2

� 1
2
. The fact that UV in (4.4) then de�nes a partial isometry
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as claimed amounts to the identities:

If  (x1; y) = ex 1 h (y) + e1� x 1 (Vh) (y) as in (4.1), then

 (1; y) = eh(y) + (Vh) (y) = (eI + V ) h;

and

 (0; y) = h (y) + eVh (y) = (I + eV) h:

This meansthat the vectors in the domain (4.1) are given by the boundary condi-
tions (4.3) which in turn determine the unitary one-parametergroup

UV (t) := exp(itH V ) ; t 2 R:

This group is de�ned from (4.3) by using translation modulo Z in the x1-variable.
Then the operator UV in (4.4) is usedin de�ning the representation R 3 t 7! UV (t)
via induction from Z.

If V : D+ ! D� is a partial isometry, then the domain of the corresponding
extensionH (H = H V ) is

f ' + h+ + Vh+ : ' 2 D; h+ 2 D+ g

and

iH V (' + h+ + Vh+ ) = iS' + h+ � Vh+ :(4.7)

It followsthat the lemma amounts to an identi�cation of the defect spaces D � when
the symmetric operator is as speci�ed. When the variables in 
 = h0; 1i � 
 2 are
separatedas (x1; y), 0 < x1 < 1, y = (x2; : : : ; xd) 2 
 2, then vectors h� 2 D� are
precisely the solutions to

S� h� = � ih � :(4.8)

This amounts to solving

@
@x1

h� (x1; y) = � h� (x1; y)

in the senseof distributions, but with the restrictions h� 2 L 2 (h0; 1i � 
 2). The
result of the lemma then follows from von Neumann's characterization. If the
minimal operator is not closedat the outset, then the resulting self-adjoint extension
comesfrom passingto the operator closure in the formulas (4.2) and (4.7).

Corollary 4.2. Let V be a unitary operator in L 2 (
 2) and let H V be the self-
adjoint extensionoperator described in Theorem 4.1 in (4.2){(4.3 ). Then H V gen-
eratesa unitary one-parameter group f UV (t) : t 2 Rg in L 2 (h0; 1i � 
 2) which may
be realized (up to unitary equivalence) in the Hilbert space H V of measurable func-
tions f : R ! L 2 (
 2), satisfying

f (x1 + 1) = UV (f (x1)) ;(4.9)

for all x1 2 R, where UV is the operator from (4.4) in Theorem 4.1, and the norm
on H V is de�ned by

kf k2
H V

=
Z 1

0
kf (x1)k2

L 2 (
 2 ) dx1:

In this space the group UV (t) : H V ! H V is given by

(UV (t) f ) (x1) = f (x1 � t) ; for x1; t 2 R:(4.10)
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The unitary isomorphism of H V onto L 2 (h0; 1i � 
 2) = L 2
�
h0; 1i ; L 2 (
 2)

�
is sim-

ply the restriction to h0; 1i in the x1-variable. Final ly, if UV (t) is computed in
L 2 (h0; 1i � 
 2), the formula is

(UV (t) f ) f (x1; � ) =

(
f (x1 � t; � ) if 0 � t < x1 < 1;
UV (f (x1 � t; � )) if 0 < x1 � t � 1:

(4.11)

Proof. The realization on the spaceH V is the interpretation of UV as a unitary
representation of the group R which is induced from the subgroup Z via formula
(4.10). The advantageof this viewpoint is that the spectral resolution of the unitary
operator UV leads directly to an associated direct integral decomposition for the
unitary one-parametergroup f UV (t) : t 2 Rg which is generatedby the extension
operator H V .

When the corollary is applied to L 2 (I � I ) from Section 3 we note that the
respective unitary one-parametergroups, Ux (s) and Uy (t), on L 2

�
I 2

�
which are

generatedby self-adjoint extensionoperatorsof 1
i

@
@x and 1

i
@
@y with domain C1

c

�
I 2

�
,

are induced representations in the senseof (4.9){(4.10 ). For the extensionsof 1
i

@
@x ,

the boundary-unitary from (4.9) is acting on L 2 (f 0 < y < 1g). But we shall view
it as a unitary operator in L 2 (I � I ) = L 2 (I x ) 
 L 2 (I y ) via U $ I 
 U2 with U2

acting in the y-variable. A similar observation appliesto the unitary one-parameter
group f Uy (t) : t 2 Rg acting on L 2

�
I 2

�
and generated by one of the self-adjoint

extensionsof 1
i

@
@y . Hence the boundary conditions for f Ux (s) : s 2 Rg are given

by a unitary U ' I 
 U2 with U2 acting in the secondvariable, while those of
f Uy (t) : t 2 Rg are determined by a secondunitary operator V in L 2

�
I 2

�
, now of

the form V $ V1 
 I with V1 acting in the �rst variable of L 2 (I � I ).
With this terminology we have the following preliminary result for the squareI 2

in the plane.

