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COMMUTING SELF-ADJOINT EXTENSIONS OF SYMMETRIC
OPERA TORS DEFINED FROM THE PARTIAL DERIV ATIVES

PALLE E. T. JORGENSEN AND STEEN PEDERSEN

Abstra ct. We consider the prohlem of nding comguting self-adjoint ex-

tensions of the partial derivativ es %@% :j = 1;:::;d with domain C¢ ()

where the self-adjoin tnessis de ned relativeto L2 () , and is a given open
subset of RY. The measure on is Lebesguemeasure on RY restricted to .
The problem originates with |.E. Segaland B. Fuglede, and is dicult in gen-
eral. In this paper, we provide a representatio n-t heoretic answer in the special
casewhen =1 2 and | is an open interval. We then apply the results
to the casewhen is a d-cube, 19, and we describe possible subsets Rd
such that fe jja : 2 gisan orthonormal basis in L2 9,
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1. Intr oduction

Recernly seweral papers have appearedon commuting non-self-adjoint operators
and their spectral theory; see,e.g., [LKMV95|]. The presen paper concernsthe
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casewhen the given commuting operators are unbounded and symmetric, but non-
self-adjoint. A concrete classof operators is studied, and we addressthe questions
of when commuting extension operators exist and, when they do exist, what their
structural properties are.

The problem of understanding commuting symmetric, but non-self-adjoirt, un-

bounded operators also has an origin in mathematical physics [Avivo5] Belg,

HaKo93, Pav7g. The terminology from physics is \hermitian”, or \formal ly self-
adjoint", for symmetry, i.e., for the identity hSf |hi = hf |Shi for all vectorsf;h in

the domain of the operator S. The simplest caseof this is the problem of assigning
guantum medanical boundary conditions for free particles con ned in a box. More
speci cally, the problem here correspnds to the quantum-mechanical trajectories
of a particle con ned to a region of tube type, e.g.,a unit cube. It is \free" except
for the boundary conditions, and variations of the boundary conditions (as con-
sidered here) correspnd to di erent physics. For single operators, von Neumann
solved (or made precise)the problem by use of the Cayley transform, and consid-
ering instead the extension problem for partial isometries. But this approac does
not work well in the caseof seweral operators. Powers (in [Pow71, Pow74)) intro-
duced an algebraic approac for understanding seweral operators, but the presen
problem is very concreteand doesnot lend itself easily to the algebraictechniques
introduced by Powers.

Closely connectedto the problem of nding commuting self-adjoint extensionsof

self-adjoint extensionsdo exist, then it is known that the common eigenfunctionsof
the extensionoperators must be of the form e := € X for special valuesof 2 RC.
Hencethe spectral problem is that of nding whena givenpair ( ; ) satis es the
condition that fe j : 2 gisan orthogonal basisin the Hilb ert spaceL? (). We
note that this so-calledspectral pair condition is very restrictive, and soit explains
the rigid geometric con gurations ( ; ) which admit solutions. But it also senes
to motivate recert very interesting developmerts on overcompletesystems;see,e.g.,
[Kem993, Kem994].

The setting of spectral pairs in d real dimensionsinvolvestwo subsets and
in RY such that  has nite and positive d-dimensional Lebesguemeasure,and
is an index set for an orthogonal L2 ()-basis e of exponertials, i.e.,

(1.1) e (x)=€?2 X x2 : 2

P
where x = jd:l i Xj . Weusevector notation x = (X1; iXq), = ( 1 Pod)
inner product

z
1.2) H g = f(x)g(x) dx
wheredx = dx; dxg, andf;g2 L?(). The correspnding norm is
z

(1.3) KEk? .= K [fi = jf () dx;

asusual. It followsthat the spectral pair property for a pair ( ; ) is equivalert to

=f 0., %2 ¢
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being contained in the zero-set onthe complex function

(1.4) z7! €2 2%dx = F (2)

wherez = (z1; ;zq)2CY% andz x:= P jd:l z; Xj, and the correspnding e -set
fe : 2 gbeingtotal in L?(). Recall, totalit y meansthat the spanof the e 's
is densein L?() relative to the k k -norm, or, equivalertly, that f = 0 is the
only L?()-solution to:

Hlei =0, forall 2

2. Spectral pairs

The theory of spectral pairs was dewveloped in previous joint papersby the coau-
thors [JoPe92 JoPe94 PoPe9q. A set with nite nonzero Lebesguemeasure
is called a spectral set if ( ;) is a spectral pair for someset . We recall that
Fuglede shaved [Fug74 that the disk and the triangle in two dimensionsare not
spectral sets. By the disk and the triangle we meanthe usual versions,respectively,

(X13X) 2R?:x2+ x3< 1 and (X1;X2) 2R?:0< X1; 0< Xp; X1+ X< 1 :
Note that, for the presen discussion,it is inessetial whether or not the sets
are taken to be open, but it is essetial for the following theorem which we will

need. It is due to Fugledeand the coauthors; see[Fug74 Dor83, Ped87 foPe9].

