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SPECTRAL PAIRS IN CAR TESIAN COORDINA TES

PALLE E. T. JORGENSEN AND STEEN PEDERSEN

Dedicated to the memory of Irving E. Segal

Abstra ct. Let RY have nite positiv e Lebesguemeasure, and let L2 ()
be the corresponding Hilb ert space of L2-functions on . We shall consider
the exponential functions e on givenby e (x) = €2 . If these functions
form an orthogonal basis for L2 () , when ranges over some subset in
RY, then we say that ( ;) is a spectral pair, and that is a spectrum. We
conjecture that ( ;) is aspectral pair if and only if the translates of some set

Oy the vectors of tile RY. In the special caseof = 19, the d-dimensional
unit cube, we provethis conjecture, with 9= 19, for d 3, describing all the
tilings by 19, and for all d when is a discrete periodic set. In an appendix we
generalize the notion of spectral pair to measureson alocally compact abelian
group and its dual.

1. Intr oduction

The setting of spectral pairs in d real dimensionsinvolvestwo subsets and
in RY such that  has nite and positive d-dimensional Lebesguemeasure,and
is an index set for an orthogonal L2 ()-basis e of exponertials, i.e.,

(1.1) e x)=€2 X; x2 ; 2
P
where x = jd:l i Xj . Weusevector notation x = (X1; iXa), = ( 1 Pod)
Xj; j 2R,j = 1;:::;d. The basisproperty refersto the Hilb ert spaceL? () with
inner product
z
1.2) H g = f(x)g(x) dx

wheredx = dx; dxg, andf;g2 L?(). Tzhe correspnding norm is
(1.3) KEk® .= K [fi = jf () dx;

asusual. It followsthat the spectral pair property for a pair ( ; ) is equivalert to
the nonzeroelemerts of the set

= f 0., %2 ¢
being contained in the zero-set ofzthe complex valued function

(1.4) z7! €2 2%dx =: F (2)
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and the correspnding e -setfe : 2 g beingtotal in L?(). Recall, totalit y
meansthat the span of the e 's is densein L2 () relative to the k k -norm, or,
equivalertly, that f = 0 is the only L2 ()-solution to:

Hlei =0, forall 2

Note, F (z) is dened for any z = (z1; ;zq) 2 RY since has nite measure
and €2 2 has absolutevalue = 1. We refer to the book [Ped97 for a summary of
the theory of spectral pairs. It was dewveloped in the previous joint papers by the
coauthors [JoPe8T [JoPe9 ]0Pe9£ 0Pe93a JoPe93ly JoPe94 [loPe95 JoPedq
and elsewhereg.g.,[LRW9Y, LaWa9§ LaWa97a | aWa97lj. Werecall that Fuglede
showed [Fug74 that the disk and the triangle in two dimensionsare not spectral
sets,in the sensethat, if is one of these sets,then there is no possiblechoice for

sud that ( ;) is a spectral pair in R?.

If RY is open, then we consider the partial derivatives @%, j =154,
de ned on C! () asunbounded skew-symmetric operatorsin L2(). The corre-
sponding versionsp-i=-& are symmetric of course. Wesay that  hasthe extension

T 1@
property if there are comjmuting self-adjoint extension operators Hj, i.e.,
1@ .
15 -—— Hj; =1;:0d
( ) i @j ] J
We have (see[Fug74 [or83, Ped8?, foPed?)
Theorem 1.1. (Fuglede,Jorgensen,Pedersen)Let RY be open and connected

with nite and positive Lelesguemeasure. Then hasthe extensionproperty if and
only if it is a spectral set. If  is only assume open, then the spectral-set property
implies the extension property, but not conversely.

Someof the interest in spectral pairs derivesfrom their connectionto tilings. A

subset RY with nonzero measureis said to be a tile if there is a set L Rd
such that the translates f + 1:12 Lg cover RY up to measurezero, and if the
intersections

(1.6) ( +D\V( +19 for161%nL

have measurezero. Wewill call ( ;L) atiling pair and we will say that L is atiling
set The Spectral-Set conjecture due to Fuglede (see[Fug74 [or83, Ped87 foPe9j
Lawa9q Lawa974 Lawa97ly) states:

Conjecture 1.2. Let RY have positive and nite Lebesguemeasure. Then
is a spectral setif and only if is atile, i.e., there existsa setL sothat ( ;L) is
a spectral pair if and only if there exists a set L? sothat ( ;L9 is atiling pair.

We formulate a \dual" conjecture.

Conjecture 1.3. LetL RY. Then L is aspectrum if and only if L is atiling set,
i.e., there existsa set sothat ( ;L) is a spectral pair if and only if there exists
aset %sothat ( L) is atiling pair.

Conjecture 1.4. LetL RY. Then 19;L isaspectral pair if andonly if 19;L
is a tiling pair.