Theorem 4.3. Let Ux (s) be the unitary one-parameter group on L 2 (I � I ), and
let U2 be the corresponding unitary boundary operator acting in the second variable
y. Then U2 commutes with the phase-periodic translation in the y-variable for a
phaseangle � if and only if there is a real-valued sequence f ' n : n 2 Zg such that

Ux (s) em + ' n 
 en + � = ei 2� (m + ' n )sem + ' n 
 en + �(4.12)

for all s 2 R and m; n 2 Z, where for (� ; � ) 2 R2, e� 
 e� (x; y) = e� (x) e� (y) =
ei 2� ( � x + � y ) , restricted to (x; y) 2 I 2.

Proof. Recall that some �xed unitary one-parameter group f Ux (s) : s 2 Rg on
L 2 (I � I ) is determined uniquely by the corresponding boundary operator I 
 U2.
But it follows from Proposition 3.1 that U2 satis�es the commutativit y property of
the theorem if and only if it is diagonalizedby the basis functions f en + � : n 2 Zg
in L 2 (I y ) for some� 2 [0; 1i , i.e., if, for somesequence' n ,

(U2en + � ) (y) = ei 2� ' n en + � (y) :(4.13)

But, according to Corollary 4.2, this meansthat Ux (s) as an induced representa-
tion decomposesaccordingly, which is to say that the basis vectors em + ' n 
 en + �

simultaneously diagonalizeeach operator Ux (s) as stated in formula (4.12).

Remark 4.4. For more details on the operator-theoretic approach to spectrum and
to tiles, we refer to [Jor87b, Jor89b, Ped87, Ped96]
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5. Cocycles in tw o dimensions

In this section,we contin uewith the self-adjoint extensionsof the two commuting
minimal operators 1

i
@
@x and 1

i
@
@y with common densedomain C1

c

�
I 2

�
in L 2

�
I 2

�
.

Theorem 5.1. Consider two commuting unitary one-parameter groupsUx (s) and
Uy (t) on L 2 (I � I ) with respective boundary unitaries U2 and V1. Then:

(i) Either U2 is of the form aI L 2 ( I y ) for a scalar a, or else V1 commutes with
periodic translation in the x-variable.

(ii) Either V1 is of the form bIL 2 ( I x ) for somescalar b, or elseU2 commuteswith
periodic translation in the y-variable.

(iii) In caseU2 = ei 2� � I L 2 ( I y ) , then

Ux (s) (e� + m 
 g) = ei 2� ( � + m ) se� + m 
 g(5.1)

for all m 2 Z and g 2 L 2 (I y ).
(iv) In caseV1 = ei 2� � I L 2 ( I x ) , then

Uy (t) (f 
 e� + n ) = ei 2� ( � + n ) t f 
 e� + n(5.2)

for all f 2 L 2 (I x ) and n 2 Z.

Remark 5.2. It follows that the conclusionin Theorem 4.3 is satis�ed when the two
one-parametergroups commute, i.e., when

Ux (s) Uy (t) = Uy (t) Ux (s)(5.3)

is assumed,s; t 2 R. Speci�cally , it will then always be the casethat U2 commutes
with some phase-periodic translation in the y-variable, while V1 commutes with
some(possibly di�eren t) phase-periodic translation in the x-variable. (Also note
that (5.3) is a reformulation of (2.3) in the cased = 2. Furthermore (5.3) signi�es
the presenceof a unitary representation of R2:)

Proof of Theorem 5.1. When the two one-parametergroups Ux (s) and Uy (t) are
written in the form (4.11) from Corollary 4.2, then the alternativ es in (4.11) may
be expanded as follows. Let � s denote periodic translation in L 2 (h0; 1i ), and let
Ps denote the projection of L 2 (h0; 1i ) onto L 2 (h0; si ), with P ?

s = I � Ps denoting
then the projection onto the complement L 2 (hs;1i ), for s 2 [0; 1]. We have P0 = 0
and P1 = I L 2 (h0;1i ) . Then from (4.11) we get