If RY is open, then we considerthe partial derivatives -2 @ j =154,

dened on C! () asunbounded skew-symmetric operators in L2() The cor-
responding versions 2—;:51:1@%J are symmetric of course. We sa that  has the
extensionproperty if there are commuting self-adjoint extensionoperators Hj, i.e.,

1 @
2 i @
We say that the containment A B holds for two operators A and B if the graph of
A is cortained in that of B. (For detalils, see[ReS] and [DS3].) Commutativity for
the extension operators H; is in the strong senseof spectral resolutions. Sincethe
H;'s are assumedself-adjoint, ead one has a projection-valued spectral resolution
E;j,i.e.,anL?()-pro jection-valued Borel measureon R, such that Ej (R) = I z2(y ,
and

(2.2) Hj; j=1L::d

z 1
2.2) Hi=  Ej);
forj = 1;:::;d. The strong commutativit y is takento mean
(2.3) Ei () Ejo( )=Ejo( YE; ()
forall j; j°= 1;:::;d, and all Borel subsets ;9 R. Extensionscommuting in a

wealer sensewere consideredin [Frig7.

Our analysisis basedon von Neumann'sde ciency-spacecharacterization of the
self-adjoint extensionsof a given symmetric operator [. Let bean open
set with nite Lebesguemeasure. For ead j, the de ciency spacescorresmpnding
to -2 arein nite-dimensional. It followsthat eath %@% has\many" self-adjoint

i@
extensions. The main problem (not addressedby von Neumann's theory) is the
selection of a commuting set Hy; H»;:::; Hy of extensions. In fact, for some

(e.g.,whend = 2, the disk and the triangle) it is impossibleto selecta commuting
setH1;H»;:::; Hq of extensions.
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We have (see[Fug74 Por83, Ped8T, DoPe93)

Theorem 2.1. (Fuglede,Jorgensen,Pedersen)Let RY be open and connected
with nite and positive Lelesguemeasure. Then has the extension property if
and only if it is a spectral set. Moreover, with  given, there is a one-to-one
correspndene between the two sets of subsets:

(2.4) RY: ( ;) is a spectral pair
and
(25) f RY: is the joint spectrum of some commutative
family (H1;:::;Hg) of self-adjoint etensions:
This correspndene is determined as follows:
(a) If the extensions(H1;:::;Hq) are given,then 2 if and only if
(2.6) e 2\ domain(H;):

j
(b) If, conversely,( ;) is aspectral pair at the outset, then the ansatz (E) and
(2.7) Hie = je; 2
determine uniquely a set of commuting extensions.

If  is only assumel open, then the spectral-set property implies the extension
property, but not conversely.

Corollary 2.2. Supmse is open and connected. It follows then that a discrete
set is the joint spectrum of somecommuting self-adjoint extension operators Hj,
j=1L::d ifandonlyif ( ;) is a spectral pair.

Remark 2.3. The simplest caseof a disconnected which hasthe extension prop-
erty, but which is not a spectral set,isin d = 1, and we may take = H0;1i[ h2;4i,
i.e., the union of two intervals with a doubling and separation. The example was
noted rst in [Fug74 and is basedon the simple obsenation that the polynomial
1+ z2 + z3 hasno roots z on the circle jzj = 1.

Someof the interest in spectral pairs derivesfrom their connectionto tilings. A

subset RY with nonzero measureis said to tile RY if there is asetL  R¢
such that the translates f + 1:12 Lg cover RY up to measurezero, and if the
intersections

(2.8) ( +D\( +19 forl6&1%nL

have measurezero. We will call ( ;L) atiling pair and we will say that L is a set

of translations. The Spectral-Set conjecture (see[Fug74 Por83, Peds? [aWa96¢
L aWa974) states:

Conjecture 2.4. Let RY have positive and nite Lebesguemeasure. Then
is a spectral setif and only if there is a set L of translations which make tile RY.

Lemma 2.5. If =19, then the zem-setfor the function F in (L.4) is

(2.9 Z«= z2CY f0g:9) 2f1;:::;dgst:z; 22 f0g
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Proof. The function F,« ( ) factors as follows.