The signi cance of the specialcase = 19 liesin part in the results below where
we shaw, for d = 1;2;3,that 19; | RY, is a spectral pair if and only if 19
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tiles RY by -translates Our proofs also construct all possiblespectra for the unit
cube whend = 1;2; 3. In Section ] we establish Conjecture [L.4 for all d when is
a discrete periodic set.

Tiling questionsfor | R are trivial, but not sofor 19 RY whend 2. The
connection between tiles and spectrum is more direct for = 19 than for other
examplesof sets . This is explained by the following (easy) lemma relating the
problemsto the function F from (E) above.

Lemma 1.5. If =19 then the zer-setfor the function F in (Q) is
a.7) Z«= z2CY f0g:9) 2f1;:::;dgst:z; 22 f0g
Proof. The function F,« ( ) factors asfollows.
\d i2 zj
(1.8) Fo(= £ 1
120z
j=1
for z = (z1;:::;2q) 2 CY, with the interpretation that the function z 7! e'lzz% is
l1whenz=0in C. O
In particular, if (19;) is a spectral pair, then Z,q [ f0g. The corre-

sponding result for tilings is non-trivial, it was proved by Keller [Kel3d, Kel37], a
detailed proof appearsin [Perd]. The precisestatemert of Keller's theorem is:

Theorem 1.6. If (19;) is atiling pair, then Z,s [ fOg, where Z,q is
given by ([L.7).

Let ; be two Borel measureson RY. We will say that (; ) is a tiling pair
if the corvolution, ,of and is Lebesguemeasureon RY. This coincides

with the previous de nition of a tiling pair in the sensethat if ( ;L) is a pair
of subsetsof RY sothat has nite positive Lebesguemeasure,L is discrete, !
denotesLebesguemeasurerestricted to , and ° denotescourting measureon L,
then ( ;L) is tiling pair if and only if (! ;°) is a tiling pair. Since corvolution
is commutative, (; ) is atiling pair if and only if (; ) is atiling pair. In the
appendix we intro duce (and investigate properties of) a notion of a spectral pair of
measures(; ). In particular, we show that (; ) is a spectral pair if and only if
(; ) is aspectral pair.

After this paper was originally submitted two independert proofs [LRW9g],
[loPe9§ of Conjecture [L.4 have appeared.

2. Constr uction of Spectra

The next two sectionsare concernedwith the structure of the discrete sets
which at the sametime serve as spectra for 19 (i.e., the basis property), and also
are setsof vectors  which make the translates + |9 tile RY.

There is a recursive procedure for constructing spectral pairs in higher dimensions
from \factors" in lower dimension. It is a cross-pioduct construction, and it applies
to any two spectral pairs, ( i; i), i = 1;2, in arbitrary dimensionsd; and ds.
While it is clear that the \spectral-pair category” is closal under tensor product
(see[ﬁoPteZ DoPedd), the following result is new:

Theorem 2.1. Let( 1; 1) bea spectral pair in dimension dy, let , be a set of
nite positive measure in dimension d,. Supmsethat for each ;2 1, ( 1) is
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a discrete subsetof R% suchthat ( »; (1)) is a spectral pair. If = f( 1; 2):
12 1; 22 ( 1)gthen( 3 2; ) is a spectral pair in d; + d, dimensions.

Proof. We rst show that the exponertials fe : 2 garemutually orthogonal in
L?( 1 2) wherethe e 's aregivenon 3 2 by the usual formula (EI) from
Section . The inner product in L?( 2) of e and e o factors as follows:
z z
e, () e, g(ydy dx
1 2
If 16 2 in 1, then it vanishessince( 1; 1) is a spectral pair; and, if 1 = 2
but , 6 9, it vanishessince( »; ( 1)) is one. This provesorthogonality of .
To seethat it is total, let f 2 L2 ( 2) and supposef is orthogonalto . The
inner products (vanishing) are:
z z
he [fi | ,= e,(e, () e, ()f (xy)dx dy:
2 1
1 iIs xed, and the double integral vanishesfor all , 2 ( 1), then the integral
L€, (X)f (x;y)dx = O for almost all y, by the totality of (1) on . But 1
is arbitrary sothe totality of ; on 1 impliesf = 0. We conclude,that is total
on 1 > asclaimed. O

A more concrete version of Theorem .7 is:

Theorem 2.2. Let( i; i), 1= 1;2, be spectral pairs in the resgctive dimensions
d; and dy, andlet : ;! R% bean arbitrary function. Let

(21) = ( ]_)l+ 5 12 1 and 22 2

Then ( 1 2; ) is a spectral pair in d; + dy dimensions.