Ux (s) = � sP ?
s 
 I + � sPs 
 U2(5.4)

and

Uy (t) = I 
 � t P
?
t + V1 
 � t Pt :(5.5)

The assumedcommutativit y (5.3) then takes the form:

� sP ?
s V1 
 � t Pt + � sPs 
 U2� t P

?
t + � sPsV1 
 U2� t Pt

= � sPs 
 � t P
?
t U2 + V1� sP ?

s 
 � t Pt + V1� sPs 
 � t Pt U2:

If V1 is not a scalar times I L 2 ( I x ) then two terms on either side are independent
whenevaluated on f 
 g. Henceboth U2� t P

?
t = � t P

?
t U2 and U2� t Pt = � t Pt U2 hold.

Addition of these two identities yields U2� t = � t U2 which is the commutativit y of
U2 with periodic translation.
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If on the other hand V1 is a scalar, then it follows from the argument in Section
4 that (iv ) must hold.

The two possibilities for the other boundary operator U2 lead to cases(i ) and
(iii ) by symmetry.

Corollary 5.3. Consider unitary one-parameter groups Ux (s) and Uy (t) as in
Theorem 5.1 and suppose the corresponding boundary operators U2 and V1 diago-
nalize as follows (identities in n; m 2 Z):

U2en + � = ei 2� � n en + �(5.6)

and

V1em + � = ei 2� � m em + �(5.7)

for some�; � 2 R. The sequences� n ; � m wil l be chosentaking valuesin [0; 1i . Then
the commutativity (5.3) for the two groups holds if and only if the two sequences
satisfy a certain cocycle property: Let an := ei 2� � n and bm := ei 2� � m . Then the
two identities

(bm � bm + k ) (1 � an ) = 0; m; n 2 Z; k 2 Z� f 0g(5.8)

and

(an � an + l ) (1 � bm ) = 0; m; n 2 Z; l 2 Z� f 0g(5.9)

are equivalent to the commutativity (5.3). If commutativity holds, we must have
(1 � an ) (1 � bm ) � 0, n; m 2 Z. Hence we get a spectral pair with spectrum �
having one of the two forms

��
� + m
n + � m

�
: m; n 2 Z

�
if � n � 0;(i)

or
��

m + � n

� + n

�
: m; n 2 Z

�
if � m � 0:(ii)

The derivation of the two cocycle identities (5.8){(5.9 ) from commutativit y (5.3)
at the end of the proof is basedon the following corollary of independent interest:

Corollary 5.4. Let U = I 
 U2 and V = V1 
 I be the respective boundary operators
of the one-parameter unitary groups Ux (s) and Uy (t) acting on L 2 (I � I ). Then,
if (5.6){(5.7 ) hold for some�; � and somesequences as speci�e d, it follows that the
respective one-parameter groups may be expanded in the common basis E (m; n) =
E (�;� ) (m; n) := e(1)

m + � 
 e( 2)
n + � , (m; n) 2 Z2, as follows: There are complexsequences

f sk gk 2 Z and f t l gl 2 Z so that, if we de�ne

s?
0 := 1 � s0; t?

0 := 1 � t0(5.10)

and

s?
k := � sk (for k 6= 0), t?

l := � t l (for l 6= 0),(5.11)

then

Ux (s) E (m; n) =
X

k 2 Z

ei 2� (m + � + k ) s �
s?

k + sk an

�
E (m + k; n)(5.12)
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and

Uy (t) E (m; n) =
X

l 2 Z

ei 2� (n + � + l ) t
�
t?
l + t l bm

�
E (m; n + l) :(5.13)

The two one-parameter groupsUx (s) and Uy (t) commute if and only if the cocycle
identities (5.8){(5.9 ) hold.

Proof. Recall from (5.4){(5.5 ) that the two one-parameter groups are expressed
in terms of multiplication operators on L 2 (h0; 1i ) with the respective indicator
functions � h0;s i and � h0;t i . The sequences(5.10){(5.11 ) are the Fourier coe�cien ts
of these indicator functions, acting by multiplication in L 2 (I ), and the relations
(5.10){(5.11 ) simply re
ect the following two obvious identities,

� h0;s i + � [s;1i = 1

and

� h0;t i + � [t; 1i = 1;

as functions on the unit interval. When the resulting formulas (5.12){(5.13 ) are
substituted into

Ux (s) Uy (t) E (m; n) = Uy (t) Ux (s) E (m; n)(5.14)

the equivalenceto (5.8){(5.9 ) results.