2 SNz,

A
(2.10) Fia(2) = e
Zi

i=1

for z = (z1;:::;24) 2 CY, with the interpretation that the function z 7! S'”—ZZ is1
whenz = 0in C. O

Remark 2.6. What is specialabout Z for = 19, asopposedto the generalform
of , isthat Z,s [ fOgis the Cayley graph of the group = Z9 with generators

S=1( L0;:::;0);:::55(0;:::; 1,0;:::;0)5:::5(0;:::;0; 1)g:

We recall from , Chapter 10] the de nition of the Cayley graph G( ;S) of a

discrete group  with generatorsS, e 2 S. When ;S are given, G( ;S) is the

graph with vertex set in which two vertices 1; , are the two endsof an edgei
1 ! , 2 S. This givesa non-oriented graph, without any loop or multiple edge.

3. Tw o dimensions

We begin with the following simple obsenation in one dimensionfor =1 =

[0; 1i. (For details, see[JoPe92 ReS].)

Prop osition 3.1. The only subsets R suchthat (I; ) is a spectral pair are
the translates

(3.2) = +Z=f +n:n2Zg
where is some xed real numker.

In two dimensions,the correspnding result is more subtle, but the possibilities
may still be erumerated as follows:

Theorem 3.2. ([foPe99) The only subsets ~ R? suchthat 12; is a spectral
pair must belongto either one or the other of the two classes,indexeal by a number
, and asquenef , 2[0;1i :m2 Zg, where

(3.2) = Tm ‘m;n2~Z7z
m*+ N

or

(3.3) = ”:;n ‘m;n2Z

Each of the two types occurs as the spectrum of a pair for the cube 12, and each of
the sets as specied is a set of translation vectors which produces a tiling of R?
by the cuke | 2.

Proof. See[JloPe9q for details. The following are someremarks of relevanceto the
generalextension problem for operators.

The assertionin the theoremabout -translations tiling the plane with 12 is also
clear from (B.2){(3.3]), and it is illustrated graphically in Figuresf] and f.
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Figure 1. lllustrating tiling with (B.2)

It is clear that the pattern (E) for d = 2 corntinuesto higher dimensions as

follows:
0 1
+ kq

(k1) + ko
(3.4) (ki;k2) + ks

:Z ! 010
:Z Z ! [0;1;
VAR B (VT

Of course, then there are the obvious modi cations of those casesresulting from
permutation of the d coordinates; but the assertionis that, whend 10, these

con gurations do not su ce for cataloguing all the possiblespectra  which turn
19;  into an RY-spectral pair.
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Figure 2. lllustrating tiling with (B.3

We now turn to the non-trivial spectral-theoretic content of the conclusion of
the theorem. We claim that the two cases(B.2){(3.3) suce whend = 2. Note that
the sequence : Z! [0;1i is completely arbitrary .

We will show in Theorem E below that, up to a singletranslation in the plane,
the possibilities for the coordinates of points in a spectrum  for 12 are given by
two sequencesn,, n satisfying the following two cocycle relations:

(3.5) gmix dm 1 dn =0
and
(3.6) et @dn 1 dm =0

asidentities in m;n 2 Z, andk;1 2 Z f0g. Note that the respective sequencesre
determined from this only up to 2 Z at ead coordinate place.

Simple algebrashowsthat the two identities (B.9){(3.6]) imply the following single
identit y

(3.7) 1 émx 1 dn = 1 m 1 ¢

againfor all m;n2 Z andk;l 2 Z f0g. But it followsfrom (@) that at leastone
of the two sequences]l € ™ or1 € n, must then vanish identically. This yields
the connectionto the two casesfor stated in (E){() of the theorem.
Hencethe result giving two classesfor  in Theorem @ may be derived from
our more generalresult in Section .
The proof sketch of Theorem @is completedfor now, but details will be resumed
in Section§ below. O
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4. Opera tor extensions

We saw in Theorem EI that in some casesthe existence problem for spectral
pairs, i.e., the question of when some given open subset in RY has an orthog-
onal basisfe : 2 gin L?() for someset in RY may be reformulated as
@ problem about existenceof commuting self-adjoint extensions of the operators

%@% :j =1;:::;d with common (dense)domain C! () in L?(). Suppose
for the momern that = ho; 1i , where 5 is somesubsetin RY 1 of nite
positive (d  1)-dimensional Lebesguemeasure. We then have the following classi-

cation of the self-adjoint extensionsH of &2

Theorem 4.1. The symmetric operator %& in L2 (ho; i 2) with densedo-

main D consisting of ' 2 L2 (h0; 1i 2) suchthat ' ( ;y) 2 C! (r0;1i) for all
y 2 5, has self-adjoint extensionsindexed by unitary operators V in L?( ) in
sucha way that the (unique) extensionHy is determined by its core domain being
of the form

(4.1) Dv = ' (X1;y) + €th(y)+ et **(Vh)(y):' 2D;h2L?%( »)
and
(4.2) iHy ' +e&th+e! X1vh = Q. e€th e! X1vh;
@
for ' 2 D andh 2 L?( ;). We shal interpret the implicit boundary condition

dictating someextensionHy as

(4.3) f (1 )=Uv(f (O ));

f 2 Dy where the partial isometry Uy is given by

(4.4) Wy = (el +V)(I +eV) ' Uy = expWy:

Conversely,V may be calculated from Uy by

(4.5) V(o ew) T(Wy  el);

and in each case, the fractional linear transform, and its inverse, are well de ned.