Proof. If ( 2; 2) is a spectral pair, then sois ( 2; 2+ ) for any vector . An
application of Theorem EI completesthe proof. O

By repeatedly applying Theorem@ if followsthat if is the set of points given

by:
0 1
+ kq

1 (k1) + ke
(2.2) 2 (ki k2) + ks

with ki;ko;:::;kg 2 Z, where ;:Z' | [0;1i are xed functions, then (19;)
is a spectral pair. Of course,there are the obvious modi cations resulting from
permutation of the d coordinates; but, whend 10, these con gurations do not
suce for cataloguing all the possible spectra  which turn 1¢; into an RY-
spectral pair; seeSectionE.

Wenow turn to a result which is a partial corverseto TheoremP.] its statemert
requires the following notation. It is motivated by the \pro jection method" from
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guasicrystal theory; see,e.g., [Hof99. For subsets of the Cartesian product
Rd:  R%, et

;=P = 2R%":9,2R%st ! 2
2

(where it is conveniert here to use column vector formalism). We shall also need
sectionsof  in the R% coordinate direction asfollows: If 12 ; (= P;), set

()= 22R%: ' 2
2
Lemma 2.3. Let ; RY%, i= 1;2 besubsetswith nite positive Lelesguemea-
sure in the respective dimensions, and let R%  R% be a subsetsuch that

(1 2;) is ar§mctral pair in 61 + d; dimensions. Then for every 1 2 Py ,
the exmnentials . 2 ( 1) are orthogonal in L2 ( »); and they are to-
tal in L2( ) if and only if e(ll) and e(lg) are orthogonal in L?( ;) for all § 2
Pi() f 10
Proof. To ched orthogonality, let ; 2 ( 1). Then the two points * and
1 arein , and the correspnding i 2-inner product is zero. But it is also
me, ( 1)Pe Jei ;

and sincemg, ( 1) > 0, the orthogonality follows.

Wenow shav that (1) istotal in L?( ) if e(ll) ‘e(lg) = Oforall 92 Py,
96 ,.Letg2L?( ,)andsupposegis orthogonalto all the ( 1)-exponertials.
Let % be a generalpoint in . Then the inner product with e(ll) gis
ey e(l)E De(zo) gE
1 1 2

2
If 9= 4,then 92 ( 1), and the secondfactor vanishes.If ¢ 6 i, then the
rst factor is zero, and we get that e(ll) g is orthogonal in L2( 1 2) to the

-exp onertials. They are total, ghd we copcludethat g vanishesin L2( 2).

The remaining caseis when e ‘e(lg) 6 0for some 92 Py() f 10
1
But it follows that then &2 ‘e‘z) =O0forall 2 (i and 2 (9. In
2
particular, ( 1) isthen not total in L2( »). O

3. Dimensions Tw o and Three

In this section we prove Conjecture E for d = 1;2;3. Furthermore we give a
completeclassi cation of the possiblespectra for the unit cube in those dimensions.
We begin with the following simple obsenation in one dimensionfor =1 =
[O; 1i.
Prop osition 3.1. The only subsets R suchthat (I; ) is a spectral pair are
the translates
(3.2) = +Z=f +n:n2Zg

where is some xed real numker.
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Figure 1. lllustrating tiling with (B.2) (left) and (B.3) (right)

In two dimensions,the correspnding result is more subtle, but the possibilities
may still be erumerated as follows:

Theorem 3.2. The only subsets R? suchthat 12; s a spectral pair must
belongto either one or the other of the two classes,indexad by a number , and a
sqguenef , 2 [0;1li : m 2 Zg, where

(3.2) = Tm ‘m;n2Z7Z
m*+ N

or

(3.3) = nFM N2z
+n

Each of the two types occurs as the spectrum of a pair for the cube 12, and each of
the sets asspecied is a tiling set for the cube 12.

Proof. The assertionin the theorem about -translations tiling the plane with 12
is clear from (B.2){(3:3), and it is illustrated graphically in Figure [.

It is immediate from Theorem P.3that eac one of the two formulas (B-2){(3-3)
for make 12; aspectral pair, and the main result is that there are not others.
We show this directly by an examination of the possibilities for ~ which areimplied
by the inclusion

(3.4) Z,:[ fOg
whereZ,. isreado from Lemma@ above. Again a translation of by a single
vector in the plane will reduce the analysis to the casewhen (§) isin . Let

= (; )2 andsuppose 2 Z2 Then either or isnot an integer. Suppose
is not an integer. Then is a nonzerointeger. Let %= ( % 9 be an arbitrary
point in . If %is not an integer, then °is a nonzero integer, so 0is not
in Z,, cortradicting (B.4). So °2 Zforany °= (% 9in . Toverify isa

0

subsetof a set given by (@) for = 0, we needonly ched that if and



SPECTRAL PAIRS IN CARTESIAN COORDINA TES 7

aredierent pointsin , with = 92 Z, then 02 7. Butrecall °o 2272,
so it follows from Lemma@that 02 7z f0g. Sincean orthonormal basis
cannot be a strict subsetof another orthonormal basisfor the samespaceit follows
that is given by (B.2). O

Replacing the appeal to Lemma E in this proof with an appeal to Theorem
fL.q4 it follows that any tiling set for the cube |2 must be given by (B.2){(3.3)),
we leave the details for the reader. The fact that this simple tiling pattern for the
cube | ¢ in d dimensionsis brokenfor d = 10 follows from examplesof Lagarias and
Shor [LaSh93. It is shawn there that for eadr d 10 there exists a tiling of RY
by translates of 19 sud that no two tiles have a complete facet in common. These
examplesalso demonstrate, see Section E that if d 10, then the correspnding
combinations (E) do not supply all possiblespectra for 9.