6. Quasicr yst als

For the spectral pairs
�
I d; �

�
in dimensionsd = 2; 3, we noted that each of the

candidatesfor spectrum � tiles Rd with �-translates of I d . (SeeTheorems3.2 and
4.3.) But reviewing formulas (3.2){(3.3 ) and (3.4), and (7.4) in the next section,
for the possiblesets � which serve as I d-spectrum, we �nd functions �; � ; : : : on
Z or Zk which describe the particular set �. Since all the candidates for � make
tilings, there is a direct geometric interpretation for thesefunctions; but we note in
the present section that there is also a spectral-theoretic signi�cance which derives
from di�raction considerationsof quasicrystals;see[Sen95], [Hof95], and [BoTa87].

In this setting, di�ractions show up as discrete components of the spectral dis-
tribution

D � (x) =
X

� 2 �

e� (x) =
X

� 2 �

ei 2� � �x :

We say that a spectrum � (� Rd) has a di�r action pattern if there is a pair (M ; c)
where M is a subsetof Rd and c is a function (measuring intensity) de�ned on M
such that

D � (x) =
X

m 2 M

c(� ) � (x � � ) ;

i.e., the spectral distribution is a weighted sum of point-masses,supported on some
(discrete) subset M in Rd . Note that the interpretation in both of the summa-
tions involving D � ( � ) is to be understood as Schwartz distributions; that is if the
respective sums are evaluated on a testing function ' 2 C1

c

�
Rd

�
, then the �rst

sum yields
P

� 2 � ~' (� ) where ~' (� ) =
R

Rd e� (x) ' (x) dx, while the secondsum is
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P
� 2 M c(� ) ' (� ). We also note that, by the Poissonsummation formula, the con-

dition is satis�ed if � = Zd = M , and the density (intensity) function c is c � 1 on
M .

We shall also need the following de�nition: A function � on R is said to be
quasi-periodic if there are positive numbers ! 1; : : : ; ! r , which are independent over
Q, and functions � 1; : : : ; � r such that � j has ! j as period, and � =

P r
j =1 � j . The

condition on � j amounts to the generalizedFourier expansion

� j (x) =
X

n 2 Z

cj (n) e
i 2� nx

! j :

In the following result we show that, if the functions which de�ne a spectrum
� for someI d are quasi-periodic, then it follows that � has a di�raction pattern.
We will not state the result in the widest generality as it will be clear that the idea
in the simplest casecarries over to the variations in higher dimensions. Even for
d = 2, Theorem3.2 shows that there are two classesof � corresponding to (3.2) and
(3.3) respectively. In the following we will treat only (3.2), but the result applies
to (3.3) mutatis mutandis.

Theorem 6.1. Let

� =
��

m
� (m) + n

�
: m; n 2 Z

�

for some function � : Z ! R and suppose � extendsto a function on R which is
quasi-periodic with periods ! 1; : : : ; ! r , independent over Q. Then it follows that�
I 2; �

�
is a spectral pair with di�r action pattern; speci�c ally, there is a density

function c: Zr � Z ! C such that

D � (x; y) =
X

k 2 Zr

X

n 2 Z

c(k; n)
X

m 2 Z

�
�

x �
rX

i =1

ki

! i
� m

�

 � (y � n)

with the density c(k1; : : : ; kr ; n) derived from the Bohr almost periodic Fourier ex-
pansion applied to � .

Proof. Consider the formula D � (x; y) =
P

m

P
n ei 2� (mx +( � (m )+ n )y) and expand

the inside function, m 7! ei 2� � (m ) y according to the quasi-periodicit y assumption
on � : speci�cally ,

ei 2� � (m ) y =
rY

j =1

ei 2� � j (m ) y

=
rY

j =1

X

k j 2 Z

c( j ) (kj ) e
i 2�

mk j
! j

=
X

k 1 2 Z

� � �
X

k r 2 Z

c(1) (k1) � � � c( r ) (kr ) e
i 2� m

P r
j =1

k j
! j :

Setting c(k) :=
Q r

j =1 c( j ) (kj ) and using

X

m 2 Z

e
i 2� m

�
x +

P r
j =1

k j
! j

�

=
X

m 2 Z

�
�

x �
rX

j =1

kj

! j
� m

�

together with Poisson summation (also in the secondvariable) we arrive at the
desiredformula.
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7. Higher dimensions