Proof. The proof is basedon von Neumann'sde ciency-spaceanalysisof self-adjoint
extensions,and we refer to [[Neu2d, [ReS]|, and [for7g for background material on
the theory of operator extensions.If S is a symmetric operator with densedomain
D in a Hilbert spaceH, then it has self-adjoint extensionsif and only if the two
spaces

(4.6) (i S)D)? = D

have the samedimensions. In that case,the correspnding extensionsare given by
partial isometries betweenthe respective defect spacesD. and D (see[vNeu2d,
[ReS]l, or [DS3). For corvenience,we have chosena slightly dierent \normaliza-
tion" in our treatment of the Cayley transform (@ and its inverse(@). We did
not normalize the functions €t and e* X in the defectspaces.They have L2 (I)-

2
norm equalto 51

1
~L °. The fact that Uy in (f4) then de nes a partial isometry
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as claimed amourts to the identities:
If (x1;y) = €th(y) + e X1 (Vh)(y) asin (@), then
(1;y) = eh(y) + (Vh)(y) = (el + V) h;
and
(0:y) = h(y) + eVh(y) = (I + eV)h:

This meansthat the vectorsin the domain (@) are given by the boundary condi-
tions (E) which in turn determine the unitary one-parametergroup

Uy (t) := exp(itH v ) ; t2 R:

This group is de ned from ( by using translation modulo Z in the x;-variable.
Then the operator Uy in (8.4) is usedin de ning the represemation R 3 t 7! Uy (t)
via induction from Z.

If V:D, ! D is a partial isometry, then the domain of the correspnding
extensionH (H = Hy) is

f'* +hy+Vh, :'" 2D;hs 2D.g

and

(47) |HV (I + h+ + Vh+) = |S' + h+ Vh+

It followsthat the lemmaamounts to an identi cation of the defect sppoesD  when
the symmetric operator is as speci ed. When the variablesin = HD; 1i 2 are
separatedas (x1;y), 0< x1 < 1,y = (X2;:::;Xq) 2 2, then vectorsh 2 D are
precisely the solutions to

(4.8) Sh = ih

This amourts to solving

@

—h (X1;¥)= h (Xg;
&, (X1;Y) (X17Y)

in the senseof distributions, but with the restrictions h 2 L? (I0; 1i 2). The
result of the lemma then follows from von Neumann's characterization. If the
minimal operator is not closedat the outset, then the resulting self-adjoint extension
comesfrom passingto the operator closurein the formulas (@) and (@. O

Corollary 4.2. Let V be a unitary operator in L?( ) and let Hy be the self-
adjoint extensionoperator descrited in Theorem f.]in (.2){(4.3). Then Hy gen-
eratesa unitary one-parameter groupf Uy (t) :t 2 Rgin L2 (0; 1i 2) which may
be realized (up to unitary equivalen®) in the Hilbert space Hy of measurable func-
tions f : R! L2( »), satisfying

(4.9) f(xa+1)= Uy (f (X1));

for all x1 2 R, where Uy is the operator from (f.4) in Theorem [.1, and the norm
on Hy is de ned by

z 1
kf k7, = o (x0)k o, dxa:
In this space the group Uy (t) : Hy ! Hy is given by
(4.10) (Uy O)F)(x1) =1f (xg t); forxqt2 R:
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The unitary isomorphismof Hy, onto L? (F0; 1i 2)=L? h;1i;L%( ) issim-
ply the restriction to h0;1i in the x;-variable. Finally, if Uy (t) is computed in
L2 (ho; i 2), the formula is

f(xa t ) if0 t<x;<1;
Uy (fF(xa t ) ifO<xg t 1

Proof. The realization on the spaceHy is the interpretation of Uy as a unitary
represemation of the group R which is induced from the subgroup Z via formula
(. The advantage of this viewpoint is that the spectral resolution of the unitary
operator Uy leadsdirectly to an assaiated direct integral decomposition for the
unitary one-parametergroup f Uy (t) :t 2 Rg which is generatedby the extension
operator Hy, . O