The following result shows that spectra for |3 and tilings of R® by |2 are the
sameby fully determining eadr. No complete description of sud tilings or spectra
is known for d > 3.

Theorem 3.3. |I3; is a tiling pair, or a spectral pair, if and only if, after a
possibletranslation by a single vector and a possiblepermutation of the coordinates
(X1;X2;X3), can be broughtinto the following form: there is a partition of Z into
disjoint subsetsA, B (one possibly empty) with asseiated functions

or A ! [0
1A Z 1 [0
0:B ! [0;1i;

1B Z 1 01

suchthat is the (désjoint) unionlof

0 1
a b
(3.5) @ s(@+kA and @ ;(b;n)+ mA
1(a;k) + 1 o(@+n

asa2 A, b2B,andk;l;m;n2 Z.
Proof. Suppose s atiling setfor I 3. By the tiling property there exist functions
;5 :Z37! h 1;0] sothat
80 1 9
< n+ (I;m;n) =
= @m+ (IImnA:Imn2z
[+ (I;m;n) ’
Fix I;m 2 Z then Theorem E (Keller's theorem) implies (I; m; n) is independert
of n, we will write (I;m) in place of (I;m;n) to indicate this independence.

Similarly, (I;m;n) = (I;n) and (I;m;n) = (m;n). Considering, for xed
n 2 Z, the intersection of the plane x; = n by cubesI®+ , 2 it followsthat
the set
- m+ (Kkn) .
1n = I+ (m:n) km2Z

is a tiling setfor 12 in R?. Hence,by our d = 2 result (Theorem @ either

m+ ~(I;n)

_ m+ ~(n)
T 1+ ~(n)

I+ ~(m: n) km2Z

Ilkm2Z or 1n =



8 PALLE E. T. JORGENSEN AND STEEN PEDERSEN

It followsthat there exist A;B  Z sothat A[ B=2,A\ B=7?,and

80 1 80 1 9
< n+ (I;m) = < n+ (I;m) =
= @m+ (;nA:Im2Zn2A [ @m+ (n)A:;m2Z;n2B.
[+ (n) ' o1+ (m;n) '
Foreacim 2 Z
_ n+ (Kkm) | : n+ (hm) | :
= Uy t2znza o [0 o 2 zinzs

is atiling setfor 12 in R2. Hence,our d = 2 result implies either (1) (I;m) = (m)
forall;m2 Zor(2) (m;n)= (n), forallm2 Z, n2 B. Suppose(1), then for
eah 12 Z

n+ (m)
m+ (I;n)

n+ (m)
m+ (n)

31 = 'm22zZ;n2A | 'm2Z;n2B
is a tiling setfor 12, henceour d = 2 result implies that either (1a) (m) = for
alm2 Zor(b) (I;,n)= (I)forn2 Aand (n)= , forn2 B. If (1a) then
we are done, so suppose(1b): then
80 1 9
< n+ (m) = < n+ (m)
= @m+ OA:I;m2zn2A [ @ m+ o A:Iim22Zn2B.
' [+ (n) ' o1+ (m;n) '

9

Let, if possible,n; 2 A, n, 2 B, my;my;1 2 Z be such that (m3) 6 (my) and
() 8 o: then

1 0
ny+ (M) nz+ (my)
@m, + (M A @ my+ o A

I+ (n1) I+ (n2)
doesnot have any nonzerointeger ertry, cortradicting Keller's theorem. So, either
=?2,A=7?, (m)= ogforalm2Zz,or (I)= o foralll2 Z;in the three

last caseswe are done,soassumeA = Z. If (mi) 6 (my), (I1) 6 (l2), and
(n1) 8 (ny) then

1 O
ny+ (M) nz+ (my)
@m+ (A @ma+ (I)A
l1+ (n1) l2+ (n2)

does not have any nonzero integer ertry, cortradicting Keller's theorem. This
cortradiction completesthe proof of case(1). The proof of case(2) is similar; we
leave the details for the reader.

Conversely for every sudh set , the translates of | 2 by the vectorsof clearly
tile R®. This completesthe description of tilings of R3 by 13.

By Theorem B.J and Theorem[3.3 any set  of the form (B.5) is a spectrum for
I 3. We sketch a proof of the corverse.