The following de�nitions help summarize the results for d = 2: We say that the
one-parameterunitary groups on L 2 (I � I ) generatedby self-adjoint extensionsof
the respective partial derivatives 1

i
@
@x and 1

i
@
@y on C1

c (I � I ) are quasi-commuting
if the conditions (5.6){(5.7 ) hold. Recall this meansthat the respective boundary
operators commute with somephase-periodic translation in the opposite variable.
We then showed in Theorem 5.1 that the commutativit y property (5.3), for the
unitary groups Ux (s) and Uy (t), implies quasi-commutativity. Finally we showed
in Corollary 5.3 that, among the quasi-commuting extensions, those that in fact
commute (in the senseof (5.3)) are characterized by the two cocycle identities
(5.8){(5.9 ).

It is clear that quasi-commutativity can be de�ned analogously for d > 2. It
follows from Theorem 2.1 that commutativit y of d self-adjoint extensionsof the re-

spective partial derivatives
n

1
i

@
@x j

: j = 1; : : : ; d
o

, on C1
c

�
I d

�
� L 2

�
I d

�
, is equiv-

alent to the spectral-pair condition for
�
I d ; �

�
. Moreover, if commuting self-adjoint

extensionsexist (i.e., 1
i

@
@x j

� H j , H �
j = H j , j = 1; : : : ; d), then we may take � to

be the joint spectrum of the family f H j gd
j =1 . Conversely, commuting operators H j

may easily be associated with somespectrum � in a spectral pair
�
I d ; �

�
. Hence,

for d = 2, our results in Section5 provide a completeclassi�cation of the commuting

(and also the quasi-commuting) self-adjoint extensionsof
n

1
i

@
@x j

o d

j =1
.

In higher dimensions, we still have boundary operators corresponding to each
self-adjoint extension of the partials 1

i
@

@x j
(on C1

c

�
I d

�
� L 2

�
I d

�
, j = 1; : : : ; d),

by Corollary 4.2. If for each j , Uj (t) denotesthe unitary one-parametergroup on
L 2

�
I d

�
generatedby someself-adjoint extensionH j , then Corollary 4.2 states that

Uj (t) is induced by some unitary operator Vj acting in the remaining variables
(x1; : : : ; x j � 1; x j +1 ; : : : ; xd) (i.e., with omission of the variable on the j 'th place):
speci�cally , Uj (t) = indR

Z (Vj ) as a representation of (R; +); or equivalently the
domain of H j is, for each j , given by the boundary condition

f (x1 : : : ; x j � 1; 1; x j +1 ; : : : ; xd) = Vj (f (x1 : : : ; x j � 1; 0; x j +1 ; : : : ; xd)) :

(Note that the more precise interpretation of this set of boundary conditions is
given in formula (4.9) of Corollary 4.2. This is the interpretation of the unitary
one-parameter groups in the respective coordinate directions as induced unitary
representations (see [Mac53, Mac62]), with induction Z ! R for each direction.)
We say that a family of self-adjoint extension operators H j , with corresponding
boundary unitaries Vj , is quasi-commuting if there are phase angles � j 2 [0; 1i ,
j = 1; : : : ; d, such that each Vj is diagonalizedby

e(1)
� 1 + n 1


 � � � 
 e( j � 1)
� j � 1 + n j � 1


 e( j +1)
� j +1 + n j +1


 � � � 
 e(d)
� d + n d

(7.1)

as (n1; : : : ; nd� 1; nd+1 ; : : : ; nd) vary over Zd� 1; i.e., the lattice resulting from Zd

with the j 'th coordinate placeomitted. It follows that the quasi-commutativ e case
is characterizedby the phaseangles� 1; : : : ; � d, and by functions vj : Zd� 1 ! T such
that, for n = (n1; : : : ; |̂; : : : ; nd), vj (n) = vj (n1; : : : ; |̂ ; : : : ; nd) is the eigenvalue of
Vj coresponding to the eigenvector in (7.1). (The notation (n1; : : : ; |̂; : : : ; nd) means
that the j 'th place is omitted.)
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Theorem 7.1. Let f H j gd
j =1 be a family of self-adjoint extensions of the respec-

tive partials 1
i

@
@x j

(j = 1; : : : ; d, on C1
c

�
I d

�
� L 2

�
I d

�
), which is assumed quasi-

commutative with eigenvaluefunctions vj (n1; : : : ; |̂ ; : : : ; nd) from Zd� 1 to T. Then
the extensionsare commutative if and only if the following pair of cocycle condi-
tions is satis�ed for all j; k such that 1 � j < k � d, all (n1; : : : ; |̂; : : : ; nd), and all
l ; m 2 Z� f 0g:

(7.2) (vj (n1; : : : ; |̂ ; : : : ; nk + l; : : : ; nd) � vj (n1; : : : ; |̂ ; : : : ; nd))

� (1 � vk (n1; : : : ; k̂; : : : ; nd)) = 0

and

(7.3) (vk (n1; : : : ; n j + m; : : : ; k̂; : : : ; nd) � vk (n1; : : : ; k̂; : : : ; nd))

� (1 � vj (n1; : : : ; |̂ ; : : : ; nd)) = 0:

Proof. Sincethe commutativit y for the one-parametergroups of unitary operators
Uj (t j ) may be stated for pairs, i.e., Uj (t j ) Uk (tk ) = Uk (tk ) Uj (t j ), j < k, t j 2 R,
tk 2 R, the argument for the generalcased > 2 is the sameasfor d = 3. To seethis,
just use the formulas for the respective one-parametergroups which are analogues
to (5.12){(5.13 ) in the proof of Corollary 5.4. For d = 3, we may introduce the
leg-notation: v1 ! v23, v2 ! v13 , v3 ! v12. When evaluated at a generalpoint in
Z3 of the form (k; l ; m), the respective eigenvaluesare:

v23 (l ; m) for V23;(i)

v13 (k; m) for V13;(ii)

v12 (k; l) for V12:(iii)

Speci�cally ,

V23e(2)
� + l 
 e(3)


 + m = v23 (l ; m) e(2)
� + l 
 e(3)


 + m ;(i)

V13e(1)
� + k 
 e(3)


 + m = v13 (k; m) e(1)
� + k 
 e( 3)


 + m ;(ii)

V12e(1)
� + k 
 e( 2)

� + l = v12 (k; l) e(1)
� + k 
 e(2)

� + l ;(iii)

where �; � ; 
 are the �xed phaseanglesfrom the quasi-commutativit y. Then the
three pairs of cocycle identities from the theorem are as follows: (i a){(i b), (ii a){
(ii b), and (iii a){(iii b) below. The argument for the equivalenceof commutativit y
and the cocycle identities is essentially the sameas the one used in the proof of
Corollary 5.4 above. The cocycle identities for d = 3 are:

(v13 (k; m) � v13 (k + n1; m)) (1 � v23 (l ; m)) = 0(i a)

(v23 (l ; m) � v23 (l + n2; m)) (1 � v13 (k; m)) = 0;(i b)

(v12 (k; l) � v12 (k + n1; l )) (1 � v23 (l ; m)) = 0(ii a)

(v23 (l ; m) � v23 (l ; m + n3)) (1 � v12 (k; l)) = 0;(ii b)

and

(v13 (k; m) � v13 (k; m + n3)) (1 � v12 (k; l)) = 0(iii a)

(v12 (k; l) � v12 (k; l + n2)) (1 � v13 (k; m)) = 0:(iii b)
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Example 7.2. Not all the spectral pairs in three dimensionsarequasi-commutativ e
(although this is true in d = 2). Take for example the case(3.4) of Section 3 with

� =

8
<

:

0

@
k

� (k) + l

 (k; l) + m

1

A : k; l ; m 2 Z

9
=

;
(7.4)

with � : Z ! [0; 1i and 
 : Z2 ! [0; 1i arbitrarily given functions. Then the three
operators V23, V13 and V12 are as follows:

V23 = I (the identit y operator in the two marked tensor slots),(i)

V13

�
e(1)

k 
 e(3)

 (k ;l )+ m

�
= ei 2� � ( k )e(1)

k 
 e(3)

 (k ;l )+ m ;(ii)

and

V12

�
e(1)

k 
 e(2)
� (k )+ l

�
= ei 2� 
 (k ;l ) e( 1)

k 
 e(2)
� (k )+ l :(iii)

It follows that the three commuting unitary one-parametergroups associated with
�, via Theorem2.1, arenot quasi-commuting if the two functions � and 
 in formula
(7.4) are both non-constant.

Acknowledgements. The authors gratefully acknowledgeexcellent typesetting and
graphics production by Brian Treadway.
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