(4.11) (U (OF)F (x1; ) =

When the corollary is applied to L?(I 1) from Section E we note that the
respective unitary one-parametergroups, Uy (s) and Uy (t), on L2 12 which are

generatedby self-adjoint extensionoperators of %% and %% with domainC! 12,

are induced represetations in the senseof (8.9}{(4.10)). For the extensionsof 1 &,
the boundary-unitary from (@) is acting on L2 (f0 < y < 1g). But we shall view
it asa unitary operator in L2(I 1) =L2?(Ix) L2(ly)viaU$ | U with U,
acting in the y-variable. A similar obsenation appliesto the unitary one-parameter
group fUy (t) : t 2 Rg acting on L? 12 and generated by one of the self-adjoint
extensions of %% Hencethe boundary conditions for f Uy (S) : s 2 Rg are given
by aunitary U ' | U, with U, acting in the secondvariable, while those of
fUy (t) : t 2 Rg are determined by a secondunitary operator V in L? 12, now of
the form V' $ Vi | with V; acting in the rst variable of L?(I  1).

With this terminology we have the following preliminary result for the squarel 2
in the plane.

Theorem 4.3. Let Uy (s) be the unitary one-parameter groupon L2(I 1), and
let U, be the correspnding unitary boundary operator acting in the second variable
y. Then U, commutes with the phase-griodic translation in the y-variable for a
phaseangle if and only if there is a real-valued sequen@ f' , : n 2 Zg suchthat

(4.12) U (S)em+r, ens = €2 (M iSg . ey

foralls2 Randm;n 2 Z, wherefor (; )2R%, e e (x;y)=¢e (X)e (y) =
g2 (x* ¥) restricted to (x;y) 2 12.

Proof. Recall that some xed unitary one-parameter group fUy (S) : s2 Rg on
L2(1 1) is determined uniquely by the correspnding boundary operator | Us,.
But it followsfrom Proposition @that U, satis es the commutativit y property of
the theorem if and only if it is diagonalizedby the basisfunctions fe,+ :n 2 Zg
in L2(ly) for some 2 [0;1i, i.e., if, for somesequence ,,

(4.13) (Uzens ) (y) = €2 "ens ()

But, accordingto Corollary Q this meansthat Uy (s) as an induced represeia-
tion decomposesaccordingly, which is to say that the basisvectorsen.: , en+
simultaneously diagonalizeeat operator Uy (S) as stated in formula (. O

Remark 4.4. For more details on the operator-theoretic approac to spectrum and
to tiles, we refer to [Jor871, Por894, Ped8T, Ped9{
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5. Cocycles in tw o dimensions

In this section,we cortin ue with the self-adjoint extensionsof the two commuting

minimal operators + & and %% with common densedomain C! 12 inL? 12 .

Theorem 5.1. Consider two commuting unitary one-parameter groups Uy (s) and
Uy (t) on L2(1 1) with respective boundary unitaries U, and V;. Then:
() Either U, is of the form al, -(;,) for a salar a, or elseV; commutes with
periodic translation in the x-variable.
(i) Either Vy is of the form bl 2,y for somesalar b, or elseU, commuteswith
periodic translation in the y-variable.
(i) In caseU, = €2 1 ¢, then

(5.1) Uc(s)(e +m g =€2(*Mse - g

forallm2zandg2 L?(ly).
(iv) In caseVi= €2 I z,), then

(5.2) U (t)(f e+n)=€20M% e,
forallf 2L?(Ix) andn2 Z.

Remark 5.2. It followsthat the conclusionin Theorem@ is satis ed whenthe two
one-parametergroups commute, i.e., when

(5.3) Uy (9) Uy (1) = Uy (1) Uy (9)

is assumed,s;t 2 R. Speci cally, it will then always be the casethat U, commutes
with some phase-geriodic translation in the y-variable, while V; commutes with
some (possibly di erent) phase-periodic translation in the x-variable. (Also note
that (b.3) is a reformulation of (.3) in the cased = 2. Furthermore (5.39) signi es
the presenceof a unitary represemation of R?:)

Proof of Theorem E When the two one-parametergroups Uy (s) and Uy (t) are
written in the form (§.17) from Corollary (.3, then the alternativesin (£.11) may
be expanded as follows. Let ¢ denote periodic translation in L? (0; 1i), and let
Ps denote the projection of L2 (F0; 1i) onto L2 (h0;si), with P7 =1  Ps denoting
then the projection onto the complemern L? (hs;1i), for s 2 [0;1]. We have P = 0
and Py = I 2(no:1iy. Then from (B.11) we get

(5.4) Ug(s)= P71+ sPs U,
and
(5.5) Uy (1) =1 tPt? + Vi tPt:

The assumedcommutativit y (5.3) then takesthe form:

BPIVL (Pt Ps Uy (BT + sPsVi Uy Py
= Ps  (PPUp+ Vy P (Pe+VisPs (P
If Vy is not a scalar times I 2, then two terms on either side are independent
whenevaluatedonf g. Henceboth U, P’ = P U, andU, {P; = {P;U, hold.