Apply LemmaR3to ; ,=1 12 toshavthatif 13, isaspectral pair,
then one of the three coordinate intervals may be pickedas ; in LemmaR.j i.e.,
1=1, 2=12=1 1 andwith Py =  satisfying the orthogonality on L2 (l).

By Lemmal[L.j, this means
(36) 1 1 Z:
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Evertually we showv that ; must be of the form | + Z. But to selectthe one of
the three coordinates which hasthis form, considerthe canonical mapping

R I Rz ' [01i

and selectthe oneof the three sets (P; ()), j = 1;2; 3, of the smallestcardinality.
Assumeit isj = 1 for simplicity. We will show that ; then satis es (E), sothat
Lemma@ applies. The assertionis that the set ( 1) is a singleton. The proof
is indirect. Supposead absudum that, for some ; such that 0< ;< 1, ; meets
both Z and 1+ Z. We concludefrom Theorem@that for 1 in ead of the two

setsZ or 1+ Z, the points in  ( ;) must be of the form (kk)+| for k;1 2 Z

and :Z ! [0;1i somefunction, or alternatively ('OI)O“"O , k%192 Z with

somepossibly di erent function. Calculating L? 13 -inner products for asseiated
points ; %2 with Py( )=m2Z,andP;( 9=n+ 1 (n2 Z), weget the
following possibilities for the respective coordinates in the secondand third place:

(m) + k (m; 19 + K°
miky+1 O (m) + 10

But if the dierence P; Py %isnot in Z, then oneof the correspnding di erences
in the secondplace, or the third place,must bein Z. Making variations, we conclude
that then one of the two sets (P; ) , j = 2,3, must be a singleton. But this
contradicts that (P1) hastwo distinct points, and is chosento have smallest
cardinality of the three sets (P; ), j = 1,2;3. O

Corollary  3.4. The commuting self-adjoint extensionsfH; :j = 1;:::;dgin (@
are completely classi ed and determined, for d= 1;2;3and = 19, by Proposition
B.1for d = 1, Theorem B.3 for d = 2, and Theorem B.3for d = 3.

Proof. The stated conclusion follows from combining the results in the presen
sectionwith Theorem EI; for 1 9 the spectral condition is equivalert to the operator
extension property. O

4. Periodic Sets

A discrete set T RY is periodic if there exists a nite set L RY and an
invertible d d matrix R with real entries sud that T = L + RZ9. Periodic sets
have played an important role in the study of spectral pairs, see,e.g., [JoPe91,
[Ped9d, [[aWa97l, and in the study of tilings by translation, see,e.qg., [LaSh93,
[LaWwa9d. In this sectionwe establish Conjecture@ under the further hypothesis
that L is a periodic set. The periodic caseis of interest because([) Keller's
conjecture about cube tilings (seebelow) is falseif and only if it is falsefor certain
periodic tilings. Also a long-standing conjecture is that any bounded tile in RY
admits a periodic tiling set.

Lemma 4.1. LetR beaninvertible d dmatrix with real entries andlet := RZz¢Y
be the correspnding lattice. If RY is a measurable set, then is a -tile if
and only if

(i) m() = jdetRj and
(i) m( \( +1)=0foralll2 fOg,
where m is the d-dimensional Lelesguemeasure.
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S
A measurableset iscalleda -tile if |, ( + I)is ameasure-theoreticpar-
tition of RY. Note that g := Rl%is a -tile.

Proof of Lemmafd. If isa -tle thenm() = m( gr) = jdetRj, sinceany two
-tiles have the samevolume [GrLe87]. Conversely sypposea measurableset has

properties (|]) and ([i). Let :=( g+ 1)\ ; then |, | isameasure-theoretic
partition of . By ([i|), thesets | I= gr\ ( ), 12 , are measuredisjoint.
Hence,
[ [ : .
m (¢ ) =m () =m() =jdetRj
12 S 12
by (|]). It followsthat |, ( | )= R, up to setsof measurezero. Hence,up
to setsof measurezero,
[ [ I [ I
( +k= (1+k= (1+Kk
k2 k2 12 2. k
[T [ [ )
= (1 I+k= Cr D+k= " (rt+k =R
12 k2 k2 12 k2
as we neededto show. O

Theorem 4.2. Let R be an invertible d d matrix with real entries, let L RY
be nite with jLj elements,and let L := RZY be the lattice in RY geneated by the
columnsof R. If L\ (L L) = f0g, then the following are equivalent:

() 19L+L isa spectral pair.

(i) 19is an (L + L)-tile.

(i) jLj=jdetRjandL+ (L L) Z,«[ fOg.