Addition of thesetwo identities yields U, { = U, which is the commutativit y of
U, with periodic translation.
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If on the other hand V; is a scalar, then it follows from the argumert in Section
A that (jv)) must hold.
The two possibilities for the other boundary operator U, lead to cases(ﬂ) and

(i) by symmetry. O

Corollary 5.3. Consider unitary one-parameter groups Uy (s) and Uy (t) as in
Theorem E and suppse the correspnding boundary operators U, and V; diago-
nalize as follows (identities in n;m 2 Z):

(5.6) Usens =€2 "ey.
and
(5.7) Viems = €2 men,

forsome; 2 R. Thesauenes ,; m will bechosentaking valuesin [0; 1i. Then
the commutativity (@ for the two groups holds if and only if the two sequen@s
satisfy a certain cocycle property: Let a, := €2 » and b, := €2 . Then the
two identities

(5.8) (bn bn+k)@ a)=0, mn22Z; k22 f0g
and
(5.9) (an an+1) (@ by)=0, mn22z;12272 f0g

are equivalent to the commutativity (@. If commutativity holds, we must have
1 a))(@ bn) 0 n;m 2 Z. Hene we get a spectral pair with spectrum
having one of the two forms

+m

0] N+ o ‘m;n2Z7Z if o O
or

- m+ . : )
(ii) +n MmN 27 if m O

The derivation of the two cocycle identities (5.8){($.9]) from commutativit y (5.3)
at the end of the proof is basedon the following corollary of independert interest:

Corollary 5.4. LetU=1 U,andV = V; | betherespctive boundary operators
of the one-parameter unitary groups Uy (s) and Uy (t) acting on L2(I ). Then,
if (E){() hold for some ; and someseajuen@s as speci e d, it followsthat the
respective one-parameter groups may be expanded in the common basis E (m; n) =

E¢, y(m;n):= efrll),r eff,r) , (m; n) 2 Z2, asfollows: There are complexseuen@s
fskg.,, and ft;g,,, sothat, if we de ne

(5.10) s§ =1 sy thi=1 t

and

(5.11) sg = s, (fork60), t/:= t (forl6 0),

then X

(5.12) U (S E (m;n)= 2 M+ *Ks & 4 g a E(m+k;n)

k2z
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and

X
(5.13) Uy ()E(m;n)y= 2 "Dt 2 4t E(m;n+1):
122

The two one-parameter groups Uy (s) and Uy (t) commute if and only if the cocycle

identities (5.8){($.9]) hold.

Proof. Recall from (@){() that the two one-parameter groups are expressed
in terms of multiplication operators on L? (M0;1i) with the respective indicator
functions o.si and royi. The sequencegb.10){($.11]) are the Fourier coe cien ts
of these indicator functions, acting by multiplication in L2 (1), and the relations

(5-10){($.12]) simply re ect the following two obvious identities,
hosi ¥ s = 1

and

hoti + ey = L

as functions on the unit interval. When the resulting formulas (5.12){($.13]) are
substituted into

(5.14) Uy (s) Uy (t) E (m; n) = Uy (t) Uy (s) E (m; n)
the equivalenceto (5.8){(3.9) results. O

6. Quasicr yst als

For the spectral pairs 19; in dimensionsd = 2;3, we noted that ead of the
candidatesfor spectrum tiles RY with -translates of | 9. (SeeTheorems@ and
B.3) But reviewing formulas (B-2){(3-3) and (B.4), and (f.4) in the next section,
for the possiblesets which sene as | 9-spectrum, we nd functions ; ;::: on
Z or Z¥ which describe the particular set . Sinceall the candidatesfor make
tilings, there is a direct geometric interpretation for thesefunctions; but we note in
the presen sectionthat there is also a spectral-theoretic signi cance which derives
from di raction considerationsof quasicrystals; see[Een9¥§, [Hof95], and [BoTa87.

In this setting, di ractions show up as discrete componerts of the spectral dis-
tribution

X X
D (x)= e (x)= ez X
2 2
We say that a spectrum ( RY) hasadir action pattern if there is a pair (M ; c)

where M is a subsetof RY and ¢ is a function (measuring intensity) de ned on M
sud that

X
D (x)= c() (x )i

m2M
i.e., the spectral distribution is a weighted sum of point-masses,supported on some
(discrete) subsetM in RY. Note that the interpretation in both of the summa-
tions involving D ( ) is to be understood as Schwartz distributions; that is if the
respective syms are evaluated on a tegting function * 2 C! RY, then the rst
sumyields , '~( ) where'~( )= pse (X)' (x) dx, while the secondsum is
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om €)' (). Wealsonote that, by the Poissonsummation formula, the con-

dition is satised if = Z9= M, and the density (intensity) function cisc 1 on
M.