Proof. (|]) ) (El) Sincethe functions (e ) ,, ,, areorthogonalit followsthat L +
(L L) Z,s [ fOg. By F Theorem 4.2] L + L has uniform density 1,
hencejLj = jdetRj. (|E|) ) () UsingL + (L L) Z,«[ fOg we conclude that
the functions (e ) ,,,, are orthogonal in L2 19 . So, sincejLj = jdetRj, an
application of Theorem 1] allows us to conclude 19;L + L is a spectral
pair. (i) ) (i) That L+ (L L) Z,«[ fOg follows from ¢ beingan L + L-
tile, by Theorem B If 16 1%in L, then| 19hasa nonzerointeger ertry, hence
m 19+ \ 194+ 1° = 0. Hencel9+ L hasvolumejLj. By assumption! ¢+ L is
an L-tile, sousing Lemma [.] we concludejLj = jdetRj. (fi) ) ([ Let x;x°2 L,
192 L. 1f x6 xPorl = 1%then (I 19+ (x x922Z4so0

(4.1) m 19+ x+1\ 19+ x°+1° =0

In particular 19+ L hasvolumejLj= jdetRjandm 19+ L \ 19+ L+x =0
forall x 2 L f0Og. Hencel ¢ + L is an L-tile by Lemma[t.3. Using (£.3) it follows
that 19 is an (L + L)-tile. O

While studying a conjecture of Mink owski, Keller [Kel30, Kel37] madethe stron-
gerconjecturethat, if T RYis any setsuc that 19isaT-tile, then T T cortains
one of the canonical unit basisvectors for RY. Keller's conjectureis true ford 6

[Perdd] (see also [EtSz94), and false for d 10 [aSh93. It remains open for
d= 7;8;9. The d = 10 examplein [LaSh9] has a set of translations of the form
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T = (22)"°+ L, whereL has2° = 1024elemers. To ched (fii) in Theorem .3 it
is su cien t to ched that

L L Zuw][ fOg;

but this is condition (a) in p. 280], henceit is satis ed by construction. It
followsthat 11°; T isaspectral pair in R® such that T T doesnot cortain one of
the canonical basisvectors;it followsthat T is not of the form (@. In particular,
we have veri ed that the sets of the form (E) do not su ce for cataloguing all
possiblespectra for the unit cube 110 in R19.

Appendix: Spectral Pairs of Measures

We extend the concept of a spectral pair to a spectral pair of measures(; ),
where is a Borel measureon a locally compact abelian group G and a Borel
measureon the dual group . In the past, we have mainly studied spectral pairs
in the situation G= = RY, hx; i=¢€2*, (X)=m( \ X), wherem denotes
Lebesguemeasure,and RY is Lebesguemeasurablewith m () 6 0. In studying
this situation, we found it usefulto also study spectral pairs in the casesG = 79,
G=T9,G=2Z,=2Z nZ,and arestriction of Haar measureon the respective
groups G.

The presen setup allowsusto study all thesecasessimultaneously and to expose
a fundamertal symmetry betweenthe \spectral set" and the \spectrum” in a
spectral pair (; ) of measures.We make the symmetric rolesof and explicit,
and we show that (G) < 1 holdsif and only if hasan atom.

Let G be a locally compact abelian group (written additively). Let mg: G! G
be given by

(A1) mg (X) == X
forx 2 G. If f: G! C isacomplex-valued function de ned on G, then we let
(A.2) Mgf =f mg:
Let be a positive Borel measureon G.
Let ~:=  mgl e,
z z
(A.3) fd~= Megfd:

Then Mg restricts to an isometric isomorphismof L?( ) onto L2 (-).

Let := G be the dual group of the group G, i.e., is the setof all continuous
homomorphismsof G into the unit circle T* RZ . Since™' G [HeRo63, we can
interpret G as a set of homomorphismson . We will write

(A.4) h; 12T,
x 2 G, 2 forthe duality betweenG and . Then,foreachh 2 , e (x):= hx; i
determines a cortinuous homomorphism G | T, and similarly e () = hx; i
determinesa corntinuous homomorphism ! T.

De ne 7

(A-5) (Ff)() = Gf (x)e (x)d (x)
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forf 2 LY\ L?( ). Let be a secondpositive Borel measureon . If fFf :f 2
L'\ L?( )gisa densesubseztof L?() andZ

(A.6) jFfj?d = jfj*d
G
foreah f 2 L1\ L?( ), thenwesay (; ) isa spectral pair (of measures). In the
armativ ecase,F (= F(. )) extends, by cortinuity, to an isometric isomorphism
of L?( ) onto L2( ).
Similarly to mg and Mg in (A.2)) and (A.2) above, we introducem and M .

Theorem A.1. If (; ) is a spectral pair, then sois (~ ) with the transform ~
from asintroduced alove.

Proof. Let
Z

(A7) Fg (x)= g()e()d~():

We must show that F extends, by cortin uity, to an isometric isomorphism, mapping
L?(~) onto L?( ). If f 2L\ L?( )and gDZ Ll\EL2(~), then

(A.8) M Fflgi_= f|Fg

by a simple computation usingthe fact that M is anisometric isomorphism. Hence,
Fg= (M F) g. SinceM andF both areisometric isomorphismssois the adjoint
(M F) . O

We have the following analogueof the usual Fourier inversionformula.

Corollary A.2. If (; )is aspsctralgair of measuresandif g2 L\ L2( ), then

(A.9) Flgx)= g()e()d()
for -a.e.x2 G.

Proof. In the proof of Theorem[A.1], we shovedthat F = (M F) . UsingF '=F
andM =M =M it followsthat F * = FM , and equation (A.9) is an
immediate consequence. O

The following result shows that every \spectral set" is a \spectrum” and con-
verselythat every \spectrum” is a \sp ectral set".

Corollary A.3. Let be a positive Borel measure on a locally compact group G
and let be a positive Borel measure on the dual group = G. Then the following
are equivalent:

@) (; )is aspectral pair on (G; ) ,
(i) (~ ) is a spectral pair on ( ;G),
(i) (+ ~) is a spectral pair on (G; ) ,
(iv) (; ~) is a spectral pair on ( ;G),
whee ~() = () and~( 9= ( 9, for anyBorelsets in Gand %in

Corollary [A.3 generalizesthe well-known casewhereG = = RY, = =m
and F is the usual Fourier transform. For example(E) correspndsto the fact that
F2f ()=f ( ) for the usual Fourier transform.
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Theorem A.4. If (; ) is a spectral pair, thensois (; ).
Proof. Suppose(; ) is aspectral pair, then (; ~) is a spectral pair by E hence
z
Fig(x) = hecgi = g( )e( )d ()

determines an isometric isomorphism mapping L?( ) onto L?(~). We must shov
that 7

Fa0(x) =g = g( )e()d ()

determines an isometric isomorphism mapping L2( ) onto L2( ) . But this is easy
since

rec; gi

= he ;g

= Fi0( x)
= MgF19(x)

F29(x)

so F; = MgFi. By construction of ~ from it follows that Mg is an isometric
isomorphism mapping L?(~) onto L?( ), henceF, = MgF, beingthe composition
of two isometric isomorphisms,is an isometric isomorphism as we neededto shaw.

O

If (; ) is a spectral pair, then we may de ne a strongly cortinuous unitary
represemation U of G onL?( ) by

(A.10) FUMNO)=a()FH)()

forf 2L%2( ),t2Gand -ae. 2 .

We have the following generalization of [Ped8Y, Corollary 1.11],it shows that if
(; ) is aspectral pair of measuresand is a restriction of Haar measureto a set
of nite measure,then the pair (; ) correspndsto a spectral pair of sets.
Theorem A.5. Let(; ) bea spectral pair. The following are equivalent:

i (©)<1;

(i)  is a constant multiple of a counting measure;
(i)  (f g) 6 O0for some 2

In the armative case,the constantin (E[) is (G)
Proof. Since(fi) ) (fii]) is trivial, we will shan that () ) (i) and (i) ) ([
Proof of (|])) (|I|). If (G)<1,thene 2L?( )forany 2 . It followsthat
(All) NU(t)e |ei =HFU(t)e |[Fei =a()hFe |[Fei =a( )k |ei

1

for -ae.; 2. NowU(t) = U( t)ysohU(t)e |[ei =he |U( t)ei and
thereforee, ( )he |[ei =e (( )he |ei foranyt2 Gand -ae. ; 2 . So,
either = ,orhe |ei = 0. Consequetly,
z (
if 6

(A.12) (Fe)()= e(xX)e (x)d (x)=he |ei =
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It follows that
Z

(A13) (G)=te |ei =tFe |Fei = jFe ()j?d ()= (G)? (f 9:

Hence, (f g)= (G) ! for any 2 supp .

Proof of ([i) ) (). By Theorem R4 it is su cien t to show that if (fxg) 6 O for
somex 2 Gthen () < 1. Suppose rst that x 2 G is such that (fxg) 6 1.
Sincewe canrescale and by the sameconstart we may assume (fxg) = 1.
Let

1 ify=x
A.14 =
( ) « ) 0 ifyéx
Then

z

(A.15) (F()= xe®d (Y)=e (X)=ensp ()
SO€mq(x) 2 L?( ) and
(A.16) 1=k K= encpy o= () :
An application of Theorem @ completesthe proof. O

Corollary A.6. If (; ) is a spectral pair suchthat (G)< 1, then
fe : 2 supp gis an orthogonal basis for L2 ( ).

Proof. This is a simple consequenceof the proof of Theorem . O

Our next goal is to showv that  has uniform density. We rst show that U (t)
acts by translation under appropriate circumstances.