We shall also need the following de nition: A function on R is said to be
quasi-geriodic if there are positive numbers! ;;:::;! , which are indgpendert over
Q, and functions ;:::; ; sudh that ; has!; asperiod, and = jr:l i- The

condition on ; amournts to the generalizedFourier expansion
X

j0=" g(me® T
n2z

In the following result we show that, if the functions which de ne a spectrum

for somel ¢ are quasi-periodic, then it followsthat hasa diraction pattern.
We will not state the result in the widest generality asit will be clear that the idea
in the simplest casecarries over to the variations in higher dimensions. Even for
d= 2, Theorem@sh(ws that there aretwo classef correspnding to (E) and
( respectively. In the following we will treat only (@), but the result applies
to ( mutatis mutandis.

Theorem 6.1. Let

= m 'm;n2Z
(m)+n
for somefunction :Z ! R and suppse extendsto a function on R which is
quasi-periodic with periods ! 1;:::;!, independent over Q. Then it follows that
12; is a spectral pair with dir action pattern; specic ally, there is a density
function c: Z" Z! C suchthat

X X X Xk
D (xy)= c(k;n) X — m (y n)
k2Z' n2z m2z i=1 !
with the density c(k1;:::; ky;n) derived from the Bohr almost periodic Fourier ex-

pansion applied to

P
Proof. Considerthe formula D (x;y) =, €2 (M*C (M*+*MY) and expand
the inside function, m 7! €2 (™Y according to the quasi-periodicity assumption
on : specically,

_ Yo
g2 (m)y = d2 j(m)y
=1

i) (k) e? T

=1k 2z
X X -
= D (kl) o) (kr)e'z m j= 1y
Ki2Z Kk 2Z
Setting ¢ (k) := erzl c) (k;) and using
i2 m x+P.':1 ,51— X X kj
e T = X om
m2z m2z j=1 "}

together with Poisson summation (also in the secondvariable) we arrive at the
desiredformula. O
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7. Higher dimensions

The following de nitions help summarizethe results for d = 2: We say that the
one-parameterunitary groupsonL? (I |) generatedby self-adjoint extensionsof
the respective partial derivatives%% and %% onC! (1 1) are quasi-ommuting
if the conditions (5.6){(§.7]) hold. Recall this meansthat the respective boundary
operators commute with some phase-geriodic translation in the opposite variable.
We then showed in Theorem p.] that the commutativit y property (5.3), for the
unitary groups Uy (s) and Uy (t), implies quasi-ommutativity. Finally we shoved
in Corollary Ethat among the quasi-comrmuting extensions, those that in fact
commute (in the senseof (E)) are characterized by the two cocycle identities
EB{EID.

It is clear that quasi-ommutativity can be de ned analogously for d > 2. It
follows from TheoremP.] that commutativit y of,d self-adjoint extensionsof the re-
spective partial derivatives %@% j=1::5d ,onC} 19 L2 19 is equiv-
alert to the spectral-pair condition for 19; . Moreover, if commuting self-adjoint
extensionsexist (i.e., %@% Hi, H, = H,,j = L::::d), then we may take o
be the joint spectrum of the family fH; gj - - Conversely commuting operators Hj
may easily be assaiated with somespectrum  in a spectral pair 19; . Hence,
ford = 2, our resultsin SectionE provide a completeclassi r<%ati0n00f the commuting

d

(and also the quasi-commuting) self-adjoint extensionsof %-&-

1 @(j j=1 )
In higher dimensions, we still have boundary operators corresrnnding to eam
self-adjoint extension of the partials Il— (on Cc} Id L2 19 ,j = ::d),

by Corollary @ If for eadh j, U (1) denotesthe unitary one- parametergroup on
L2 19 generatedby someself-adjoint extensionH;, then Corollary @ statesthat
U; (t) is induced by some unitary operator V; acting in the remaining variables
(X1 0Xj 1 Xj+15: :"xd) (i.e., with omission of the variable on the j'th place):
speci cally, U; (t) = |ndZ (V) as a represemation of (R;+); or equivalertly the
domain of H; is, for ead j, given by the boundary condition

FXeiin Xy nLhiXjersiinXa) = Vi (F(Xeiin X 150 Xj+15 0075 Xa))

(Note that the more preciseinterpretation of this set of boundary conditions is
given in formula (@) of Corollary E This is the interpretation of the unitary
one-parameter groups in the respective coordinate directions as induced unitary
representations (see [Mac53, Mac63]), with induction Z | R for ead direction.)
We say that a family of self-adjoint extension operators H;, with correspnding
boundary unitaries V;, is quasi-ommuting if there are phaseangles ; 2 [0;1i,
j = :;d, sudh that eadh V, is diagonalizedby

1 j 1 +1 d
(71) e( 3+n1 e(Jj 1)+n,- 1 e(Jj +1)+ Nj+1 e( d)+nd
as (N1;:::;Ng 1;Ng+1;:::;Ng) vary over Z4 1 je., the lattice resulting from z¢
with the j'th coordinate place omitted. It followsthat the quasi-commutativ e case
is characterizedby the phaseangles 1,001 g,andby functionsy; : 29 11 T such
that, forn = (ng;::5fiinng), v (n) = vy (ng;:in i ng) is the eigervalue of
V; coresmpnding to the elgen/ectorln (I?I]I) (The notatlon (ng;::5 0 i ng) means

that the j'th placeis omitted.)
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Theorem 7.1. Let fH; gjd:l be a family of self-adjoint extensionsof the respec-

tive partials %@% (G =1::d,oncCt 19 L2 19), whichis assume quasi-
commutative with eigenvaluefunctions vj (nq;:::;f5:::;ng) fromz¢ 1 to T. Then
the extensionsare commutative if and only if the following pair of cocycle condi-
tions is satis ed for all j; k suchthat 1 j < k d, all (ng;:::;Y:::;nq), and all
I;m2 2z fOg:

(7.2) (vi(ng;oinfonne+ Loinng) vy (nginfyiining))

and
(7.3)  (vik(ng;:iyng + m;:::;Q;:::;nd) Vi (nl;:::;Q;:::;nd))

(I vi(ny:infhiinng) =0
Proof. Sincethe commutativit y for the one-parametergroups of unitary operators
U; (tj) may be stated for pairs, i.e., U (tj) U (tk) = Uc (L) Uj (), ] <k, t; 2 R,

tk 2 R, the argumert for the generalcased > 2 is the sameasfor d = 3. To seethis,
just usethe formulas for the respective one-parametergroups which are analogues

to (5.19{(§.13]) in the proof of Corollary .4 For d = 3, we may introduce the
leg-notation: vy ! vo3, Vo ! wvi3, v3 ! vio. When evaluated at a general point in

Z3 of the form (k;1;m), the respective eigervaluesare:

0) Voz (I;m)  for Vas;

(ii) viz (k;m) for Vis;

(iii) vip (kK;1)  for Vip:

Speci cally,

(i Vos€? € = vaa(im)€?, €9

(i) V13e(13k e(?’,zm = vi3 (k;m) e(lzk e(‘?m;

(iii) VeV 6@ = v (khe®, @

where ; ; arethe xed phaseanglesfrom the quasi-commutativit y. Then the

three pairs of cocycle identities from the theorem are as follows: ([@){G[H), ([ d){
(1), and ([i @{([i_B) below. The argumert for the equivalenceof commutativit y
and the cocycle identities is essetially the sameas the one used in the proof of
Corollary @ above. The cocycle identities for d = 3 are:

(ia) (via(k;m)  wvizg(k+ n;;m)) (1 vaz(l;m)) =0
(ib) (Vaz (I;m)  vas (I + nz;m)) (1 vz (k;m)) = O;
(i @) (viz(k;D)  via(k+ ng;; D) (@ wvas(l;m)) =0

(ii b) (Vas(Ism)  vas(Ibm+ n3)) (1 viz(kil)) = O
and

(iii @) (vis(k;m)  wvis(k;m+n3)) (X wvi2(k;1)) =0

(iii b) (viz(k;1)  via(k;l+n2)) (2 wviz(k;m)) = O: O
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Example 7.2. Not all the spectral pairs in three dimensionsare quasi-comrutativ e
(although this is true in d = 2). Take for examplethe casge(@) of Sectionf§ with
1

80
< k =

(7.4) = @ K+ A:kIm22z
(k;)+ m '

with :Z! [0;1i and :2Z?! [0;1i arbitrarily given functions. Then the three
operators V.3, Vi3 and Vi, are asfollows:

0] Vo3 = | (the identit y operator in the two marked tensor slots),
T 1) (3) — 42 (KD (3) .

(ii) Vis € € kiyrm = ¢ (g € (ke m

and

1) () — 42 (kDD (2 .

(iif) Viz g €. = €2 (el e,

It followsthat the three commuting unitary one-parametergroups assaiated with
. via TheoremP.], are not quasi-comnuting if the two functions and in formula
(F-4) are both non-constart.
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