Lemma A.7. Supmse(; ) is a spectral pair. LetO G be -measurable and
lett2 G. If O[ (O+t) supp ,then

(A.17) (UM F)x) = f (x+1t)
for -a.e.x 2 O andeveryf 2 L2( ).
Proof. If Ff 2 L1\ L?( ), then

(A.18) UmOHx)=F HCIOIGI@I)
= ea()e()(Ff)()d ()
= F 'Ff (x+1)
=f (x+1)
for -a.e.x 2 O. O

Corollary A.8. If (; ) is a spectral pair, t 2 G, and O G is -measurable,
then the inclusion O[ (O +t) supp implies that

(A.19) (0)= (O+1):
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Proof. If x 2 O + t, then

(A.20) Ul o)x)= olx =1

hence

(A.21) (0)=k ok* = kU( t) ok* (O+1):

Similarly, if x 2 O, then

(A.22) (U®) o+)(X)= o+t(x+t)=1

S0

(A.23) (O+1t)= Kk o0s(K2 = KU (1) 0+ik>  (O):

The desired equality is immediate. O

Our Corollary is related to the discussionin the recert paper [KoLa94] of
\tiling the line by translates of a function" asfollows: By Corollary @ sud tilings

do not comefrom spectral sets.

Prop osition A.9. Let (; ) be a spectral pair. Each 2 is contained in an
open setO with (O ) < 1 . In particular, each compact subsetof has nite
-measure; in short, is a Radon measure.

Proof. Let
(A.24) N:= 2 :(Ff)()=Oforalf 2L\ L2()

By density of LY\ L?( )inL?( ), wehave (N)=0.Iff 2 L\ L?( )thenFf
is corntinuous and

4

(FOHIC+ )= f(xe. (x)d (x)
4
= (ef)(e (x)d (x)
=(F(ef)();

so 2 N) + 2 N, henceN = ?. Using N = ?, we seethat there exist
f 2L\ L?( ) sucthat (Ff )( ) 1for in someneighborhood O of and
(0) KkFf k? = kf k?, asdesired. O

Prop osition A.10. Let (; ) be a spectral pair. If (G) < 1, thensupp is

uniformly discrete in the sensethat there existsan open set O suchthat 02 O
and

(A.25) (O+ )\ supp =f g

for all 2 supp .

Proof. Let g( ):= heg|e i . Then gis cortinuousand g(0) = (G)%. Let O
be an open set suc that 02 O and jg( )j > % (G)% forany 2 O. Then

(A.26) e leii =jo( )i> 3 (G)}

whenewer 2 O+ . O
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Theorem A.11 (Uncertainty Principle). Let(; ) beaspectral pair andf 2 L2( )
with kf k > 0. If A, B are measurablesetsin G and , respectively, such that

0 ki afk  "kfk
(i) kFf gFfk kFfk = kfk
both hold, then
(i) " ) (A (B):
Proof (sketch). If f 2L2( ),A GandB , then
(A.27)
z z z )
AF 1 gFf %= . A (X) B()ex()Gf(Y)e(Y)d(Y)d() d (x)
z z z )
= Ax)  f(y) s()ecy()d ()d (y) d (x)
z VA 2

A(X) FTWME tee)y)d (y) d (x)

z
AOKK F 1ge “d (x)
z

kfk?® A (X)k sk’ d (x)

kf k> (A) (B):
If furthermore kf afk "kfk and kFf gFfk kFfk , then also
(A.28)  kfk AF 1 gFf f AF ! gFf
kf afk + Af AF 1 gFf
"kfk + f F ' gFf
="kfk + kFf gFfk
"kfk + kfk ,
S0
a1 " kfk AF 1 gFf
completing the proof. O
There is a vast literature on Uncertainty Principles. Theoremand its proof

are modelled after [DoSt8Y, seealso [deJe94, [Be8. A comprehensie recert sur-
vey is [FoSi9]. A much more detailed analysis of operators similar to AF * gF
appearsin [Lan67).

Corollary A.12. Let (; ) be a spectral pair. If there exists a sqquene® of -
measurablesetsA,, G suchthat (A,)6 0, and (A,)! O, then () =+1.

Proof. Let A G be measurablewith 0< (A)< 1 andletf = (A) 2 A
Then kfk = 1 and

(A.29) 1 (A) ()
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by the Uncertainty Principle with B = . The desiredconclusionis immediate. O

Corollary should be comparedto Theorem @ If (; ) isaspectral pair

and is Lebesguemeasurerestricted to a set RY of nite nonzerolLebesgue
measure then Theorem|A.5 and Corollary imply that is () times count-
ing measureon an in nite set RY. Finally, if G isa nite abelian group, isthe

dual group, is counting measureon G, and is (G) ! times courting measure
on , then (; ) is aspectral pair; see[HeRo63. In particular, the assumptionin
Corollary that there exist setsA G of arbitrarily small -measurecannot
be removed.
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